TWO-POINT CORRELATION FUNCTIONS AND UNIVERSALITY FOR THE ZEROS OF SYSTEMS
OF SO(N+1)-INVARIANT GAUSSIAN RANDOM POLYNOMIALS

PAVEL M. BLEHER!, YUSHI HOMMA®2, AND ROLAND K. W. ROEDER!

ABSTRACT. We study the two-point correlation functions for the zeroes of systems of SO(n + 1)-invariant Gaussian
random polynomials on RP™ and systems of Isom(R"™)-invariant Gaussian analytic functions. Our result reflects the same

”

“repelling,” “neutral,” and “attracting” short-distance asymptotic behavior, depending on the dimension, as was discovered
in the complex case by Bleher, Shiffman, and Zelditch.

We then prove that the correlation function for the Isom(R™)-invariant Gaussian analytic functions is “universal,” de-
scribing the scaling limit of the correlation function for the restriction of systems of the SO(k + 1)-invariant Gaussian
random polynomials to any n-dimensional C2 submanifold M C RPF. This provides a real counterpart to the universality
results that were proved in the complex case by Bleher, Shiffman, and Zelditch.

1. INTRODUCTION

This paper concerns the SO(n+1)-invariant ensemble of Gaussian random polynomials on RP" and the Isom(R")-
invariant ensemble of Gaussian random analytic functions on R™. The SO(n + 1)-invariant ensemble consists of
random polynomials of the form:

(1) F(X):= Z <Z)aaxa,

lex|=d

where X € R"*! and the a, are independent and identically distributed (iid) on the standard normal distribution,
N (0,1). Here, we use the following multi-index notation: for any c € (Zo)""", one defines:

n+1 n+1 d d'
) X = HX;”, |a\:Zai and <a) =
i=1 i=1 H aj!
j=1
We will study the simultaneous zeroes on the projective space RP"™ of the systems:

3) F:R"™ 5 R"  where F=(F(X),F(X),...,F.,(X)),

where each F; is an independently chosen random function of the form in Equation (1). Almost surely, the common
zero set of F' will be finitely many points. We equip RP" with the Riemannian metric obtained from its double
cover by the unit sphere S* C R™*!. The simultaneous zeroes of ensemble (3) are invariant under the isometries
by elements of SO(n + 1); see Section 2. Because of this symmetry, authors have described this ensemble as the
“most natural” ensemble of a random polynomials defined on RP". For this reason, it has been extensively studied by
Kostlan-Edelman[12], Shub-Smale[32], and others.

The Isom(RR™)-invariant ensemble of Gaussian random analytic functions is defined by the following:

@ fiRT SR where f = (fi(@), fo(@),.... ful@), with fi(a) ::Z%,

where a, are iid on the standard normal distribution, A (0,1). We will show in Section 2 that the zeroes of this
ensemble are invariant under all isometries of R™”. We will see shortly that this ensemble is intimately tied to the
SO(n + 1)-invariance ensemble in the scaling limit as the degree d — oco.
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The probability density of the zeros of the system (3) at ¢ € RP" is defined to be

1

) P(@) = i SNy @)

Pr (3 a zero of F in Ns(x)),

where Nj(x) := {y € RP" : dist(x,y) < ¢}. It follows from the invariance that this ensemble (3) has a constant
density of zeroes given by

nt1 1 n
©) palx) = 7T ("; >d2;

see, for example, [12, Sec. 7.2]. Note: the volume of the real projective space is T (’%1) 71, so the expected
number of zeroes is simply dZ . The analogous definition applies to the ensemble (4) which, because of the invariance
under isometries of R™ has constant density

7 pl@) =n "5 T (”‘2“>

The correlation function between the zeros of the system (3) at the two points « and y in RP™ is defined to be

(8 Kpa(z,y) == lim Pr (3 a zero of F in Nj(x) and 3 a zero of F'in Ns(y))
A Pr (3 azero of F in Ng(x)) Pr (3 a zero of F in N5(y))

It follows from the SO(n + 1) invariance that K, 4(x,y) depends only on the distance between x and y. For this
reason, we can write K, 4(x,y) = K, 4(t), where t = distgpr (2, y). Similarly, for any ,y € R", the two point
correlation function /C,,(x, y) between zeros of (4) depends only on distg~ (x,y). We have

Theorem 1. For any  # y € RP", let t = distgp~ (@, y). For fixed d > 3, the correlation function between zeros of
the SO(n + 1)-invariant ensemble satisfies

)  Kna(x,y)=Knalt) = A, at> "+ 0 (t3_”) as t—0, where A,q= (d ) VT ( 2 )

ar ) w i)
Theorem 2. For any x # y € R™, let t = distgn (2, y). The correlation function between zeros of the Isom(R")-
invariant ensemble satisfies

T (nt2
(10) Kn(@,y) = K, (t) = A, 27"+ 0 (") as t—0, where A, = 7\/27; (EL+21))7
2
and
t2
(11) Kn(t):lJrO(te’?) as t = oo.

Given a C? submanifold M C RP* having dimension n, the restrictions of n of the polynomials chosen iid from
the SO(k + 1)-invariant ensemble (1) has a well-defined zero set which again consists a.s. of finitely many points. We
give M C RP* the metric induced by the double cover of RP* by the unit sphere S*¥. More specifically, we obtain
a Riemannian metric on M using the inclusion of tangent spaces T, M C TPRIP’k . When restricted to a sufficiently
small neighborhood of the origin, the orthogonal projection proj,, : T, M — M provides a system of local coordinates
on M. We will use these systems of local coordinates to study the correlation between zeros of the restriction of the
SO(k + 1) invariant ensemble to M. The next theorem expresses K, (x,y) as the universal correlation function in
the scaling limit d — oo for the restriction of the SO(k + 1)-invariant ensemble to M C RP":

Theorem 3. Let M C RP* be a C2 submanifold of dimension n and K, 401 (x,y) denote the correlation function
between zeros of n polynomials chosen iid from the degree d SO(k + 1) invariant ensemble restricted to M. Then, for
any p € M and any x,y € T, M we have

o (35 (3) e 0(() i

The constant in the estimate is uniform on compact subsets of T,M x T,M \ Diag, where Diag = {(x,y) €
T,M xT,M : x=uy}.



TWO-POINT CORRELATION FUNCTIONS 3

Our techniques are largely based on those of Bleher and Di [4], who use the Kac-Rice formula (see Section 3
below) to study the n-point correlation functions for the SO(1, 1) and SO(2)-invariant polynomials in one variable.
Moreover, our results in the higher dimensional real case yield the exact same short-distance asymptotic behavior
(with a different constant) as those of Bleher, Shiffman, and Zelditch [7, 8, 9] in the complex case. These asymptotic
behaviors can be interpreted as “repelling” for n = 1, “neutral” for n = 2, and “attracting” for n > 3. See Figure 1
for numerical plots of K,,(t) forn =1, n =2, and n = 3.

We remark that calculation of the leading order asymptotics is more delicate in the real case than in the complex
case because one cannot apply Wick’s Theorem to the real Kac-Rice formula. Similar types of analysis have been
done in the real setting by Nicolaescu, who studied the critical points for random Fourier series. It is interesting that
he found the same exponent of 2 — n arising in his work [29, Eqn. 1.15].

Theorem 3 above provides a real analog of the universality results that were obtained in the complex setting by
Bleher, Shiffman, and Zelditch [7, 8]. Thus, the plots shown in Figure 1 depict the universal scaling limits of the
correlation functions for any submanifold M C RP* of dimension 1, 2, or 3.

The scaling limit used in Theorem 3 is needed to get a universal correlation function. This is illustrated in Section 8
where we show that when restricted to a parabola y = bx? the leading term from the correlation between zeros for the
SO(3)-invariant polynomials of degree 3 near z = 0 depends non-trivially on b. More generally, it can be interesting
to ask how the geometry of M affects the correlation function K for finite degree d.

The proof of Theorem 3 easily adapts to to complex setting: The SU (k + 1)-invariant ensemble of polynomials are
obtained by interpreting the variables in (1) as complex and replacing the real Gaussians a,, with complex Gaussians.
The Isom(C™)-invariant ensemble of Gaussian analytic functions on C™ is obtained by making the same adaptations
to (4). We obtain:

Theorem 4. Let M C CPF be an complex analytic submanifold of dimension n and K,, q a1 (x,y) denote the corre-
lation function between zeros of n polynomials chosen iid from the degree d SU (k + 1) invariant ensemble restricted
to M. Then, for any p €¢ M and any x,y € T, M we have

o (35 (3)) - 00() o

The constant in the estimate is uniform on compact subsets of T,M x T,M \ Diag, where Diag = {(x,y) €
T,M xT,M : x=uy}.

This serves as a weaker version of the results from [7, 8] in that M is required to be embedded in projective space
(instead of being an arbitrary Kéhler manifold), the line bundle is the hyperplane bundle (corresponding to the
SU(n + 1)-invariant ensemble), and only two-point correlation functions are considered. On the other hand, in the
work of [7, 8] the manifold M is assumed to be compact. No such assumption is made in Theorems 3 and 4. For
example, they can be applied at any smooth point p of a singular projective variety.

For general background on Gaussian random analytic functions and polynomials, we refer the reader to [2, 3, 19,
20, 32] and their references therein. Specifically to correlation functions, we refer the reader to the three papers listed
above in the previous paragraph, as well as the works of Bogomolny, Bohigas, and Leboeuf [10], Tao and Vu [33],
Bleher and Ridzal [6], and Bleher and Di [5].

Our work fits in within the context of the emerging field “random real algebraic geometry.” For example, Theorem 3
applies to the restriction of the SO(k 4 1) ensemble to the smooth locus of a real-algebraic subset of RP*. We
refer the reader to the works of Kostlan [24], Shub-Smale [32], Ibragimov-Podkorytov [21], Burgisser [11], Gayet-
Welschinger [14], Ibragimov-Zaporozhets [22], Nastasescu [28], Gayet-Welschinger [15, 16], Lerario-Lundberg [25],
Gayet-Welschinger [17, 18], and Fyodorov-Lerario-Lundberg [13].

The remainder of the paper will be organized as follows: In the following Section 2, we study the invariance
properties of the ensembles from (3) and (4). We then use the invariance to reduce Theorems 1 and 2 to suitable
versions in affine coordinates (Theorem 9). In Section 3, we recall the Kac-Rice Formulae for the density and for the
correlation functions, the main tools used in our proof. In Section 4 we compute the covariance matrices needed to
prove Theorem 9, as well as their determinants, inverses, etc. Theorem 9 consists of two statements (short-distance
asymptotics and long-distance asymptotics), which are proved in Sections 5 and 6 respectively. Section 7 is dedicated
to proving Theorem 3 about universality of the scaling limit. Section 8 provides an example showing that for finite
degree the leading asymptotics depends on the geometry of the submanifold M C RP*. In Section 9 we explain the
changes that need to be made to the proof of Theorem 3 in order to prove the complex version, Theorem 4.
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FIGURE 1. Universal two-point limiting correlation functions K, (¢) for n = 1,2, and 3, demon-
strating the repelling, neutral and attracting behaviors. For n = 1, the graph is obtained from
Formula (5.35) in [4]. For n = 2 and n = 3, the graphs were computed using Monte Carlo in-
tegration applied to formula (86) with 107 and 10° points, respectively, for each ¢. The data was
smoothed out by replacing each value with the average of it and the 14 nearest neighboring points.
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Appendix A contains the proof of a general estimate which is used in Sections 6 and 7. In Appendix B, we prove a
result regarding the volume of random parallelotopes which is needed in Section 5.

Notation: Let diag;, (A) denote the block-diagonal matrix with k copies of the square matrix A along the diagonal.

2. INVARIANCE PROPERTIES AND REDUCTION OF THEOREMS 1 AND 2 TO LOCAL COORDINATES

The SO(n + 1)-invariant ensemble and the Isom(R™)-invariant ensemble are instances of the following definition:

Definition 5. A Gaussian analytic function b : R” — R™ is an m-tuple (hi(x), ha(x), ..., hp(x)) of functions
h; : R™ — R chosen iid of the form
(12) hi(x) = anaawo‘,

(a4

where the a, are chosen iid on the standard normal distribution N (0,1) and the coefficients c, are chosen so that

> cqx® converges for all x € R™.
@

Lemma 6. A Gaussian analytic function h : R™ — R™ almost surely converges uniformly on compact subsets of R™
and moreover is real analytic on R™.

Proof. The proof of Lemma 2.2.3 from [20] applies to show (12) almost surely converges uniformly on compact
subsets of C™ and hence defines a random complex analytic function on C™. By restricting the resulting functions to
R™, we obtain the desired result. ]

In particular, Lemma 6 justifies our consideration the Isom(R")-invariant ensemble (4) as actually defining a ran-
dom function. The following two lemmas justify our terminology “SO(n + 1) invariant ensemble” and “Isom(R")-
invariant ensemble’:

Lemma 7. The zeroes of the system F given in (3) are invariant under the action of SO(n + 1). That is, for any open
set U C RP" and any A € SO(n + 1), we have Pr (F has a zero inU) = Pr(F has a zero in A (U)) .

Proof. Each F;(X) defines a Gaussian process on R"*!, with mean 0 and covariance function

(13) E(F(X)F(Y) = <d

(8%
a=d

)X"Y“ =(X-Y)4
Since any Gaussian process is uniquely determined by its first and second moments [19, Theorem 2.1], this process is
invariant under SO(n + 1). Therefore, the zeros within RP™ are also invariant under the action of SO(n + 1). ]

Proposition 8. The zeroes of the system f = (f1, ..., fn) from (4) are invariant under any isometry of R™. That is, for
any open set U C R™ and any isometry I : R™ — R"™, we have Pr (f has a zero in U) = Pr(f has a zero in I (U)).

Proof. The zeroes of f are the same as those of

(14) g:=(91,92,...,9,) where g;(x):= e_%‘lmHin(w).

Each g;(x) defines a Gaussian process on R™, with mean 0 and covariance function

(15)  E(g:(x)gi(y)) :e—%(|\z||2+uyn2)zm:!'!“ R ([T ﬁ (i xzyz ) — o Hllz—yll?.

o i=1 \a;=0

The result follows because (15) is clearly invariant under isometries of R™. O

We will now use these invariance properties to reduce the proofs of Theorems 1 and 2 to a particularly simple pairs
of points and to local coordinates. The two points

t t
(16) w:{l:O:---:O:—Q} and y:{l:O:u-:O:]
(given here in homogeneous coordinates) have distance
t
distgpn (x, y) = 2 arctan <2> =t+0(t%) ast—0.

Thus, in order to prove Theorem 1, it suffices to verify (9) for this pair of points.
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Note that (x1,...,2,) — [1: 21 :...: x,] provides a system of local coordinates in a neighborhood of « and y.
In these coordinates, the SO(n + 1)-invariant ensemble becomes

fd = (fd,l(m)’ fd,Q(m)v ceey fd,n(m)) ’

where each fj; is chosen independently of the form

(17) fa@) = ¥ (i)““ma where (i) dl

|| <d (d—|a\)' HO&Z‘!
i=1

and the a4 are iid on the standard normal distribution A/ (0, 1).

In summary: Let KC,, 4(x,y) and KC,,(x,y) denote the correlation functions between zeros of the SO(n + 1)-
invariant ensemble, expressed in affine coordinates (17), and between zeros of the Isom(R")-invariant ensemble (4),
respectively, and let

(18)  Kya(t) :=K,,4((0,...,0,-t/2),(0,...,0,¢/2)) and K, (t) := K,((0,...,0,-t/2),(0,...,0,t/2))
In order to prove Theorems 1 and 2, it suffices to prove:

Theorem 9.
(1) Ast — 0 we have

Knalt)=A,at> " +O0*™), and K,(t) = A, 27"+ O0(t>™™),

where A,, 4 and A,, are given in (9) and (10), respectively.
(2) Ast — oo we have

Kn(t) = 140 (te’g) .

3. KAC-RICE FORMULA

The main technique used in this paper is a variant of the classical Kac-Rice Formula [23, 30, 31] that was developed
for correlations between zeros of multivariable Gaussian analytic functions by Bleher, Shiffman, and Zelditch in [8,
Section 2].

We will begin this section with a statement and proof of the Kac-Rice formula for the m point correlation function
with m arbitrary. At the end of the section we will rephrase the results as needed in this paper. Let h : R™ — R™ be
a Gaussian analytic function and let ', ..., ™ be m distinct points in R™. The m-point correlation function for the
zeros of h is

(19 K, (z! g Pr (3 a zero of hin Ns(x?) foreachi =1,...,m)
n® e T [T, Pr(3 azero of h in Ns(x?)) ’

where Ns(x?) is the ball of radius § > 0 centered at ¢ € R™.
The m-point density for the zeros of h is

A 1 .
(20) Ku(x',. .. x2™) = }ig}) WPr (Fazero of hin Ns(x') foreachi =1,...,m),
where V5 = ;r(n/jf:) is the volume of each ball. When m = 1, K,,(z) = p,(z), the probability density (5). For
2

m > 1 we have
1 ~
Kn(xh,...,x™).

IS RS
[[iZ; pu(x?)
Consider the Gaussian random (mn? + mn)-dimensional column vector

[Vhi(z') Vhe(z') ... Vhy(x') ... ... Vhi(z™) Vho(z™) ... Vh,(x™)
h(z') h(z?) - h(z™)]",

1) Ku(x!,...,x2™) =

(22)

where each gradient vector Vh;(z7) and each vector h(z*) is concatenated into v in the indicated location.
Let &, ... €™ be n x n matrices whose rows are &%, ... ¢! foreachi = 1,...,m. Let

(23) u=[& ... & & ... & .. g e )T
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be the mn? dimensional column vector formed by concatenating the first rows of each of the matrices &!,..., €™
followed by their second rows, etc.

Proposition 10 (General Kac-Rice Formula). Suppose the covariance matrix C = (Ev;v;);"/" ] *mn of the vec-

tor (22) is positive definite. Then, the m-point density [?n(ml, ..., &™) for the zeroes of the system h is given by
(24) K(z',... ™) = / | det &° |e*E (2u.w) gy,
(2 )mn(n+1)/2 \/m . H

where § is the mn? x mn? principal minor of C™! and w is as in (23).

Proposition 10 is easily obtained from [8, Theorem 2.2] by using the suitable Gaussian density Dy (0, &, z) in their
formula (38). In order for this paper to be relatively self contained, we present a proof of Proposition 10 below.
We start with the following lemma. Define the derivative Dh(x) as a linear map w — Dw, where D is the matrix

p-(Gr@) .
Ox; ij=1

and w = [wy,...,wy]T.
Lemma 11. We have

(25) Ko(z',..., ™) = lim %Pr(h( ‘) € Dh(z")(N5(0)) for eachi =1,... ,m).

Proof. We begin by cutting off the tails of h. Let £ > 0 be chosen sufficiently large so that for all 0 > 0 sufficiently
small and all i = 1,...,m we have Ns(x*) C {||z|| < R}. Consider the following bounds on the derivatives of h:

9*hj(x)

(26) | Dh(z )|| < Aforalll <i<mand D201,

< Aforall1 < j,k,l <nandall [|z| < R.

For any Gaussian analytic function h
Pr (h satisfies condition (26) ) —las A — oo.

Therefore, it will be sufficient to prove (25) under the hypotheses (26). (The constant A > 0 will be fixed for the
remainder of the proof.)

As in the statement of Proposition 10, let £ be the n x n matrices, fori = 1,...,m, and let u € R™” be given
as in (23). Let s := [ st s2 ... s™ ]T be the mn-dimensional column vector, where each s* € R”. For any
open subset U C R™ having compact closure and any € > 0 let

U7 ={x cU : dist(x,0U) > €} and Ul :={z cR" : dist(z,U) < ¢€}.
For any § > 0 and B > 0 consider
27 ngB = {(%3) e R™Fmn . 1gi|| < Aand s € (£'(N5(0))) 542 foreachi = 1,.. .,m} and
(28) B = {(u, s) € R™™Hmn . |I¢i]| < Aand s° € £(N5(0)) foreachi =1, ... 7m} .

Here, £'(N;(0)) denotes the image of the ball N5(0) under the the linear map from R"™ to R™ expressed in terms of
the standard basis on R™ by the n x n matrix &°.
The bounds ||£¢]| < A, fori = 1,...,m, imply that as § — 0 for fixed B > 0 we have

(29) Vol(Ef ; \ E;5 ) = O(8™" ™).
Let | 7
Hs:={h : hhasazeroin Ns(z') foreachi =1,...,m},
Hy = {h . (Dh(zY),..., Dh(z™),h(z"),... h(z™)) € ngB}, and
HY :={h : (Dh(z"),...,Dh(z™),h(z"),... h(z™)) € Ej}.
It is immediate from the definition of the sets Eg'f  and EY that for any § > 0 and any B > 0 that
(30) Hyp CHY C Hf .
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Meanwhile, by assumption (26), Taylor’s Theorem gives that there exists B > 0 (depending on the bound A) so that
for all sufficiently small § > 0 we have

31) Hsp CHs C H;B.

Since (Dh(z'),..., Dh(z™), h(x"),..., h(x™)) is a Gaussian random vector, its probability distribution is ab-
solutely continuous. Therefore, (29) implies that

(32) Pr (h € Hip\ HgB) = O(5mm+m).
Combined with (30) and (31) this implies that under the assumption (26) we have
1 1
. L 1 _~ p 0
(33) Jim s P (n e Hs) = lim AT (nemp),

since (V)™ is bounded below by a constant times 6.
|

Proof of Proposition 10. We use Lemma 11 to replace the definition of IA{n with (25). Using the formula for a
Gaussian density, we have

(34)

= ! ! ;(C‘l[u}[u]>

Ko(zt,..., ™ Ii s s

n(@, ..., x™) 2n) I e YA / / e dsdu,
Rmn2 €1(N5(0))x---x€m(Ns(0))

u . .
where [ o } denotes the column vector obtained by stacking the two column vectors v and s.

Because C is positive definite, the integrand decays rapidly at infinity. Thus, the Dominated Convergence Theorem
allows us to interchange the limit with the first integral. We also multiply and divide by H:il | det £, obtaining:

(35)

, ] u
1 ] [T, | det & / _2<C {s][s})
| i=1/d dsdu.
s | T Sae o) e e
Rmn? £1(Ns(0))x---x£™(N5(0))

The Integral Mean Value Theorem implies that

o JA S P G ) TR e

li .
5250 T, Vol €1(N;(0))
£1(N3(0))x - x €™ (N5 (0))

which completes the proof. g

Remark 12. Proposition 10 shows that the correlation measure is absolutely continuous off of the “diagonal” where
x' = x’ for some i # j (hence the name “correlation function”). Thus, in the definition (19) of K, (x*,..., ™) one
need not use round balls Ns(x*). Rather, any sequence of shrinking neighborhoods of each x* suitable for computing
a Radon-Nikodym derivative will suffice.

On certain occasions we will need the following lemma, which is proved in Appendix A, to make estimates involv-
ing the Kac-Rice formula (24).

Lemma 13. For any positive definite mn? x mn? matrix A
(37) / [T detgije=Buww — / [T1detg'je==Aumau| = 0 <||A—B|\;/J2)
, i=1 5 i=1

Rmn Rmn
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2

for any mn? x mn? matrix B sufficiently close to A. (Here w is as in (23) and || ||« denotes the maximum entry of

the matrix.)

Remark 14. After reading a preprint of this paper, L. Nicolaescu informed us that a very similar estimate appears in
his paper [Prop. A.1][29], whose proof was provided by G. Lowther in a discussion on Math Overflow [26].

We close the section with simplified rephrasings of Proposition 10 in the cases m = 1 and m = 2 that will be used
throughout this paper. In both cases it will be better to order the random vector v from (22) in a way that will make the
covariance matrix C block diagonal. (It will come at the cost of the definition for {2 being slightly more complicated.)

If m = 1 we reorder the random vector v as

(38) vi=[ hi(z) Vhi(z) ... ho(x) Vhe(z)]'.

n2 +n

Because the components of h are chosen iid, the resulting covariance matrix C = (Ev;v;);", I} will be of the form

C = diag, (C), where C = (Evivj)Z;;ll and diag,, (é) denotes the block diagonal matrix with n copies of C on

the diagonal. The vector u becomesu = [ & ... &, |" where £ isan x n matrix.
Proposition 15. (Kac-Rice for Density) Suppose the covariance matrix C = (EUin)Z;T':il) of the vector (38) is
positive definite. Then, the density of zeroes of the system h is:

1 / o
| det &]e™ 2 (%W gy,
(2m)" "2 /et C
Rn

(39) pn(w) =

where QU is the matrix of the elements of C™' left after removing the rows and columns with indices congruent to 1
modulo n + 1.

If m = 2 we reorder v as

(40) vi=[ hi(z) Vhi(z) hi(y) Vi(y) ... ha(@) Vho(z) haly) Vha(y) |7,

which will again make its covariance matrix block diagonal C = diag,, (C) Let € and ) be the n x n matrices whose
rows are &1, ...&, and 11, ... n,, respectively. Let u = [ & m & me ... & My ]T be the vector formed
by alternating the vectors &; and 7);.

Proposition 16 (Two Point Kac-Rice Formula). Suppose the covariance matrix C = (vaj)?;(;llﬂ)

tor (40) is positive definite. Then, the two-point correlation function for the zeroes of the system h is:

of the vec-

(41) Ky (z,y) =

1 1
n(n+1) / | det £|| det T,|eff(9uxu)du’
(2m) p(z)p(y)V/det C /.

where S is the matrix of the elements of C™" left after removing the rows and columns with indices congruent to 1
modulo n + 1.

4. CALCULATION OF THE COVARIANCE MATRICES, THEIR INVERSES, AND {2

Let C, 4 = C,, 4(t) and C,, = C,,(¢) be the covariance matrix for vector (40) applied to f; (Equation 17) and f
(Equation 4), respectively, at the points

t t
42) w:(O,...,O,—Q) and y=<0,...,0,2).

Lemma 17. Both C,, 4 and C,, are of the form

~ - T
(43) C := diag, (C), with C= [A+ B ]
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where Ay and B are the following (n + 1) x (n + 1) matrices:

[« 0 ... 0 40 [ 0 ... 0 V]
g 0 0o n 0
(44) Ai: 3 '.‘ '.' '.. : s B: N
0 B0 0 .o 0
E=) 0 v |I—v 0 0

and where «, 3,6,v, u,n,v, and T are functions of d and t expressed in (50-57) for C,, q and the functions of t
expressed in (62-69) for C,,.

Proof. Since the coefficients of fy; and fy ; (respectively f; and f;) are independent when i # j, only the entries of
C,,.q (respectively C,,) with ¢ = j will have nonzero values. Thus, the covariance matrices will have the following
block-diagonal structure:

(45) C,.q=diag,(Cpna) and C, = diag,(Cy),

where énﬁd corresponds to the first 2n + 2 entries of v (and similarly for én). These entries correspond to fg 1 and
f1, respectively. For ease of notation, we’ll drop the subscript 1: fq = fa1, f = fi.
For any z, w € R™ we have:

(46) E(fa(2)fa(w)) = (1 + z - w)?,
@7 E( 3fd )) OE( fdaw a(w)) dzi(l+z w)',
@ v <8fdzi 8{;101 > 822611]1:(1( 2l _ d(1+z-w) ' +d(d-1)zw (1+z w)*?, and
(49) E <afd ‘ 3];(1w > 82 &fd( w) _ =d(d—1)zjw; (1+z-w)? for i+#j.
Z 7 T J

Recalling that x = (0, .., 0, —%) and y = (0, .., 0, %) we now use expressions (46-49) to compute that the only
non-zero covariances in émd are

2\ ¢
(50) a:=E<fd<x>fd<w>>=E<fd<y>fd<y>>=(1+ )
Yy

4
o0 e (1o ) < s 52 - (1)
o e (O () 115 e
o o) () e
54 = E(fa@) faly) = (1 +a )’ = (1 _ f)”ﬂ
T
GO =k (8];5:8) ajgy(fl)) =d (1 - i)d_l fori #n, and

(@) onw) _ (Y1 p
n re=p (RO —a(1-F) - aw- v (14)

This proves that Cy, g has the structure stated in Lemma 17.
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For Isom(R™)-invariant ensemble f and any z, w € R™ we have:

(58) E(f(z)f(w)) = €,
59 E(f(z)af(w)) _ OBUE W)
8wi 8w1 ! ’
) . <8f(Z)8f(w)) L PEUGS®) e g
(92’,’ 8101' 8278102 . ’
61) E(agi.zmgg,})) - W:%wiew fori #j .

We now use (58-61) to compute that the only non-zero covariances in C,, are

(62) a = E(f(x)f(z) =E(f(y)f(y) =e7,
(63) 0= B (@) =5 (122 ) - L5,

,_ Ofy) of(W)\ _ - (0f)ofy)\ _ = ,
(64) g = E( I )E( T >e for i # n,

(5@ 0f@) _ L (0f@)afw) _ ([, ) 2
(63) T E<8xn 8xn>_E<8yn ayn)_<1+4>e ,
(66) po= B(f@)f(y) =T,
(67) v o= E<f(w)8§;y)) =-E (f( )859@) =Ll
(68) N E(af(x)af(y)> —e % fori#n, and

Oz; Oy

(@A) _(, ) 2
(69) T = E(@xn ayn>_(1—4>e .
This proves that C,, also has the structure stated in Lemma 17. ]

To apply the Kac-Rice formula to compute K, ¢(x,y) and K,,(x,y) for the values of  and y given in (42) we
will need to compute det Cy, 4, det Cy, 4.4, 25 and the diagonalizations of €2, g and Q,,. Here, £2,, 4 and ,, are
the matrices obtained from C;‘b and C;, !, respectively, by deleting all of the rows and columns whose indices are
congruent 1 modulo n + 1, as in the Kac-Rice formula.

By Lemma 17 we can do all of these calculations in terms of the generic form C given in (43) and then substitute
in the values of « through 7 from (50-57) and (62-69) accordingly.

The determinant of C is

(70)
det(C) = (ﬁ2 7772)"("_1) (a’yfa7752 7251/+'yu7p771/2)" (a’y+a7752+261/7’yu7u771/2)n.

Recall that C = diagn(é) where C is described in (43) and (44). Applying a suitable permutation to the rows and
columns of C, one obtains a block matrix with one 4 x 4 block and n — 1 copies of the same 2 x 2 block. Because

D, Eﬂ where D

of this, C~! will have the same block structure and it can readily be computed to be cl= {E D
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and E_ are the following (n + 1) x (n + 1) matrices:

ay?—ar?—8%y—28vT—y 1> 0 0 adytavT—86—dpur+svi—yuv 7
A Ce + A
0 % 0 0
D, =
0 o 0
:Faﬁ'y+au‘r7537§p,7+6 vV iy v 0 0 a?y—ad?—ar?+28 pr—y pu?
I —8r—28yv+y pu—pr—v?r 0 0 adTtayv+82v—Eypu—prvr—r® 7]
A e F A
0 ~ gl 0 0
E. =
0 S 0
0T+ Y VO V=0 Yy u—pu v T—r" a‘TH2adv—_5"pu—p T—pv
I 5 §20—6 3 0 0 _ 2 S v—52? 2 2
L A T A d
where

(71)
A=ad*y —a?? =208y —dadvr —2av? +8* +28%ur —28%0° + 46y uv — V2t + 2 + 2P + 00

If Q is obtained from C~! by deleting all of the rows and columns whose indices are congruent 1 modulo n + 1,
as in the Kac-Rice formula, we have

Lemma 18. 2 = diag,, (fl) with € = {91’1 91’2}, where:
2,1 S22

~ ~ . B B a’y—ad? —av?+26pv —ypu?
72 Q11 =022=d e
(72) 1,1 2,2 1ag 52— gE 2 A )

n—1 times
2 2 2 2

~ ~ i n n Q°T+2a0v —0°p— p°t — pv
73 Q12=0271=d —_—— ., —
( ) 1,2 2,1 1ag 62 — 7]2 ) ) 62 — "727 A

n—1 times

We notice that there exists a permutation matrix QQ such that

(74) M = QTQQ:dlag Ml,...,M17M2,...,M1,...,M1,M2
———— ————
n—1 times n—1 times

n times

2

A
_a2‘r+2aﬁu—52,u—,u27'—,uu2 az’y—a52—au9—&-25uy—7y2
A A

25 . _ 277 . a’y—ad?—arv®4+28 prv—yp? _a27+2a61/752,u,7/12‘r7/11/
where M, = | 77 Pam | and M; =
P P
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Lemma 19. We can orthogonally diagonalize 2 with QP, where Q is the permutation matrix described in the
V2 2
previous paragraph and P = diag,,» ( [ \/% \%] ), obtaining
2 2

S

(75) A= QPTQQP:PTMP:diag )\1,)\2,...,)\1,)\27>\3,)\4,...,)\1,)\2,...,)\17>\2,)\3,)\4 5
| ——— | A ——

n—1 times n—1 times
n times
where
1 1 a+u
76 M=) D=y A= ’
7e) ! B—n 2 B+n ? ay—aT—02—-2vi+yu—put —v?

a—p

d A= .
a Y Ay taT— 824206 —ypu—pr — 12

We now begin substituting in the values of « through 7 given in (50-57) and (62-69) into the results we have
obtained for the C in order to derive the results we need for C,, 4 and C,,.

Lemma 20. Forallt > 0, C,, is positive definite. For d > 3 and sufficiently small t > 0, C,, 4 is positive definite.

Proof. 1t is a general fact from probability theory that the covariance matrix of a random vector is positive semi-
definite. For C,,, equation (70) becomes

f -1 . .
det(Cyp) = (e%tQ — efétz)n(n : (e%t2 et +t2)n (e%tQ —eat’ t2>n,

which is positive for all £ > 0.
For C,, 4 we have
d2n2+n d—1 n?4n d—2)"
det(Cnyd) _ ( I;n ( ) t2n2+6n + O(t2n2+6n+l)’
which is positive for d > 3 and ¢ > 0 sufficiently small. O

Lemma 21. Q,, ; and Q,, are orthogonally diagonalized by QP where Q and P are the 2n? x 2n2 matrices described
in Lemma 19. The eigenvalues \g1, g2, a3, Ad,3 of Qn q satisfy

(77
—~1/2 d(d—].) —1/2 —~1/2 —1/2 d(d2—3d+2)
A=A Tt 0 gyt = VR0 Ny = Vdld 1)t At =[S P O).
The eigenvalues A\, A2, A3, Ay of 2, equal
(78)
t2 2\ 1 t2 2\ 1 e% —|—ef% e% — e7%
A1 = (eT—e_T) , Ay = (eT —|—e_7) , = ———m—, and M\ = o =
t2+e2 —e 2 —t2+ez —e 2
and satisfy
_ t _ _ _ 1
79 AMNVP=—40@#) ANP=v2+0() MNP=t+0() MNVP=—210(8).
( ) 1 \/Q ( ) 2 ( ) 3 ( ) 4 \/ﬁ ( )

Proof. This follows from Lemma 19 and by substituting the values of « through 7 from (50-57) and (62-69) into (76).
(The asymptotics in (77) determined using the Maple computer algebra system [1]. However, they are simple enough
that one can check them by hand.) ]

We will need the following calculation in Section 5:

Lemma 22. We have
(80)

()\1,d)\2,d)_§n(n_1) (A3,ara,q) 2"

\/det Cd,n

()\1>\2)—%n(n—1) (A3A4)_%n

=d 2t + 0t ") and ="+ Ot "?).
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Proof. Using (70) and Lemma 19 for the generic form of the covariance matrix C we have

—in(n— —in
(MAo) 2" (g0 2

81 — (02 — 2%
(81) vdet C,, ( w)
The result then follows by substituting (50-57) and (62-69) and doing an expansion. ]

5. PROOF OF PART (1) FROM THEOREM 9: SHORT-RANGE ASYMPTOTICS

We apply the Kac-Rice formula to the covariance matrices C,, 4 and C,, and the submatrices £2,, 4 and £2,, of their
inverses, as computed in Section 4. It applies because, by Lemma 20, C is positive definite for all ¢ > 0 and C,, 4 is
positive definite for all d > 3 and sufficiently small ¢ > 0. The proof will be the nearly same for each, so we will work
with C,, 4(t) and then explain what change needs to be made for /C,, (t) at the very end of the section.

We apply the diagonalization of A = A,, 4 = (QP)7Q,, 4(QP) from (74) and (75) to the Kac-Rice formula (41)
to obtain

(82) Kna(t) =

1 / _ 1 A )
— |det & (7)]|det n (T)| e 2ATT)dr,
(2m)" " pa(@)pa(y)y/det Coa S,

where T := [ ™ T2 ... Tn }T := PTQTu, where 7; = [ Til Ti2 ... Tion ] foreachl <7 <n. In
these new variables, € and 1) become the new matrices £ (7) and 1 (7), whose entries are defined by

V2 V2 .
(83) &) = > (—Ti2j—1+ Ti2;) and m;; (1) = - (Ti2j—1 +Ti2j) for 1,7 <n.

The reason for diagonalizing €2, 4 was to change the exponent into a form conducive to forming n sets of 2n-
n

dimensional spherical coordinates so that (A7, 7) becomes > 3.
k=1
Letw := [ r Te ... T, 01 02 ... 0, ], where 0, = [ 91‘)1 91'72 . 91‘72”_1 ] Let

<
|
-

S}

sin 9i7k> (cos 9i) if j is odd and j # 2n — 1,

Il
=

sin Gi)k) (cosb;.n) if j = 2n,
(84) Tij = ;

3

|
—
+
ol

K3

sin 9i7k> (cosé.ymr%) if j is even and j # 2n, and

b
I
—

=7

>
Ll
QL ol
AA(\A
I
—

1
sin9i7k> if j =2n—1.
1

ES
Il

n
ln(n— 1 .
Thus, dr becomes (A1 gA2.q) z(n=1) (A3, araa) 2" H rp ! dpuszn-1yndr , where S*"~! denotes the unit
=1
sphere in R?" and du(szn-1y» denotes the product measure on (82”4)” obtained from the standard spherical measure
_1

dpig2n—1 on S2n—1 et ¢;,; be the trigonometric product in 7; ; so that 7; ; = A, é) 4Ti®s,5. After this variable change,
we see that

V2 _1 _1 V2 _1 _1
(85) &, (r,0) = 5 i (_Am?d¢i,2jfl + )\miLd(bi,Qj) and n;; (r,0) = Dk ()\mfd@z]‘q + /\mil,d%,zj)

where m = 1 when j # n and m = 3 when j = n.

Thus, in the new spherical coordinates, we have:
(86)

’Cn,d (t) =

1 1 n
Madoa) 2" (g adaa) 2" P
(A1.aA2.4) (A3.0A1.0) det £(r,0) || det n(r,0) | e * = " T v ‘dusen—1yndr.
1 ( )

(27r)n(n+1) pa(x)pa(y)/det Cn,dRan =1

Using the asymptotic behavior of )\;i/ 2, Ay i/ 2, Ag. il/ 2, and )\;;/ 2 expressed in (77), we notice that each the ele-
ments of the nth column of each determinant vanishes linearly with ¢. Therefore, we factor out ¢ from each column to
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prevent these columns from vanishing in the limit as ¢ goes to 0. Also note that each element of row ¢ in both £ and
7 are linear with ;. Thus, we let £ (6,t) and # (6, t) denote the resulting matrices when ¢ is factored from the nth
column and r; is factored from each row of each matrix, £ and 7, respectively. Using Fubini’s Theorem, we can now
split the integral from (86) into an integral over the radii and an integral over the angles:

(87) Kna(t) = Ararod) """V (Agadsa) 2" /H 21, 3% Ti)dr
T @n)" Y pa(@)paly)y/det Cua

(88) e / [ det £(0,1) || det ) (0,1) | dpgen-ry
(2=

Using the definition of the Gamma function, (87) simplifies to:

2n21—‘(n+ 1)“ ()\1 a\a d)*%n(nfl) ()\3 W d),%n ,
(89) Kna(t) = A2, A4, .
d( ) <(2ﬂ_)n(n+1) Pd(w)Pd(y)> ( \/m

| det £ (6, t) || det7) (0, 1) | dpysen—yn
(SQT:,—I)”'
By (80) we have that
(Al,dAQ,d)ién(nil) ()\&d)ul’d),,

\/det Cn,d

Meanwhile, by (77), each entry of é and 7 is of the form: constant (potentially 0) plus O(¢). Therefore,

(90)

t=d 2"+ 0 ().

o1 [ 1deté.0) 1| detin(6.0) | dpensy = Do+ 0(0),
(S2n71)"
where
©2) Dy=ling [ |det€(6.0)]det (6,)] dioan iy
(s2n-1yn

Finally, we also have from (6) that

n +1
(93) pa(x) = pa(y) =7 FT <" 5 > % +0(t%).
Therefore,
2
27 M (n 4 1)"
_ 2—n 4—n _
(94) Kna(t) =Anat=""+0@") where Apg= ((2ﬂ_)n(n+l) - <n7+1)2 e D,,.
We now compute the constant D,,. From Equations (85), (77) and (79):
(95) lim & ; (6, 1) = lim 7 (8,1) = Vd i, for j < n, and
. 2 A d(d—1) .
(96) }1_13(1) =&, (0,1) = tlgl% Mij (0,1) =\ ——5— ¢ian—1 forj=n.

Let 1 () be the resulting matrix when V/d is factored out of the first through 1 — 1-st columns and / @ is factored
out of the nth column of tlgr(l)é (0,1). If we do the same process with tlg)r(l) [ (0,t), we obtain the same result with the
sign changed in the nth column. Therefore,

dr(d—1)

(97) D, =—5

|det 17 (9) |2 dﬂ(s2n71)n.
(SZn—l)Wr
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n
From (84), we notice that each entry of row i of p () contains a factor of H sin 0; ;. Thus, we can take this factor
j=1
out of each row of the matrix, removing any dependence of the determinant on 6, ; for j < n. Let v (0) denote the
matrix that remains after removing these factors.
We can then split the integral into two, an integral over B", where B := [0, 7], corresponding to 6; ; for j < n, and
an integral over (S"’l)n, corresponding to 0; ; for j > n:

d"(d—1)

(98) D, = 5

H (sin; ;)*" 77 dLebgn / | det v (8) [* dpygn—1yn.

Bn BISn (sn—1)n

Here we have used that dugzn-1 = H sin 9?"717]’ dLebp dugn-1. The former integral in this product can be calcu-

j=1
lated recursively with integration by parts to be:

T n

. n . it nll
(99) / [T Gsin6:;)** "7 dLebg. = [ [] /(sine)?”“*j do ( [31ol3 J;”)
n

B~ i,j<n Jj=1 0

The calculation of the latter integral follows from Proposition 30 of Appendix B:

n 2
(3) LT (5) ( nn? T(nt+ )7
(100) / | detv |? dpygn-1y = ( —2 2 2 - = s
A T e ry o \TeE) T e
Therefore,
(101)
7% T (1 4 1)" 97* 7t (1 4 1)" d*(d=1)\ (1o W\ T (n+ )7
A"?‘i: n(n+1) nt1\2 Dy = n(n+1) n+1\2 ;3p 2 e ﬁ Do (mE2)"
(2m) F(T) (2m) F(?) d2 nl! F( 4 )
_ n+2
(102) = (d nl) Vil (%) = Ch.a
AT O
Thus,

o= () S o,

as stated in Part (1) from Theorem 9.
The only differences when computing &, (t) instead of KC,, 4(t) are:
(1) A7 = /2 4 O(2) instead of v/2d + O(t2) and A; "/ = t 4+ O(t2) rather than \; '/* = =1+ 0(t2),

(2) the factor of d=3"in (80) is missing, and
(3) the factors of d 2" are missing from the expression for the density of the zeros.

One can readily check that this results in the factor of ‘i_%l being removed from the constant:
NZa N LQ)
ICn t) = 2 t2—n + O t3—n
0= 5T )

[ (Part (1) of Theorem 9).

6. PROOF OF PART (2) FROM THEOREM 9: LONG-RANGE ASYMPTOTICS

It will be convenient to apply the Kac-Rice formulae to the ensemble g given in (14), which has the same zeros
as the Isom(R™)-invariant ensemble f. Let C,, 4 denote the covariance matrix applied to random vector (40) for this
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ensemble. Recall that « and y are given by (42). The following covariances can be computed from those in (62-69)
and the product rule:

(106) E

(103) E(g(x)g(x)) = E(9(y)g(y)) =1,
(105) E <‘9g;?) 3;;@) _ <89(y) W)\ _ |

(107) E(g(z)g(y)) = e 2llzvl’ —¢='7

(18) FE (g(w)

= —e 3wl (g ) (2 — i) = 0.

9 L e"z if i#n

— Sle=yll* (1 Z (2. —4,)%) =
(109) E( o 8y¢> e (1 (s yz)) {e—f(1—t2) g ion 0
(110) E( )

Remark that C,, 4 has the structure asserted in (17) and that
_2\"(n=h) —142,9 _42\" —142,9  _42\"
det(Cn,g):<1—e ) (1+e 2Vt —e ) (1—6 2Vt —e ) >0

forall ¢ > 0, so that C,, 4 is positive definite.
The proof will rely upon two facts:

(111) (det Cpg) ™% =1+ O(t*e™"") and
(112) 1= Qglloe = O(t2e1),

where || ||oo denotes the maximum entry of the matrix. The former can be obtained from expression (70). The latter
follows from the calculations above and Lemma 18 expressing €2,, 4 in terms of the entries of C,, 4.

The covariance matrix for random vector (38) is the identity, by (103-106) above. Thus, the Kac-Rice Formula for
the density of zeroes of g(x) gives

p(x)p(y) 1 1 / —L(g.8) 1 ~1(nm)
1= = — | det &le™2'&5)d¢ — | det mle™ 2\ dn
p)ply)  p(@)p(y) | (27)" 5 , (2m) "5 ,
1 1
- —3(u,n)
(113) = ) T (@) () / | det &]| det ple™2 du.

]R2n2
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Since C,, 4 is positive definite, the Kac-Rice formula for two-point correlations (41) and Equation (113) give

1 u,u
Fon®) == o oty Ay / |det ]| det mle™3 (o du | —1
n.g
1
(114) _ :
(2m)mn ) p(a)p(y)/det Cr g
/ |det'SHdetn|e_%(nn’gu’u)du_\/m/ | det &|| det ple™ () du
R272 R2n2
det C,
(115) = 2 )m( ) /|detEHdetn|e_%(ﬂ"’9"’“)du— / |det§||detn|e_%(“’“)du
) x
p@oly)| J 7
‘1— (det cng =
(116) +

(277)n(n+1) / | det &|| det n]e™ 3(u ) das.
2n2

R

Equation (116) is O(t4e~**) by (111).
From Lemma 13 Part 2, using A = I and B = €, 4, we have

+2
(117) / |det£||det’r/|e_%(n”‘9"’“) - / | det &]| det n\e_%(lu’“)du =0 (||I - ng||1/2) =0 (te_T) )

2n2 R2n2

Therefore, |K(t) — 1] = O (te_g), so we obtain the desired result.
[0 (Part (2) of Theorem 9).

7. PROOF OF THEOREM 3: UNIVERSALITY

This section is devoted to a proof of Theorem 3. It will be divided into three parts: 1) Reduction to a local version,
2) Statement and proofs of two lemmas, and 3) Proof of the local version.

7.1. Reduction to a local version of Theorem 3. Let the homogeneous coordinates on RP* be denoted [Z1, . . ., Zj11].
After applying a suitable isometry from SO(k + 1) we can assume thatp = [0 : --- : 0 : 1], allowing us to work in
the affine (local) coordinates
Zl Zk
(118) z1 = s ey Rp =
YT Zin Zk+1
having [0 : ---: 0 : 1] € RP" as their origin.

In these local coordinates, the tangent space T,,(M ) becomes an n-dimensional linear subspace of R containing
the two points & # y. We can now rotate about 0 in these local coordinates by an element of SO (k) (corresponding
to an element of SO(k + 1) that fixes [0 : - - - : 0 : 1]) allowing us to assume that

(1) T,M = span(ey,...,e,), where ey, ..., ey, are the standard basis vectors on R¥, and
(2) =(0,...,0,s,t)and y = (0,...,0,u) in the local coordinates (z1, ..., z,) on T, M = R",

where (s,t) # (0,u). Since the ensemble (3) on RP” is invariant under elements of SO(k + 1) and since we
have rotated the submanifold M and the points  and y under the same composition of elements of SO(k + 1), the
correlation function remains the same.

By our choice 1, above, M is locally expressed as a graph of a C? function ¢ : R™ — R¥~" that satisfies

(119) $(0)=0 and  Di(0) =
The orthogonal projection proj,, : T, M = R™ — M is given by proj,(w) = ((w), ¥(w)) for any w € R™.
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In affine coordinates (118), the SO(k + 1)-invariant polynomials are

(120) fa(z) = z <d>aaza where <d) = #
oi<a ¥ N @@= la)! ] a!

i=1
and the a, are iid on the standard normal distribution A" (0, 1).
The correlation between zeros

K. (projp (\2) Proj, (5&»

is the same as the correlation between zeros for the pull-back of this ensemble to the tangent space T),M = R"™ C R
under proj,,, which is given by systems of n functions chosen iid of the form

o (5) -5+ ()

This follows because one need not use round balls in the definition (8) of the correlation function—any sequence of
neighborhoods that is sufficiently nice for computing a Radon-Nikodym derivative suffices (see Remark 12). If one

uses round balls N (projp (%)) and Nj (projp (%)) in the definition of K, 4 as (projp (%) , Proj,, (%)),
then their preimages under the C'? mapping proj p Will be suitable neighborhoods for defining the correlation function

for the pull-back (121).
Thus, we have reduced the statement of Theorem 3 to:

Theorem 23 (Local version of Theorem 3). Let K, q. = K denote the correlation function for systems of n
Sunctions chosen iid of the form (121) and let K,, denote the correlation function for the Isom(R™)-invariant sys-
tem (4).

Forany s,t,u € R, ifx = (0,...,0,s,t) e R, y = (0,...,0,u) € R™, and © # y, then

e (). () mten o ().

with the constant implicit in the O notation depending uniformly on compact subsets of R? x R\ {(s,t) = (0,u)}.

We will need the following more detailed notation in the next two subsections. Let ¢o(x) = (11 (), .. ., Yr—_n(x)).
If we write o = (3, ) with 3 € Z7} and v € Zi‘", then (121) becomes

(122) ha <5g> = D ey (&)B (‘b (%))7

IBl+]vI<d

|
where b)) = <ﬂd7> () and <18d,7) = i n k-n
(d=18] = Iyt IT 3t T1 !

i=1

As before, the coefficients a(g ) are iid on the standard normal distribution A/ (0, 1).
7.2. Two lemmas.

Lemma 24. For any x = (0,0,...,s,t) andy = (0,0,...,0,u) in R™ with x # y we have:

(1) The covariance matrix C corresponding to random vector (38) from the Kac-Rice formula for density (39)
applied to the Isom(R™)-invariant ensemble (4) (at T or y) is positive definite. The submatrix € of C~*
defined in (39) is also positive definite.

(2) The covariance matrix C corresponding to random vector (40) from the Two Point Kac-Rice formula (41)
applied to the Tsom(R™)-invariant ensemble (4) is positive definite. The submatrix S of C~1 defined in (41)
is also positive definite.

Proof. We give the proof of Part 2 leaving the necessary modifications for Part 1 to the reader.
It is a general fact from probability theory that the covariance matrix of a random vector is positive semi-definite.
Thus, it will be sufficient for us to check that det(C) > 0. We substitute = (0,0,...,s,t) and y = (0,0,...,0,u)
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into the covariances computed in Equations (58-61) from the proof of Lemma 17, obtaining that C is of the form

. - T
diag,, (C), where C = {g ]]?;)} and A, B, and D are the following (n + 1) x (n + 1) matrices:
1 0 s t ] (1 0 ... 0 u ]
0 1 0 0 1 0
(123) A =es B =l ., and
s 1+s2 st 1 su
it 0 st 1+¢2] it 0 0 14 tu]
(1 0 0 u
0 1 0
(124) D=¢"
0 .1 0
lu 0 ... 0 1+u?]

After applying a suitable permutation to the rows and columns, C becomes a block-diagonal matrix with n — 2 copies

of
2,2
es —+t 6tu
2
etu et

and one copy of

[ s+t ses +t? tes+t? ety sett totu
ses (1+s?) o8+t stes”+t? 0 etv 0
tes” 1 stes +* (1+2) e wet™  sue™ (14 tu) el
(12) etv 0 uet® v’ 0 uet’
selt et suet? 0 ev’ 0
| el 0 A +tu)e™ w0 (1+u?)e” |

The former has determinant 2 (e*"+(t=%)" — 1), which is positive since r = s2 + (£ — u)2 > 0, by our hypothesis
that  # y. The latter has determinant equal to

e6tu <(652+(tu)2 . e2sz+2 (tfu)z) ((82 + (t o U)2)2 + 3> + e382+3 (t—u)? 1) )

Without the exponential prefactor, this equals (e” — e?”) (r? + 3) + 3" — 1, which one can also check is positive for
allr > 0.

Since C is positive definite, so is C~!. After applying a suitable permutation to the rows and columns of C~! the
n? x n? principal minor is €2, which is therefore positive definite. (]
Lemma 25. Forany x = (0,0,...,s,t) andy = (0,0,...,0,u) in R™ with x # y we have:

(1) Let Cq. and C be the covariance matrix for vector (38) applied to the systems hg y given in (121) and f
given in (4), respectively, (at either x or y) and let Q4 o, and () denote the submatrices of C;L} and C™1
defined in the Kac-Rice formula for density (39). Then,

1 1
Cdﬂp =C+0 (d) and Qdﬂp =Q+0 (d) ,

where the constants implicit in the notation depends uniformly on compact subsets R? (if we are working at
x) or R (if we are working at y).
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(2) Let Cg . and C be the covariance matrix for vector (40) applied to the systems hg y given in (121) and
f given in (4), respectively, and let 24, and §2 denote the submatrices of C(;jp and C~* defined in the
Kac-Rice formula for density (41). Then,

1 1
Ciyp=C+0 <d) and Qg =240 (d)

with the constant implicit in the O notation depending uniformly on compact subsets of R? x R\ {(s,t) =

(0,u)}.

Proof. We will prove Part 2, leaving the necessary (simple) modifications for Part 1 to the reader.

We will only use the assumption that = (0,0,...,s,t) and y = (0,0,...,0,u) with  # y in the last three
lines of the proof, to obtain the estimate relating €24, to £2. Until then, = and y will denote any two points of R". In
particular, the estimate relating C o, to C holds for any =,y € R".

We will first show that

1
(126) Ciyp=Cqo0+0 (d) .
Because 1) is C?, there exists a constant A > 0 independent of d such that for any multi-indices 3 € Z% and~y € Z{f”
we have:
9 z \P VRN
127) < =0 ()
O0x; d Vd

(G -o()")
ACHIEI(CN

Both the constant A and the multiplicative constants (implicit in the O notation) depend uniformly on & within compact
subsets of R".
We can now prove that for any =,y € R"

w2 (5 () @) (&) CGR) e 6)

(129)

2 GIE(E ) @ ) ). -

o 3 () D) H () 66

where we can have * = y and/or ¢ = j. The constant implicit in the big-O notation depends uniformly on compact
subsets of R™ x R™.
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The proofs of each of these are essentially the same, so we’ll prove (132), leaving the proofs of (130) and (131) for

w6 ())& () ()

)6 w5 (&)) )

A2 |B1+2]~I
<B|— .
(%)

Here, A, B > 0 are given by (127-129) and are independent of |3|, || and d, but depend uniformly on @ and y within
compact subsets of R™ x R™. In particular,

60 (G @) & () ¢6a))

[v[>1
- Z ( d ) 5 (AQ>H+2’YI - BA2 Z ( d > (Az>ﬁ+|’7|
- [Bl+1vI<d, /6 7 d - d 1Bl+|vI<d, 5 7 d
[v|>1 lv|>1
2 2\ IBl+]7l 2 2\ ¢
< BA Z d i < BA 1 —l—ij— < g
d B~ d d d d

[Bl+|v|<d

d
for some C' > 0, since limg_, (1 + k:‘%2 = hA?
The estimate (126) follows immediately. For example,

5 ( Ohg,yp () Oha,y (Y) )
ox; Ay,

S Oa G m @ s (G CE)) o () E))

BIFIyISd,
- (é)hg;(w) 8h25j(y)) 40 (é) .
We will now show that
(134) Cao=C+0 (;) |

It follows from a calculation analogous to that from Lemma 17, but with a rescaling by 1/ v/d and the fact that

(1+2)d=ex+0(;),

with the constant depending uniformly on z € R. Rather than including the computation for each of the eight different
types of expectations, we simply list one of the more complicated ones here:
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Ohgo(x) Ohao(y)\ -y wziyi(d—1) T -y a2 .
E( oz, Em =(1+ 7 + 7 (1+ pi ) while

of (x) 0f(y)
E( dz; Oy,

) = (14 zy;)e™ Y.

Combining (126) and (134) we conclude that Cq = C + O (3).

Ifx = (0,...,0,s,t)and y = (0,...,0,u), with @ # y, Part 2 of Lemma 24 gives that C is positive definite.
Then, there is a neighborhood of C in the space of all 2n? x 2n? matrices on which taking the inverse is a differentiable
map. Therefore, Cgip =C'+0 (%) and hence Qg = Q2 + O (%) O

7.3. Proof of the local universality theorem. Proof of Theorem 23. Throughout the proof we will use that we have
normalized so that ¢ = (0, ...,0,s,t) and y = (0,...,0,u) with @ # y.

Part 2 of Lemma 24 gives that the covariance matrix C for random vector (40) applied to ensemble (4) is positive
definite. Therefore, Part 2 of Lemma 25 gives that covariance matrix Cg ,, for random vector (40) applied to ensem-
ble (121) will also be positive definite for d sufficiently large. We can therefore apply the Kac-Rice formula (41) to
ensemble (121) obtaining

1
(2ﬂ_)n(n+1) Pd,ap (:Ij)pd,,lp (y) A/ det Cd7¢R2n2

| det &|| det n\e*%(ﬂd,d,u,u)du.

(135) Ky (2, y) =

We will show that (135) differs by O (%) from the result obtained when applying the Kac-Rice Formula (41) to the
Isom(R")-invariant ensemble (4).
Let us first consider the prefactor from (135). To show that pg () = p(x) + O (%) we apply Lemma 13 to

the Kac-Rice formula for density (39). This follows because the matrix € in (39) is positive definite, by Part 1 of
Lemma 24, and because Q4,4 = 2 + O (), by Part 1 of Lemma 25. The same estimate holds at y. Meanwhile,
since Cg,y = C + O (%), with C positive definite, it follows immediately that

1 1 1
V/det Cq - Vdet C O (d> '

We now consider the integral in (135). Part 2 of Lemma 24 gives that the matrix €2 used when applying the Kac-
Rice formula (41) to the Isom(R™)-invariant ensemble (4) is positive definite. Meanwhile, Part 2 of Lemma 25 gives
that Qg = Q2+ O (é) Thus, Lemma 13 gives that the integral from (135) differs by O (ﬁ) from the integral in
(41), when (41) is applied to (4). Each of the lemmas used asserts that the constants depend uniformly on compact
subsets of R? x R\ {(s,t) = (0,u)}. O

Since we reduced the statement of Theorem 3 to Theorem 23 in Subsection 7.1, we have also finished the proof of
Theorem 3.

8. FINITE DEGREE RESTRICTIONS TO SUBMANIFOLDS M C R[P’k DEPEND ON THE GEOMETRY

We present a simple example illustrating that the constant from the leading term in the correlation function can
depend on the geometry of a submanifolds M C RP” if the degree d of the ensemble is finite. Thus, it is not possible
to prove a universal formula for the short-range asymptotics at finite degree.

We consider the ensemble SO(3)-invariant polynomials of degree 3 because for degrees 1 and 2 the covariance
matrix for random vector (40) is not positive definite. Restricted to a system of affine coordinates (z,y) — [z : y : 1]
each such polynomial has the form

F3(,y) = aoo + V3a1,0 + V3ag1y + V6ai 120y + V3as 022 + V3ag 21>
+\/§a2,1332y + \/§a1,2$y2 + 003,056’3 + ao,syga

where each of the coefficients is chosen iid with respect to the standard normal distribution, A/ (0, 1).
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Let M C R? be given by y = bx?. As in the previous section, we parameterize M by the = coordinate, in this case
forming the one-variable ensemble of random polynomials that depend on b as a parameter:

(136) Hj . (2) = ag0 + V3a1,0z + V3ag,1b2? + V6ar 102® + V3as 02? + V3ag ob*a?
+\/§a271bx4 + \/§a172b2x5 + 6L3,0$3 + a0,353$6,

2\ 3
In order for our results from Sections 4 and 5 to apply here, we multiply by the prefactor: hzp := (1 + %2) Hj ().

We will use the Kac-Rice formula (41) to show that the value of b affects the constant term in the short-range
asymptotics for the correlation function K (z,y) with z = f% and y = %
An easy calculation using the Kac-Rice formula (39) for density of zeros gives that

V3

s

+0(t),
where the constant term agrees with the result (6) that is stated in the introduction for the SO(2)-invariant polynomials
of degree 3.

The covariance matrix for random vector (40) applied to the ensemble hs j with z = —% andy = % is

a § pu —-v

o v v T
(137) C=
wov o oa =90
—v T =0 v
where
(KA 42 1 16)° s B 12) (R 442 4 16)° (k' -4+ 16)°
4096 0T 1024 BT 1096 ’
(3k2t* 4 1212 4 48) (3k*t® + 13k%t* + 16k2¢* + 12t + 16) 3t (k262 — 2) (k24 — 462 + 16)°
= V= —
gl 256 ’ 1024 ’
q (3Kt — 12% 4 48) (3k*t5 — 13k%t* + 16kt + 12t — 16)
an T =— .

256

This matrix has exactly the same structure as that from Sections 4 and 5, in the case that the dimension is 1. Therefore,
the submatrix €2 of C~! from the Kac-Rice formula (41) is diagonalized in precisely the same fashion, with the
eigenvalues satisfying

_ _ 1
A= 6(1+02) t+0(?)  and A VP= |3 T30 2+ O0).
(We call them A3 and )4 in order to be consistent with the previous sections.) We also have
det C = (54b* +63b% +9) t* + O (t'7)..

The calculation of the short-range asymptotics done in Section 5 applies here, with the minor modifications to
)\3_1/ 2 )\21/ ?, and det C listed above. One obtains

Proposition 26. The correlation between zeros for ensemble (136) satisfies

t t T
K <2, 2) = ﬁ(l + ) t 4+ O(t?).

In particular, the leading term depends on the curvature of M at 0.

Question 27. In the general setting of M C RP* how does the constant in the leading order asymptotics near p € M
depend on the local geometry of M at p?
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9. UNIVERSALITY IN THE COMPLEX SETTING

We begin by adapting the Kac-Rice formulae (39) and (41) to the complex setting. As the modifications are nearly
identical, we will discuss the formula for correlations, leaving the formula for density to the reader.

Suppose that h = (hy, ha, ..., hy,) : C* — C™ is a Gaussian random analytic function with complex Gaussian
coefficients. Let £ and 1) be the n X n complex matrices whose rows are &1, ...§&, and 1y, ...n,, respectively. Let
=& m & m ... & m }T, the vector formed by alternating the vectors &; and ;.

Proposition 28. Suppose that the covariance matrix C = E(v;T;) of the random vector (40) is positive definite. Then,
the two-point correlation function for the zeroes of the system h is:

! / det(£*¢) det(n*n)e” ¥ dudaz,

138 K, (x,y) =
(138) (z,y) 7+ D) () p(y) det C )
(CQ'!L

where ) is the matrix of the elements of C™* left after removing the rows and columns with indices congruent to 1
modulo n + 1, x denotes conjugate transpose, and (, ) denotes the Hermitian inner product.

Our General Kac-Rice Formula (Proposition 10) can be easily adapted to the complex setting, from which Proposi-
tion 28 follows easily. Alternatively, Proposition 28 follows from [8, Theorem 2.1] by using the suitable Gaussian
density D (0, &, z) in their formula 32 and normalizing by the density at the two points x and y.

With these modifications to the Kac-Rice formulae, the proof of Theorem 4 adapts nearly verbatim from the proof
of Theorem 3. We list below the simple modifications that need to be checked:

(1) The proof of Lemma 13 adapts easily to the integral expression in (138) and to the analogous formula for the
densities p(x) and p(y).

(2) The proof of Lemma 24 is easily adapted. More specifically, the determinant of the 6 x 6 block analogous to
(125) equals:

O Re(tT) (e<\s|>2+<\t7u\>2 _ ez<|s\>2+2<|tfu|>2) <<(|5|)2 +(t— u\)2)2 + 3> 4 3 UsDP 48 (lt—ul)® _y

which is positive for (s, ) # (0, u).

(3) The proof of Lemma 25 applies after verifying that, when expressed in local coordinates, the covariance matrix
for the rescaled SU (n + 1)-invariant polynomials differs from that of the Isom(C™)-invariant ensemble by
O (é) (These covariances are listed in [8, Sections 2.4 and 4].)

APPENDIX A. PROOF OF LEMMA 13

We will need the following lemma to prove Lemma 13.

Lemma 29. For any positive definite mn? x mn? matrix A, there exists a constant D > 0 such that, for R sufficiently
large,

(139) H\dets ez (Auww) gy | < ¢ PR,
|[ul|>R *

(Here w is as in (23).
Proof. First, we note that (Aw, w) > Apin||u||?. The left side of inequality (139) is bounded by

=1

(140) T:= / H|det€ e~ 2Aminllell gy | < Vol(S™ 1) n'm/ 2mn®—1 = 2gr? g,
R

[lul|>R

using that [, | det £ < n!™||u||™. Leta := 2mn® — 1 and b := Auin,

o0 2

141 rie=b dr < /e*b’”(z*‘"dr = vmen erfc <\/Z;R — a> .
(141 R/ - 2 2v/b

R
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oo
2 2 2
The result then follows because erfc(x) := T / e Vdt <e ™, O
™
xT

Proof of Lemma 13. We first split the left side of the inequality into integrals with ||u|| < R and ||u|| > R for
some R:

m

(142) /H\detgﬂe—%(Bu,u)_ / H|det£i‘e—%(Au,u)du

m
(143) < / [T 1 dergijedtAmm) (o b=y 1) gy
luf|<r =1
(144) + / H|det£i|e*%(B"’“)du + / H|det€i\e*%(A”’")du .
luf|>R = luf[>R =

For B sufficiently close to A, min (Bu,u)v/2 > (Aw,u). Thus, Lemma 29 gives that the two latter summands of
(142) are both bound by e~ P %,

We use Holder’s Inequality to bound the first summand in (142) with
(145)

[]1det€je A% du Hef%«BfA)u,u) _ 1H = Ds He*%«B*A)u’u) _ 1” .
il<r 1 L(||ul|<R) Lo (|lull<R)
u||<

Let L = A — B. Since ||e2® — 1|| < z as z approaches 1,

(146)

1
ez(Lu,u) _ 1H < ||(Lu7u)||L°°(||uH<R) < mnz HLHOC H'u,|||2|uH<R < mn2R2 HLHOO

Lo (Jlull<R) —

Therefore, we have

(147) / | det &|| det p|e™ 2 (Auww) (e*%((B*A)“’") - 1) du| <mn?DsR?||A — BJ|_ +2¢ P!
R27>
The result follows if we set R = ||A — B| |;01/4. O

APPENDIX B. MOMENTS OF THE VOLUME OF A RANDOM UNIT PARALLELOTOPE

The derivation of the formula for the density (7) and the short-range asymptotics from Theorems 1 and 2 require
the following formula:

Proposition 30. Consider n random unit vectors in R™ chosen independently with respect to spherical measure. The
kth moment of the volume V of the parallelotope formed by these vectors is

This result is proved in greater generality in [27] (see Equation 23); however, we will give a simple derivation of
the formula.

Proof. The method for finding this moment involves fixing each of the vectors v; that determine the parallelotope one
at a time with respect to the parallelotope in Ri~! described by the previous i — 1 vectors, weighting each newly added
vector based on the probability of obtaining a given height off of the previous (i — 1) —parallelotope.
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Thus, after fixing the first vector, we see that the height of the second vector off of the first vector in terms of the
angle 6 off of the normal to the first is cos (#) and the probability density of obtaining this height is

sin” 26

sin” 26 do

O —a

Yet, from the next vector on, the vector can vary in two directions, along two different spheres, one of dimension ¢ — 1
and the other of dimension n — 7 — 1, in order to maintain the same height. Thus, for the ¢th vector, we have that the
probability density of obtaining each height cos 6 for an angle 6 off the normal vector of the base given by the first
i — 1 vectors is

n—i—

sin L9 cosi—1 6

sin” """ @ cosi—16 do

O —a

To express the kth power of the volume, we multiply the kth power of each of the heights together. Thus,

w/2
net1 [ [ sin™ "t G cosiTIHE 9dg wy \ " lnot - itk
s Bv=111 " “(fedh) O(Sereay
=1 [ sin™ """ g cosi=1 Odb 2 =1 2 2
0
n—1
r(3) r(*=*)
(149) _ n72 3 .
) e

O
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