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Explicit calculations of homoclinic tangles in tokamaks
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Explicit numerical calculations of homoclinic tangles are presented for a physically realistic model
of a resonantly perturbed magnetic field in a tokamak. The structure of these tangles is consistent
with that expected from the general theory of near-integrable Hamiltonian systems commonly
studied with simple algebraic twist map models. In addition, understanding the structure of
homoclinic tangles corresponding to the primary separatrix of a poloidally diverted tokamak allows
one to make predictions of the locations and structure of magnetic footprints and heat buildup on the
tokamak wall. These separatrix tangles undergo an interesting bifurcation sequence as the current
through a set of error field correction coils is increased. Since this model of the magnetic field is
very realistic, these features are expected to be experimentally verifiable. ©2003 American
Institute of Physics.@DOI: 10.1063/1.1592515#
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Although the wild patterns of intersecting invaria
manifolds associated with hyperbolic fixed points of
Hamiltonian mapping have been studied for years,1–3 there is
renewed interest in these structures for tokamak physic4,5

The main reason for this renewed interest is that the ge
etry of homoclinic tangles in tokamaks can be used to m
specific predictions about particle confinement and h
buildup on the tokamak wall. We present calculations
these homoclinic tangles in a sophisticated numerical mo
TRIP3D6 of a tokamak’s magnetic field and show how som
of these calculations result in physical predictions about
locations and patterns of heat build-up on the tokamak w
which may be verified by experiments in the near future.

The TRIP3D code was developed to model elonga
flux surfaces in poloidally diverted plasmas, such as DIII-D7

by extracting axisymmetric fields from EFIT EQDSK equ
librium files.8 In addition to providing an accurate represe
tation of the flux surfaces due to external shaping coils E
solutions account for the magnetohydrodynamic~MHD! ef-
fects of plasma pressure and current profile distributions
the magnetic equilibrium~e.g., Shafranov shift! and are con-
strained by experimental magnetic and current profile d
on DIII-D.

The magnetic field in TRIP3D is a composite of axisym
metric and nonaxisymmetric fields, those induced by the
roidal and poloidal coils, along with those induced by t
plasma current and those induced by nonaxisymme
sources such as the error correction or C-coils in DIII-D
general discussion of error field correction coil usage in
kamaks is given in Ref. 9. The C-coil perturbation is bas
on the physical location of the coil with each loop of the c
modeled as 20 straight line filaments. The vector field fr
each filament at each point along the field line trajectory
calculated using a Biot–Savart algorithm. All the magne
field sources are added to determine the total field within
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tokamak at each integration step. A detailed description
the TRIP3D and C-coil models is given in Ref. 6.

In this paper we will be interested in the Poincare´ map of
this model, TRIP3D–MAP, and its inverse which are ob
tained by integrating the field line through a given point
the Poincare´ section one toroidal transit forward, or bac
ward for the inverse.

To summarize: the TRIP3D–MAP is a model of the field
in poloidally diverted tokamak that both uses realistic
verted plasma equilibria and an engineering quality pertur
tion coil model.

Having developed the TRIP3D–MAP, we verified that
the expected homoclinic tangle structures surround som
the prominent magnetic islands. A phase portrait with a~4,1!
resonant tangle and a detailed view of one of the x-points
this tangle are shown for the TRIP3D–MAP in Fig. 1, at a
common level of C-coil perturbation~about that required to
correct error fields in DIII-D!. We have also calculated ho
moclinic tangles surrounding magnetic islands, similar to
one shown in Fig. 4, for an algebraic map, the Tokamap10

which also models the magnetic field in a tokamak.
The homoclinic tangles resulting from a separatrix in t

integrable~axisymmetric! system are of particular interes
since they form the ‘‘barrier’’ between the field lines in th
core of the plasma and the open field lines~outside of the
separatrix in the scrape-off layer! which quickly hit the
vacuum chamber wall.

There is an interesting sequence of bifurcations in
TRIP3D–MAP that happens in a plasma equilibrium sta
which has two primary x-points~i.e., a double null diverted
equilibrium!. With no perturbation from the C-coils, the sy
tem is integrable and one obtains the idealized separa
topology which is free of homoclinic tangles. With a sma
level of C-coil perturbation current~300 amp-turns!, the in-
ner separatrix splits into a homoclinic tangle that does
interact with the invariant manifolds from the upper x-poi
as shown in Fig. 2. As the C-coil perturbation current
creases past a certain number of amp-turns,A(dr –sep)

h-
6 © 2003 American Institute of Physics
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which depends on the up-down symmetry of the equilibri
as parameterized by thedr –sep variable, the homoclinic
tangle from the lower x-point crosses the invariant manifo
from the upper x-point, forming the behavior shown in F
3. The reader should notice that it is not uncommon
C-coil currents to reach these levels for error field correcti
and even reach 20000 amp-turns, so this bifurcation
quence is expected to take place in typical experiments.

The walls of the vacuum vessel are shown in Figs. 2 a
3, making the location and prominence of these tangles
dent. These figures also indicate the importance of consi
ing what happens where these tangles hit the walls of
vacuum vessel, as discussed below.

Understanding the specific details of particle transp
across the separatrix of a modern poloidally diverted to
mak is fundamentally important to plasma confineme
since the plasma is ‘‘heated’’ inside of the separatrix, w
losses due to particles that escape from this region and hi
vacuum chamber wall. It is certainly valuable to consid
nondiffusive transport, since it occurs on a faster time sc
than diffusive transport. The homoclinic tangle resulti

FIG. 1. ~a! Phase portrait with a (m,n)5(4,1) resonant tangle, and~b! a
detail of one of the x-points of this tangle from the TRIP3D–MAP. The
walls of the vacuum vessel are shown for reference.
Downloaded 30 Aug 2003 to 128.84.158.89. Redistribution subject to A
s
.
r
,

e-

d
i-
r-
e

rt
-

t,

he
r
le

from an integrable separatrix isthemechanism for nondiffu-
sive transport across the separatrix region.

People have studied transport across a separatrix re
in many different ways11–13 but our calculations are the firs
that have been done for such a realistic approximation of
magnetic field. Figure 3 shows the trajectory of a field li
that remains inside of the separatrix for a few toroidal tra
sits before entering one of the interior lobes of the h
moclinic tangle at the bottom of the tangle. With each su
sequent iteration, the field line progresses from lobe to lo
~of the same orientation! counterclockwise around the tangl
Near the midpoint of the tangle, these lobes switch to be
exterior lobes and force the field line outside of the sepa
trix. As the field line undergoes more toroidal transits,
progresses to the long and skinny lobes at the top of
tangle. As these lobes become infinitely long, the field line
forced into the upper wall of the vacuum vessel.

Particles following the field lines in the opposite toroid
direction will undergo similar motion, but entering the tang
in the interior lobes at the top of the tangle and hitting t
lower plate of the vessel wall under sufficient toroidal tra
sits. Some particles are also expected to escape throug
tube-like region stretching from the lower x-point to the i
ner wall of the vacuum chamber.

The regions where magnetic field lines from deep with
the tokamak hit the tokamak wall are known as ‘‘magne
footprints’’ 5,14,15and are the regions where most of the p
ticles transported across the separatrix are expected to
The lobes of the homoclinic tangle provide a constraint
the location of magnetic footprints, since field lines from t
plasma core must remain within these lobes. Knowing
locations where the separatrix tangle hits the tokamak w
provides a good approximation of the gross structure of m
netic footprints.~Historically, magnetic footprints have bee
studied by following field lines directly instead of by calcu
lated homoclinic tangles. However, concurrently with o
work, other researchers have also considered this tan
wall interaction.5!

It is expected that collisionless particles that escape fr
the hot plasma inside of the separatrix will follow field line
and hence hit the wall of the vacuum vessel in the magn
footprints, within the lobes of the separatrix tangle. Since
particles are typically hot, this lobe pattern may provide
explanation of the patterns of heat build-up on the walls
the vacuum vessel.16,17

In a computational study similar to ours,15 the authors
use a simple model for the three-dimensional vector field
a diverted tokamak to predict the two-dimensional struct
of magnetic footprints. They detected ‘‘spiral-like’’ structure
formed by stochastic field lines on the divertor targets. Th
spirals begin at some toroidal angleu and some radiusR and
spiral inward accumulating at the circle of radiusRsep,
where the separatrix would have hit the divertor plate. A
though they did not use homoclinic tangles to calculate th
magnetic footprints, these spirals are reminiscent of the l
structure in homoclinic tangles. In fact, this is the same p
tern as predicted by the locations where the homocli
tangles that we have calculated hit the divertor plates. Th
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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we suggest that the fuzzy ‘‘spiral-like’’ structure of magne
footprints predicted in Ref. 15 are in fact a manifestation
the complex 3D topology prescribed by the homoclin
tangles predicted by our model. Here the boundaries of
footprints are formed by the invariant manifolds of the ta
gle’s lobes which determine the size and location of the fo
prints on various plasma-facing surfaces. At a C-coil curr
of 15000 amp-turns, we have computed this spiral struc
on the divertor plates using the TRIP3D–MAP. Figure 4
shows the intersection of the homoclinic tangle lobes w
the upper divertor plate, atZ51.347 m. Tangle intersection
were calculated at a toroidal spacing of 10°, so that the sp
structure is clear. Notice that the spiral varies in width by
few cm, which is significantly bigger than the average i
Larmor radius at the plasma edge during a usual experim
in DIII-D.

FIG. 2. ~Color! Homoclinic tangle from the TRIP3D–MAP with a C-coil
current of 300 amp-turns.
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These primary separatrix tangles also define the flux l
channels for field lines that escape as a result of tangle o
lap in resonant islands near the edge of the plasma in
high magnetic shear or so-called ‘‘pedestal’’ region. The lo
of poloidal magnetic flux due to C-coil perturbations f
various types of diverted equilibria in DIII-D is discussed
Ref. 6. It should be noted that the astonishingly comp
topology displayed by homoclinic tangles was well und

FIG. 3. ~Color! Homoclinic tangle from the TRIP3D–MAP with a C-coil
current of 10000 amp-turns. Large points plot a trajectory that esca
through the separatrix.

FIG. 4. The spiral formed by the intersection of homoclinic tangles, a
toroidal spacing of 10°, with the upper divertor plate, atZ51.347 m as
shown in Fig. 3. The magnetic footprints must confine themselves wi
this spiral shape. Notice that we have subtracted 1.25 m from the radi
that the spiral structure is more evident.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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stood by Poincare´18 although he was unable to explicitly ca
culate and display them, even in the highly abbreviated fo
we have presented. Nevertheless, thanks to the availabili
modern computers, computer graphics, and realistic m
ematical models of the magnetic fields in tokamaks we n
have the predictive tools needed to make detailed comp
sons with experimental measurements such as those
sented in Ref. 16.

Complicated predictions of the structure of magne
footprints at specific toroidal angles have been calculated
circular plasmas using an elementary symplectic mappin
model the Poincare´ map of a tokamak’s magnetic field.5 As
noted in Ref. 5, these patterns of heat flux can consist
very complicated fractal structure since the lobe structure
a homoclinic tangles becomes complicated in the appropr
way as one computes the invariant manifolds to longer
longer lengths. While we are limited in the precision~and
thus the length of tangles! that can be calculated in ou
model, we note that the first few lobes of the separa
tangles do hit plasma-facing surfaces~at some toroidal loca-
tions! where one does not expect to observe high levels
heat flux. Thus, we expect that an experimental verificat
of the model can be made by using coils, such as the DII
C-coil, to rotate a tangle’s toroidal phase and amplitude s
that the footprint sweeps across the field of view of an inf
red camera looking at a divertor target plate or plasma-fac
component. We believe such an experimental verification
our model is reasonable based on the data shown in Re
and have proposed experiments of this type on DIII-D.
pointed out in Ref. 15 the impact of these features on
heating of plasma-facing surfaces increases with mac
size so there is a certain amount urgency in developin
predictive understanding of these features for various o
ating regimes that are commonly accessible in DIII-D.

Also notice that the above analysis was of the situat
in which the homoclinic tangle from the lower x-point inte
sects the invariant manifolds of the upper x-point@C-coil
perturbation amplitude is greater thanA(dr –sep)]. In the
case where the C-coil current is lower thanA(dr –sep), the
particles and heat are much less likely to escape and hi
upper walls of the vacuum vessel. The C-coils current can
controlled in each experiment, hence this bifurcation ou
to be physically observable as the creation of a new magn
footprint and the associated heat buildup on the upper to
mak wall when the C-coil current increases pa
A(dr –sep).

We have presented calculations of the homocli
tangles structures in the TRIP3D–MAP model of a toka-
mak’s magnetic field in an effort to confirm that the prope
ties of this model agree with those expected from the gen
theory of homoclinic tangles in near-integrable systems.
expected from the generic properties of these structures
moclinic tangles were found surrounding resonant island
well as in the primary separatrices of unperturbed~inte-
grable! double null diverted equilibria.

For poloidally diverted tokamaks, such as DIII-D, th
homoclinic tangles resulting from C-coil perturbation of t
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separatrix are of particular interest. These separatrix tan
provide the mechanism for the nondiffusive escape of h
particles. The locations where their lobes hit the walls of
vacuum vessel~magnetic footprints! are expected to be
places where an abundance of hot particles hit. We offer
suggestions for physical verification of this phenomen
First, comparing heat distributions across the walls of
vacuum vessel with the places where tangle lobes hit
walls, including a search for the spiral structure of he
buildup, as predicted in Ref. 15 and by our calculatio
Second, determining whether the bifurcation described ab
can be observed through a sudden increase in heat on
upper walls of the vessel when the C-coil perturbation a
plitude is increased past a certain level,A(dr –sep).

Since the other studies of magnetic footprints in tok
maks have all involved relatively simple equilibria,5,14,15

their predictions may be somewhat less satisfactory w
directly compared with experimental data. O
TRIP3D–MAP model is a realistic model of the magnet
field in DIII-D, therefore, with further work, we expect tha
we will be able to verify our numerical predictions with a
tual experiments.
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