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Explicit calculations of homoclinic tangles in tokamaks
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Explicit numerical calculations of homoclinic tangles are presented for a physically realistic model
of a resonantly perturbed magnetic field in a tokamak. The structure of these tangles is consistent
with that expected from the general theory of near-integrable Hamiltonian systems commonly
studied with simple algebraic twist map models. In addition, understanding the structure of
homoclinic tangles corresponding to the primary separatrix of a poloidally diverted tokamak allows
one to make predictions of the locations and structure of magnetic footprints and heat buildup on the
tokamak wall. These separatrix tangles undergo an interesting bifurcation sequence as the current
through a set of error field correction coils is increased. Since this model of the magnetic field is
very realistic, these features are expected to be experimentally verifiabR00® American
Institute of Physics.[DOI: 10.1063/1.159251]5

Although the wild patterns of intersecting invariant tokamak at each integration step. A detailed description of
manifolds associated with hyperbolic fixed points of athe TRIP3D and C-coil models is given in Ref. 6.
Hamiltonian mapping have been studied for yearhere is In this paper we will be interested in the Poincarap of
renewed interest in these structures for tokamak physics. this model, TRIP3SDMAP, and its inverse which are ob-
The main reason for this renewed interest is that the geonained by integrating the field line through a given point in
etry of homoclinic tangles in tokamaks can be used to makéne Poincaresection one toroidal transit forward, or back-
specific predictions about particle confinement and heajyard for the inverse.
buildup on the tokamak wall. We present calculations of  To summarize: the TRIP3DMAP is a model of the field
these homoclinic tangles in a sophisticated numerical modgh poloidally diverted tokamak that both uses realistic di-
TRIP3D® of a tokamak's magnetic field and show how someyerted plasma equilibria and an engineering quality perturba-
of these calculations result in physical predictions about thgign coil model.
locations and patterns of heat build-up on the tokamak wall  Haying developed the TRIP3IMAP, we verified that
which may be verified by experiments in the near future.  the expected homoclinic tangle structures surround some of

The TRIP3D code was developed to model elongateghe nrominent magnetic islands. A phase portrait witd.4)
flux surfaces in poloidally diverted plasmas, such as DIfi-D, rogonant tangle and a detailed view of one of the x-points for

by extracting axisymmetric fields from EFIT EQDSK equi- this tangle are shown for the TRIP3MAP in Fig. 1, at a
common level of C-coil perturbatiotabout that required to

librium files® In addition to providing an accurate represen-
tation of the flux surfaces due to external shaping coils EFIT

luti ¢ for th tohvdrod D) of correct error fields in DIII-D. We have also calculated ho-
solutions account for the magnetonydrodyna QI\_JU I. ) € moclinic tangles surrounding magnetic islands, similar to the
fects of plasma pressure and current profile distributions o

the magnetic equilibriunte.g., Shafranov shiftand are con- %m_a shown in Fig. 4, for an algeb_ralc_map, the Tokartfap,
. . ! ; which also models the magnetic field in a tokamak.
strained by experimental magnetic and current profile data o , o
The homoclinic tangles resulting from a separatrix in the

on DIII-D. . . . . :
The magnetic field in TRIP3D is a composite of axisym- |r?tegrable(aX|symme“tr|() §ys"tem are of partlculgr mtgrest
since they form the “barrier” between the field lines in the

metric and nonaxisymmetric fields, those induced by the to t the ol d th field i ide of th
roidal and poloidal coils, along with those induced by the®0r€ O the plasma and the open field lirfesitside of the

plasma current and those induced by nonaxisymmetriéeparatr'x in the scrape-off layewhich quickly hit the
sources such as the error correction or C-coils in DIII-D. AV&cuum chamber wall. , o
general discussion of error field correction coil usage in to- 1 here is an interesting sequence of bifurcations in the
kamaks is given in Ref. 9. The C-coil perturbation is based' RIP3D-MAP that happens in a plasma equilibrium state
on the physical location of the coil with each loop of the coil Which has two primary x-pointgi.e., a double null diverted
modeled as 20 straight line filaments. The vector field fromquilibrium). With no perturbation from the C-coils, the sys-
each filament at each point along the field line trajectory id€m is integrable and one obtains the idealized separatrix
calculated using a Biot—Savart algorithm. All the magnetictopology which is free of homoclinic tangles. With a small

field sources are added to determine the total field within théevel of C-coil perturbation currer800 amp-turns the in-

ner separatrix splits into a homoclinic tangle that does not
interact with the invariant manifolds from the upper x-point
dpermanent address: Department of Mathematics, Cornell University, Ith- . . . . PP P .
aca, New York. as shown in Fig. 2. As the C-coil perturbation current in-

Ppermanent address: Harvard University, Cambridge, Massachusetts. ~ creases past a certain number of amp-tur&lr_sep
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T T T @ from an integrable separatrix ise mechanism for nondiffu-
15F 1 sive transport across the separatrix region.
People have studied transport across a separatrix region
in many different ways~13but our calculations are the first
wor that have been done for such a realistic approximation of the
magnetic field. Figure 3 shows the trajectory of a field line
ikl that remains inside of the separatrix for a few toroidal tran-
sits before entering one of the interior lobes of the ho-
moclinic tangle at the bottom of the tangle. With each sub-
E oot sequent iteration, the field line progresses from lobe to lobe
N (of the same orientatigrcounterclockwise around the tangle.
Near the midpoint of the tangle, these lobes switch to being
-05} exterior lobes and force the field line outside of the separa-
trix. As the field line undergoes more toroidal transits, it
progresses to the long and skinny lobes at the top of the
-1} tangle. As these lobes become infinitely long, the field line is
forced into the upper wall of the vacuum vessel.
sl | Particles following the field lines in the opposite toroidal
. | 107832 2250.00 direction will undergo similar motion, but entering the tangle
0.5 1.0 15 20 25 in the interior lobes at the top of the tangle and hitting the
R(m) lower plate of the vessel wall under sufficient toroidal tran-
-0.50 sits. Some particles are also expected to escape through the
s (b) tube-like region stretching from the lower x-point to the in-
ner wall of the vacuum chamber.
g 060 The regions where magnetic field lines from deep within
N 065 the tokamak hit the tokamak wall are known as “magnetic
e footprints” >*15and are the regions where most of the par-
ticles transported across the separatrix are expected to hit.
Rt The lobes of the homoclinic tangle provide a constraint on
_0'801.20 i i i 10 1as the location of magnetic footprints, since field lines from the

R(m) plasma core must remain within these lobes. Knowing the
locations where the separatrix tangle hits the tokamak wall
FIG. 1. (a) Phase portrait with ani,n)=(4,1) resonant tangle, ant) a provides a good approximation of the gross structure of mag-
detail of one of the x-points of this tangle from the TRIPIDAP. The netic footprints.(Historically, magnetic footprints have been
walls of the vacuum vessel are shown for reference. . . . . . .
studied by following field lines directly instead of by calcu-
lated homoclinic tangles. However, concurrently with our
work, other researchers have also considered this tangle—

which depends on the up-down symmetry of the equilibriumwall interaction?)
as parameterized by thér_sep variable, the homoclinic It is expected that collisionless particles that escape from
tangle from the lower x-point crosses the invariant manifoldsth® hot plasma inside of the separatrix will follow field lines,
from the upper x-point, forming the behavior shown in Fig. @nd hence hit the wall of the vacuum vessel in the magnetic
3. The reader should notice that it is not uncommon forfootprints, within the lobes of the separatrix tangle. Since the
C-coil currents to reach these levels for error field correctionparticles are typically hot, this lobe pattern may provide an
and even reach 20000 amp-turns, so this bifurcation se€xplanation of the patterns of heat build-up on the walls of
quence is expected to take place in typical experiments. the vacuum vessef:!/
The walls of the vacuum vessel are shown in Figs. 2 and N @ computational study similar to ouf$the authors
3, making the location and prominence of these tangles evise a simple model for the three-dimensional vector field in
dent. These figures also indicate the importance of considef diverted tokamak to predict the two-dimensional structure
ing what happens where these tangles hit the walls of thef magnetic footprints. They detected “spiral-like” structures
vacuum vessel, as discussed below. formed by stochastic field lines on the divertor targets. These
Understanding the specific details of particle transporspirals begin at some toroidal anglend some radiuR and
across the separatrix of a modern poloidally diverted tokaspiral inward accumulating at the circle of radif,
mak is fundamentally important to plasma confinementwhere the separatrix would have hit the divertor plate. Al-
since the plasma is “heated” inside of the separatrix, withthough they did not use homoclinic tangles to calculate these
losses due to particles that escape from this region and hit theagnetic footprints, these spirals are reminiscent of the lobe
vacuum chamber wall. It is certainly valuable to considerstructure in homoclinic tangles. In fact, this is the same pat-
nondiffusive transport, since it occurs on a faster time scaléern as predicted by the locations where the homoclinic
than diffusive transport. The homoclinic tangle resultingtangles that we have calculated hit the divertor plates. Thus,
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current of 10000 amp-turns. Large points plot a trajectory that escapes
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Z(m) 110 These primary separatrix tangles also define the flux loss
o channels for field lines that escape as a result of tangle over-
-1.15 lap in resonant islands near the edge of the plasma in the
-1.20 | high magnetic shear or so-called “pedestal” region. The loss
-1.25 of poloidal magnetic flux due to C-coil perturbations for

3 various types of diverted equilibria in DIII-D is discussed in
114 118 1.22 126 1.30 1.34 Ref. 6. It should be noted that the astonishingly complex
R (m) topology displayed by homoclinic tangles was well under-

FIG. 2. (Color) Homoclinic tangle from the TRIP3DMAP with a C-coil
current of 300 amp-turns.

we suggest that the fuzzy “spiral-like” structure of magnetic
footprints predicted in Ref. 15 are in fact a manifestation of
the complex 3D topology prescribed by the homoclinic
tangles predicted by our model. Here the boundaries of the
footprints are formed by the invariant manifolds of the tan-
gle’s lobes which determine the size and location of the foot-
prints on various plasma-facing surfaces. At a C-coil current
of 15000 amp-turns, we have computed this spiral structure
on the divertor plates using the TRIP3BIAP. Figure 4
shows the intersection of the homoclinic tangle lobes with
the upper divertor plate, &a=1.347 m. Tangle intersections
were calculated at a toroidal spacing of 10°, so that the spiral
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structure is clear. Notice that the spiral varies in width by aFIG. 4. The spiral formed by the intersection of homoclinic tangles, at a

few cm, which is significantly bigger than the average ion

toroidal spacing of 10°, with the upper divertor plate,Zat 1.347 m as
shown in Fig. 3. The magnetic footprints must confine themselves within

_Larmor radius at the plasma edge during a usual experimefyis spiral shape. Notice that we have subtracted 1.25 m from the radii, so
in DII-D. that the spiral structure is more evident.
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stood by Poincaré although he was unable to explicitly cal- separatrix are of particular interest. These separatrix tangles
culate and display them, even in the highly abbreviated fornprovide the mechanism for the nondiffusive escape of hot
we have presented. Nevertheless, thanks to the availability gfarticles. The locations where their lobes hit the walls of the
modern computers, computer graphics, and realistic mathracuum vessellmagnetic footprints are expected to be
ematical models of the magnetic fields in tokamaks we nowplaces where an abundance of hot particles hit. We offer two
have the predictive tools needed to make detailed comparsuggestions for physical verification of this phenomenon:
sons with experimental measurements such as those prEirst, comparing heat distributions across the walls of the
sented in Ref. 16. vacuum vessel with the places where tangle lobes hit the

Complicated predictions of the structure of magneticwalls, including a search for the spiral structure of heat
footprints at specific toroidal angles have been calculated fobuildup, as predicted in Ref. 15 and by our calculations.
circular plasmas using an elementary symplectic mapping t&econd, determining whether the bifurcation described above
model the Poincarenap of a tokamak’s magnetic fiefdAs  can be observed through a sudden increase in heat on the
noted in Ref. 5, these patterns of heat flux can consist of apper walls of the vessel when the C-coil perturbation am-
very complicated fractal structure since the lobe structure oplitude is increased past a certain lev&{dr_sep).
a homoclinic tangles becomes complicated in the appropriate  Since the other studies of magnetic footprints in toka-
way as one computes the invariant manifolds to longer an¢éhaks have all involved relatively simple equilibriah*®
longer lengths. While we are limited in the precisiGand  their predictions may be somewhat less satisfactory when
thus the length of tanglesthat can be calculated in our directly compared with experimental data. Our
model, we note that the first few lobes of the separatrixTRIP3D_MAP model is a realistic model of the magnetic
tangles do hit plasma-facing surfad@s some toroidal loca- field in DIII-D, therefore, with further work, we expect that
tions) where one does not expect to observe high levels ofve will be able to verify our numerical predictions with ac-
heat flux. Thus, we expect that an experimental verificationual experiments.
of the model can be made by using coils, such as the DIII-D
C-coil, to rotatg a tangle’s toroidal phqse and.amplltude_ SUCRCKNOWLEDGMENTS
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