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ABSTRACT. We study the distances, called spacings, between pairs of neighboring energy levels
for the quantum harmonic oscillator. Specifically, we consider all energy levels falling between F
and £ + 1, and study how the spacings between these levels change for various choices of FE,
particularly when E goes to infinity. Primarily, we study the case in which the spring constant
is a badly approrimable vector. We first give the proof by Boshernitzan-Dyson that the number
of distinct spacings has a uniform bound independent of E. Then, if the spring constant has
components forming a basis of an algebraic number field, we show that, when normalized up to
a unit, the spacings are from a finite set. Moreover, in the specific case that the field has one
fundamental unit, the probability distribution of these spacings behaves quasiperiodically in log E.
We conclude by studying the spacings in the case that the spring constant is not badly approrimable,
providing examples for which the number of distinct spacings is unbounded.

1. INTRODUCTION

1.1. Physical Motivation. The quantum harmonic oscillator is given by the Hamiltonian

d+1 h2 82 d+1]€'
H=— — 42,
gzmamg +§ 9 i

Applying Schrodinger’s equation, the quantum energy levels of the system are determined by d + 1
non-negative integers, my, ..., my, and they are of the form

E = Ey+ moag + ...+ mgay,

where ayg, . .., ag are positive real numbers depending on the spring constant k and the mass m. The
problem is to study the distribution of energy level spacings (the difference between neighboring
energy levels) for all energy levels occurring in a given interval E' < E < E’' + ¢, for some fixed
constant ¢, as ' — oo. It is convenient to make ¢ = ag. Since

E = Ey + ap(mo + miwi + ... + mgwg),
where w; = a;/a > 0, the problem becomes to find spacings between energy levels
E=mg+miwy + ...+ mgwy

between a given £ and £ + 1 as & — oco. For any integer vector m = (my,...,mg) such that
m-w < & + 1, there is exactly one mg > 0 that forces £ into the interval [£/, " + 1). This allows
us to reduce the problem modulo 1, considering differences between the fractional parts of the
numbers mijwi + . . . + mqwy determined by integer vectors m € R(t). Here, R(t) is the homothetic
expansion of R = {v € R" | v; > 0,viw;1 + ... +vqwg < 1} by a factor of ¢ = £+ 1 about the origin.
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1.2. Mathematical Problem. For any real number 6, we will use the following notation: [6] is
the floor, [0] is the ceiling, {6} = 0 — |6] is the fractional part, and ||f|| = dist(6, Z) is the distance
between € and the nearest integer.

Let wgp = 1,w1,...,wq, be d + 1 real numbers, linearly independent over the rationals, @ =
(wo, w1, - - - ,wq), and w = (wy,...,wq). Let R be some bounded convex region in R? R(t) be the
homothetic expansion of R about the origin by a factor of ¢ > 0, and M(t) = R(t) N Z<.

We order the numbers {m - w}, where m ranges over M (t), into the sequence

0<uy(t)<...< y‘M(t”(t) < 1.

We then consider the differences between consecutive numbers in this sequence, called spacings,

5j(t) = yj(t) - yj—l(t),j =2,..., ‘M(t)’
Now, let D(t) be the number of distinct spacings and let A;(t) be the ordered sequence of distinct
spacings from the 0;(t), so that

0<A(t) <...<Appt) <1

We are interested in analyzing the set of distinct spacings as well as the frequency of occurrence of
each distinct spacing from this set as ¢ increases for various choices of w and R.

Remark 1.1. The problem can also be considered on the circle S; = [0,1]/0 ~ 1. However, these
two formulations are equivalent up to one spacing.

1.3. Previous Works. In 1958, Steinhaus conjectured that in the case d = 1, for any w; and any t,
there are at most three distinct spacings. This conjecture was proved in the same year independently
by P. Erdos, G. Hajés, V. Sés, J. Surdnyi, N. Swieczkowski, and P. Sziisz.! Moreover, there are
simple formulae for the sizes of the three spacings at any t and the frequencies with which each
spacing occurs.

In [B1], Bleher studies the distribution of spacings as n — oo in the case that d = 1 and

wip = ‘/52"’1, the golden ratio. If one fixes x € (0,1] and considers the distribution of spacings at

the times t, = fr_1 + xfr_2, the limit distribution exists and a concrete formula is given for the
distribution. Meanwhile, it is shown in [B2] that for almost any w; there is no limit distribution of
spacings along the (analogous) sequence of times t,, = p,, where p, /¢, is n-th continued fraction
approximate.

Geelen and Simpson [GS] showed that if d = 2 and w; and wy are any frequencies, then using all
integer points 0 < v; < n; and 0 < vy < ng generates at most n; + 3 distinct spacings. Moreover,
they conjectured that for general d and integer points chosen such that 0 < v; < n;, for each 4, then
the number of spacings will be no more than Hf:_ll n; + C4, where Cy only depends on d. Progress
was made on this conjecture by Chevallier [Ch], who showed that the number of spacings is no
greater than Hf;ll n;+3 Hf;f n; + 1.

Concerning the distribution of spacings in the multidimensional case, there is a note of Dyson
[D] and the resulting letters between Boshernitzan and Dyson [BD1, BD2], but no other works that
we are aware of. We use the results of Boshernitzan and Dyson as a starting point of our work,
and moreover, we will present many of the details of their work, since it was never published.

It is noteworthy that the situation is actually easier if one considers random w. When d = 1,
Bleher [B2] showed that for any random (absolutely continuous) distribution of w; the spacings
have a corresponding random limiting distribution that is independent of the initial distribution of
wi. This is a consequence of the fact that the Gauss continued fraction map is mixing with respect
to its invariant measure. Similar properties of the random limit in the d = 1 case were later studied
by Greenman [GR].

LOur source for the history is [So].



Marklof [Ma] has proved an exciting generalization of [B2] and [GR] to higher dimensions. He
uses the connection between values of a linear form and the dynamics of flows on SL(d, R)/SL(d, Z),
which has been very fruitful in the work of Dani, Eskin, Kleinbock, Margulis, McMullen, Ratner,
and others. (See, for example, [Da].) It was shown by Moore [Mo] that the flow induced by

M — diag (e_t, et e(d_l)t) M

is mixing with respect to the Haar measure on SL(d, R)/SL(d, Z). Marklof uses this mixing property
to show that if w is chosen randomly with continuous joint probability density, then each of the
n-point correlation densities has a limit distribution that is independent of the initial distribution
of w. From these n-point correlation densities, one can determine the distribution of spacings.

1.4. Main Results.

Definition 1.2. A vector w € R? is called Diophantine with exponent v if there is some positive
number K such that for all nonzero vectors m € Z%, we have

K
(1.1) ||m-w[|2m, where |m| = y/m? + ...+ m2.

It follows from the Minkowski’s Theorem that v > d. We call w badly approzimable if v = d.

The following is a result outlined in a discussion between Dyson and Boshernitzan [BD2] in
response to a preprint of Dyson [D].

Theorem 1.3. (Boshernitzan-Dyson) If w is badly approximable, then the number of distinct
spacings has a bound independent of t.

There is a very convenient way to produce badly approximable vectors w using algebraic number
fields. If @ is an algebraic number field and 1,w1,...,wq are algebraic integers forming a basis
for ® over Q, then a theorem of Perron [P] gives that w = (wi,...,wy) is badly approximable.
Thus, the original theorem in Dyson’s preprint [D] is obtained as the following direct corollary to
Theorem 1.3.

Corollary 1.4. (Dyson) If 1,wi,...,wq are algebraic integers forming a basis for an algebraic
number field ®, then the number of distinct spacings has a bound independent of t.

Since the proof of Theorem 1.3 was never published, we will present it in Section 2, together with
an explicit bound for the number of spacings. We will then focus on the case that w is obtained
from an algebraic number field (as above), studying further questions about the spacings, including
their algebraic properties, rigidity properties, and their limiting distributions.

Theorem 1.5. The field norm of any spacing A;(t) has a bound independent of t and j.

Theorem 1.6. There exists some finite set S = {s1 < ... < s;} C ® such that every spacing 2;(t)
has the form us; for some unit u of the ring of integers Za (invertible element of Ze) and some
S5 € S.

There is a theorem due to Dirichlet (see Theorem 38 in [M]) which gives that the group of units
of the ring of integers Zg is isomorphic to G x Z"5~! where G is a finite cyclic group consisting of
all the roots of unity from @, r is the number of real embeddings of ® into C, and s is the number
of conjugate pairs of complex embeddings of ® into C. Thus, there is a set of fundamental units
Ui, ..., u; with [ =r 4+ s — 1 which generates the group of units of Zg, modulo GG. Note that since
we are concerned only with w € R?, ® is real, and G = {—1,1}.

We can say much more if ® has only one fundamental unit, i.e. [ = 1. By Dirichlet’s Theorem,
this happens if and only if (r,s) = (2,0), (1,1), or (0,2). Again, since we deal with w € R?
(r,s) =(2,0) or (1,1).
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Theorem 1.7. Suppose that the field ® has only one fundamental unit u. If I(t) = [—dlog,(t)],
then there exists a finite set S = {s1 < ... < sj} C Zg such that {A1(t),...,Apy(t)} C ul® . §
for all t.

Corollary 1.8. If the field ® has only one fundamental unit, then there is some finite set Sco

such that 21((?) €S foralli and t.

We now consider the distribution of spacings in the special case that ® has exactly one fundamental
unit.

Theorem 1.9. Suppose ® is a real quadratic field having exactly one fundamental unit 0 < u < 1
and w is formed by choosing a basis for ® (over Q) consisting of algebraic integers. Then, for any
n € [1,u™1], the proportion of normalized spacings equal to sj has a limit along the subsequence

tn =n(1)", with rate of convergence equal to O(u").

Theorem 1.10. Suppose ® is a cubic field with exactly one fundamental unit 0 < u <1 and w is
formed by choosing a basis for ® (over Q) consisting of algebraic integers. Then, for any n € [1, ul,
where p = w2, there is a continuous function

and some frequency 6 > 0 such that for any n € N, the proportion of normalized spacings at
tn, = nu" equal to s; is gj(On) + O(uz2).

That is, we show that the distribution of normalized spacings along t = u" for some p either
has a limit or behaves quasiperiodically. Note that these two cases cover all number fields ® with
exactly one fundamental unit, since (r, s) = (2,0) occurs only when @ is quadratic and (r,s) = (1,1)
occurs only when @ is a cubic field.

The proofs for the results above can be found in Sections 2-5 of the paper. In the last section,

we consider the case where w is not badly approximable. A major question is whether the converse
of the Theorem 1.3 holds.

Question 1.11. Is D(t) unbounded if w is not badly approximable?

Since answering this question may be difficult, we present various partial results. First, we find
some examples of w that are not badly approximable for which D(¢) is unbounded by using a
technique outlined in a letter from Boshernitzan to Dyson [BD1]. In particular, for any 0 < § <1

(D(t)

we find vectors w for which lim sup e

) = 00. Moreover, we also find an w € R? that is
t—o00

Diophantine with exponent 5 for which limsup(D(t)) = co. Lastly, we show that the ratio %?t()t)
t—

oo
between the largest and the smallest spacing is unbounded.

2. THE BADLY APPROXIMABLE CASE
In this section, we will prove Theorem 1.3 using the “Transference Theorems” from Cassels [C].

Theorem 2.1. The vector w is badly approximable, satisfying (1.1) with constant K, if and only
if for any X1 and any « € [0,1], there exists a nonzero integer vector x such that |x|oc < X1 and

_ d+1
Hw‘w—aHSXLf,whereL = (%) K
Proof. From (1.1), we have that for any X > 0 and nonzero vector x such that ||, < X,
K



Thus, this is a direct application of Theorem VI from Chapter V of [C], where C' = KX —m/ n
m:d;n:17L1($C):a:-w,andX:LK%i)leH_ 0

Let A and B be closed balls with radii 7y, and rmax respectively, taken with respect to the
infinity norm | - |, such that A C R C B. Then let A(t) = {zt | x € A} and B(t) = {«t | z € B}.

Lemma 2.2. For allt > 0, the smallest spacing satisfies A1(t) > ﬁ.

Proof. Note that Ay(t) = {n-w} —{m-w} =||(n—m)-w|| for some m,n € M(t) C R(t) C B(t).
Then |n — m|oo < 2rmaxt, so by (1.1), [[(n — m) - w|| > O

(2rmaxt)® "
If w is badly approximable, satisfying (1.1) with constant K, we set

- d+1
L' = (20Y4 1 1/2)%, where L = K (LK2J+1> .

’

S (Tmint)d :

Lemma 2.3. For allt > 0, the largest spacing satisfies Ap(t)

Proof. If t is small, i.e. t <

M then it is clear that 1 < —— and Ap,(t ) <1< L

Tmin ( mmt) (Tmint)d ’

M, we will show that Ap)(t) < —2L—— which is less

Otherwise if ¢ is large, i.e. t > == — ront—172)2°

1/d
for t > u.

_ L
than (Tmint)d Tmin

.. 1/d
Suppose for the sake of contradiction that Ap)(t) > ﬁ for some t > w Let

Apy(t) = 0i(t) = yi(t) — yi—1(t) for some i. We show that there is a m € M(t) such that {m - w}
is in the interval (y;—1(t),y:(t)). If we let p be the integer point closest to the center of A(t), let
a = w be the midpoint of the interval (y;—1(t),v:(t)), and let 5 = o + {p - w}, then by
Theorem 2.1, we can find an integer x, and thus an integer m = x + p, so that

(2.1) M — Ploo = [Tloo < Tmint — 1/2

L
(2.2) and |[m-w—a||=|lz-w-p8||] < ot — 1721
From (2.1), it can be seen that m is in the ball A(¢). Thus, m is in M(¢). Also from (2.2), the
distance from {m -w} to the midpoint « of the interval (y;_1(¢), y;(¢)) is no more than W,
giving that {m - w} is in the interval (y;—1(t),y:(t)). However, this is a contradiction since y;_1(t)
and y;(t) are consecutive numbers in the ordered sequence {m w}, where m ranges over all of

M (t). Therefore, we have Apq(t) < 2L when ¢ > Mrniﬂﬂ

S =172 completing the proof. O

Lemma 2.4. For any i and allt > 0, we have A;(t) — A;_1(t) > G K -

Proof. Note that any positive difference between spacings can be expressed as
({1 - w} —{m1-w}) = ({n2-w} —{mz-w})| = [[(n1—m1—nz+m2) vl
for some mq,ny, ma,ne € M(t) C B(t). Since
In1 — m1 — na + Mma|s < 4rmaxt,

Equation (1.1) gives that ||(n1 — m1 — n2 + m2) - w|| > ﬁ. O
5



Proof of Theorem 1.3: By Lemmas 2.2, 2.3, and 2.4, we have that

L' K

Apn(t) — At A

D(t) < — pf) — A1(t) 11 < Tmnd? O
min(A; () — Aj—1(¢)) e

d
_ <47"max> <L,> _ 2d+ 1.
Tmin K

This gives an explicit bound for the number of distinct spacings.

+1

3. THE GENERAL ALGEBRAIC CASE
Let 1 = wg,wn,...,wy be algebraic integers forming a basis for some number field ®.

Lemma 3.1. Let @ = (wy, .. .,wq) with wg = 1. Perron’s theorem gives a constant K' > 0 so that
In-w| > ﬁ. We can then find a constant K > 0 so that ||m - w|| > ﬁ.

Proof. First, let n = (ng,m1,...,mg), where ng is chosen so that |n - w| = ||m - w||. It is easy to
see then that |ng| < |[[m - w]|| + 1. If |n|eo = |Mm|eo > |m/|, then we can simply choose K = K'.
Otherwise, |n|o = |no| < |[m - w]|| + 1. Note that ||[m - w]|| < |m-w|+ 1< |m|-|w|+ 1, where
the second half comes from the Cauchy-Schwarz inequality. From this, we have that

__ K
mewl=ln-o> —% > K (1% )
m-w||=|n - _
(Im-w]+1)? ™ (Im[lw] +2)4 Im|?
Since m is a non-zero integer vector, |m| > 1, so choosing K = K'(|w| + 2)~% works. O

Proof of Theorem 1.5: We can write the field norm N of an element z from the number field ¢ as

d d
N(x) = Ha?j = xij,
i=0 i=1
where x; are the conjugate images of x. In other words, if
T=m-w="Nng+...+ngwq,
then
xzj =mng+nioj(w) + ... +nqoj(wa),
where 0; : ® — C are the conjugate embeddings. It can thus be seen that N(z) = zQ(n), where
Q(n) is a homogeneous polynomial of degree d in the components of n = (ng,...,ng). Then by
Lemma 2.3, N(A;(t)) = A;(t)Q(n) is bounded above by #]Q(nﬂ Hence, it suffices to show
that % is bounded. This follows immediately since () is a homogeneous polynomial of degree d,
implying the existence of a constant C' > 0 such that |Q(n)| < Cn|d, < C(bt)%.

Definition 3.2. We let the equivalence class of an element a € Zg be
(3.1) E(a) = {au | u is a unit from Zg }.

Note that all elements of an equivalence class have the same norm N(au) = N(a)N(u) = N(a).
Also note that for any = € ®, we have that « € Zg if and only if N(x) € Z.

Proposition 3.3. For any k € Z, there exist elements a1, ..., 4y ) € Zo such that N(z) =k if
m(k)
and only if v € |_| E(a;).

i=1



Proof. This follows directly from Theorem 4B of Chapter VII of [S]. O

Proof of Theorem 1.6: By Theorem 1.5, there exists Ny € Z such that |N(A;(t))] < Ny for all
t and i. Note that N(A,(t)) is an integer since A;(t) € Zg. Thus, by Proposition 3.3, there are

No m(k)
equivalence classes E(a; 1), such that A;(t) € |_| |_| E(aiy) |- We can thus choose the finite
——Np \ i=1

set
S={a;r|1<i<m(k),—No <k < Np},

which satisfies the conditions.

4. THE ONE FUNDAMENTAL UNIT CASE

Let the fundamental unit u be chosen so that 0 < u < 1. Note that every unit of Zg is of the
form +u", where n € Z.
We first present a lemma necessary to the proof of Theorem 1.7.

Lemma 4.1. Let k be any integer and 0 < z¢g < x1 < oo. Then the set given by
(4.1) {r € Zs | N(x) = k} N [xg, x1]
18 finite.
Proof. First, if E(a;) = {a;u"} denotes the equivalence class generated by a; € Zg, then the set
E(a;) N [xg,x1] is finite. To see this, note that if
zo < a;u™ < xq, then
log zg — loga; << logx; — logai'
log u -~ log u
Now, by Proposition 3.3, we have that
m(k)
{x € Zo | N(x) = kYN [z, 1] = | | Eai) N [wo, 1]
i=1
m(k)
Since this is equal to |_| (E(a;) N [zo,21]), (4.1) is finite. O
i=1
Proof of Theorem 1.7: By Theorem 1.5, there is a Ny such that the norm [N (A;(t))| < Ny for all
j and t. Recall that N(A;(t)) is always an integer. Furthermore, by Lemmas 2.2 and 2.3 and by
the definition of I(t),

/
I(t)

xoul(t) < p] < ziu

K
=@t = S = Gy

where zg = ﬁ and x1 = %u. Therefore, we have that

No
Ajt)eSt)= || {z€Zo | N(x)=i}N[xou'®, zyu!?)]
i=—DNp

for all j and ¢. Note that N(z) = N(u""z). Thus, each A;(t) € u!® S for the set

No
S= || {z€Ze | N(x)=i}N[xo, 1),
i=—DNp
which is finite by Lemma 4.1.



5. THE ASYMPTOTIC DISTRIBUTION OF SPACINGS

Let ® be a number field with exactly one fundamental unit 0 < u < 1. In this section, we will
prove Theorems 1.9 and 1.10. We will first prove Theorem 1.10, because Theorem 1.9 follows from
some simple modifications of its proof. Thus, we first assume that ® is a cubic field, in which case
® has one real embed ding and two complex embeddings. We first define two vector representations
of a number in ®.

Definition 5.1. Let n : ® — Q3 be the vector expansion an element of ® in terms of the basis
@ = (1,wy,ws) and m : ® — Q2 be such that if n(y) = (mg, m1, ms), then m(y) = (my1, ms).

5.1. Fundamental Circle. Let u; and uy = w7 be the Galois conjugates of .

Lemma 5.2. There is a two-dimensional linear subspace E* € R3 containing a circle T of radius
r =r(n) and a constant C' > 0 such that dist <n(un),T> < Cu™.

tn

Proof. Since u is an irrational unit in the cubic field @, it is a zero of an irreducible monic integral
polynomial
(5.1) P(x) = 2® 4 asx® + a1z + ag.

Hence,

u = —a2u2 — a1u — agp-

Let us choose our basis for ® to be (1,u,u?). Then in this basis, multiplication by u is represented
by the matrix

0 0 —a
U= 1 0 —al
0 1 —an

The characteristic polynomial of U is precisely the minimal polynomial of w, P(x). Thus, u, uj,
and ug are the eigenvalues of U. Let E® and E* be the stable and unstable eigenspaces of U,
respectively. We know that N(u) =1 = ag = vujuz and 0 < u < 1, so ujug > 1. Because u; and
ug are complex conjugates, |uj| = |ug|. Hence, |u1|, |ua| > 1.

Set n(l) = wvs + vy, where vg is in E* corresponding to the eigenvalue u and v, is in E*
corresponding to the eigenvalues u; and uy. Then the norms of the components of n(u") in
those eigenspaces are |u|"|vs| and |uj|™|vy |, respectively. A calculation shows that n(1) is not an

eigenvector of U and thus, v, is nonzero. Consequently, \"(t:n)] does not go to zero.
Using our previous definitions, we get
n”) || NN Un(1)|| ||U"(vy + vs)
te |t Il tn '
Since uujug = 1 and |uy| = |ug|, we must have that |u;| = p. Therefore,
Umv ul| - ||v
v = [uf] Jl’ u = ||vg|| =: 7
tn 7
Moreover,
U™ (v v Umv Umv
ln 128 128
Thus, %nn) converges to T with rate O(u™). O



5.2. Partitions. Let Y;(t) be the set of numbers y;(t) such that §;(t) = y;(t) — yj_1(t) = spu!®
J

and Mj(t) to be the set of vectors m € M (t) such that {m-w} € Y (¢). Note that |_| My (t) = M(t)
k=1
up to the point corresponding to y;(¢). Thus, we call {My(t)} a “partition” of M (t) (see Figure 1).

Also note that |My(t)| is the number of spacings that are equal to spu!®. Therefore, | J\%’;)(ltlll is

the proportion of spacings that is equal to spult®

T

FIGURE 1. The partition {Mj(t)} of M(t) for w = (3/2, V/4) and t = 650.

Proposition 5.3. Let vy, = m(spul®). Then, for k=1,...,.J, we have
(5:2) My (t) = [M (&) 0 (M(#) + vg)] \ U t) +vi),

where 2+ v is defined to be {u+v | u € Q} for any Q CRY and v € R
Proof. We first prove that

(5.3 My(0) = [M(0) 0 (04(6) + o))\ || )

Suppose we are given some m € [M(t) N (M (t) + vg)] \ |_|i:11 M;(t). Since m € M(t), there exists
n such that y, (¢ ) = {m - w}. We will show that 6,(t) = spu!®. For every j < k, m ¢ M;(t) and
thus 6, () # s;ul®. T §,(t) = s;ul® with j > k, a contradiction is reached since

5 (t) = s;u'® > spul® =y, (1) — {(m — vy) - w},

where (m —vy,) € M(t) because m € (M (t) +vy). Thus, 6, (t) = spu'® and therefore m € Mj,(t).

Suppose instead that m € M (t). Clearly m ¢ M;(t) for j < k. Now let n be such that
Yn(t) = {m - w}. Then y, 1(t) = yn(t) — spu!® = {(m — vg,) - w} and thus (m — v) € M(t).
Therefore, m € M (t) + vg and since m € M(t) and m ¢ |_|f:_11 M;(t), we have that

m e [M(t) 0 (M(#) + vg)] \ |_| M;(t)

9



Therefore 5.3 holds. Using induction, it can be shown that

k—1 k—1
L] 20 = J M 0) +v) 0 M0,
i=1 i=1
which proves (5.2). O

Denote the power set of R by P(R). Then let P : (R?)Y — P(R)’” map a vector of vectors
v=(v1,...,vg) to (P(v),...,Ps(v)), where
k—1
(5.4) Pp(v) = [RN (R +vp)] \ | J (R +vs).
i=1

Proposition 5.4. If v = (m(sltul(t)) e m(s“;ul(t))), then

(5.5) area(Py(v))  [Mp()l _ <1> |

area(R)  |M@)|—1 — \t

Proof. If we let = tv = (m(s;u!®), ... m(s;u'®)), then Proposition 5.3, followed by the
inclusion-exclusion principle, gives that
k—1
[M(t) N (M (1) + 2e)] \ [ (M(t) + 25)
i=1
k—1
() + i) 0 M () 0 (M(E) + )]
i=1

(5.6)  |Mp(t)] =

= M) (M(t) + )| -

= M) (M(t) + )|

S

IC{l,...k—1}

(M (t) + @) N M(E) N (M(E) + )| -
el

Similarly,
(5.7) area(tPy(v)) = area(tRN (tR + tvg))

- > (—1)|I|area(ﬂ(tR—l—t'vi)ﬂtRﬂ(tR—i-t'vk)).

IC{1,...k—1} iel

Given any bounded convex region ) € R? and the corresponding set M = tQNZ?, it is well-known
that area(tQ) — |M| = O(t). Thus, by summing over all the parts of (5.7), and subtracting all the
corresponding parts in (5.6), we have that

(5.8) area(tPy(v)) — |My(t)] = O(t).
Also, |[M(t)| — area(R(t)) = O(t) implies
(M@ M) M) (M) -1 —area(R(t)) _ (1
G wemE) T M@I-1 M) -1 < arca(R(D)) > © <t> |
Dividing (5.8) by area(R(t)) and adding (5.9) proves the statement. O

Proposition 5.5. The function P is Lipschitz continuous with respect to the infinity norm on (R?)”

and the metric d(PM, P?)) = 7 area(Pi(l)APi(Q)), where /\ denotes the symmetric difference
between two sets.

In order to prove Proposition 5.5, we first present a lemma.
10



Lemma 5.6. Let Q) be a bounded convex region in R? with a nonempty interior. Then the function
F taking every vector v € R? to the set of points Q + v is Lipschitz.

Proof. Suppose we have two vectors v1, v such that |vy — v2|oo = z. If £ > 1, then
area((Q + v1)A(Q + v2)) < 2[area()] < 2[area(Q)]z.

Otherwise, assume that < 1. If a is the radius, taken with respect to the infinity norm, of a
closed ball contained inside Q4 w1, then we construct Q'? to be the homothetic expansion of Q+wvq
about the center of the ball by 1 + Z. It can be shown that 0'2 contains all vectors within z of
Q +vy1. Thus, (2 +v1) U (Q+ v2) C Q2 Therefore,

area((Q +v1)A(Q +v2)) = 2[area((Q+v1) U (24 v2)) — area()]

< 2[area(Q'?) — area(Q)]
2\ 2
= 2 [area(Q) ((1 + —) - 1)} .
a
The result follows since Q(z) = (1 + £)? — 1 is Lipschitz on the interval [0, 1]. O

Proof of Proposition 5.5: From Lemma 5.6, the function Fy taking every vector v € R? to the set
of points R is Lipschitz. It is easy to see that I taking v € R? to RN (R + v) is also Lipschitz. It
can be readily proven that

(5.10) (A\C)A(B\D) C(AAB)U(CAD),
(5.11) (AUB)A(CUD) C(AAC)U(BAD)
for any sets A, B, C, D. Substituting F} and F» into the formula for P;(v) in (5.4), we have that

i—1

i—1
area(P(v)AP,(v®)) =  area ( B\ A | A B\ Fl(vf))D
j=1 j=1
(5.10) ) 5 i—1 ) i—1 2
< area(By(v{V) AR (v{P)) +area | | F(0)A | Fi(vf?)
j=1 j=1
10 @ @1 . S @ &)
< area(Fa(v; ) AFa(v;77)) —l—Zarea(Fl(vj YAF(v;7))

Jj=1

< (Ci+ (= 1D)C)w® — o@D

since F; and Fy are Lipschitz. Therefore, P is also Lipschitz.

5.3. Proof of Theorem 1.10.

Proof. Let T be the circle with radius r = |v,,| centered at the origin on the unstable eigenspace,
E% let L = {span(wi,w2)}, and let g : R? = R such that g = h o P, where
h:w +—— (proj,(Siw),...,proj.(S;w))
and
P:v+— (P (v),...,P;(v)).

Since h is a composition of two Lipschitz continuous functions, projection and matrix multiplication,
it is also Lipschitz continuous. Combined with Lemma 5.2, this gives

o (%57) -0 (55 <

11



where 0 < v = ﬁ = u¥/2 < u!/2 < 1. By Proposition 5.5, P is also Lipschitz, so

(5.12) d <P oh (projEun(tun)> _Poh <"(t“n)>) < Ol

n n

for some constant C”.

Let wi, w2 be an orthonormal basis on E* such that projgu(n(1)) = projg«(1,0,0) coincides

ln

with wjy. The vector projgu ( ) will thus form an angle On with wq, where § = arg(u;). By

n(u™)

Proposition 5.4, the area of the j* component of Poh (T) differs from the true proportion by

at most uﬁn = Ku™/? for a constant K. Hence, the total error is given by Ku"/? from Proposition
5.4 combined with C"v"™ from (5.12). Therefore, the proportion of normalized spacings equal to s;
is given by g;(6n) + O(p=™) = gi(6n) + Ou™?). O
5.4. Proof of Theorem 1.9.

Proof. Using the same arguments as in Lemma 5.2 gives that u and % are the eigenvalues of U. A

7’1([]:75"")) = “7“ and ”(U:%US)) = UZ”%J. Thus, ng:n) converges to the

point r = ”7“ at a rate of O(u?"). Furthermore, Proposition 5.5 still holds for d = 1 so long as

quick calculation shows that
there is one fundamental unit. Therefore, the same techniques in the proof of Theorem 1.10 give
the desired result. O

6. THE NON-BADLY APPROXIMABLE CASE

We first provide examples of non-badly approximable vectors for which the number of distinct
spacings D(t) goes to infinity, following a construction that Boshernitzan outlined in a letter to
Dyson, [BD2]. The following Lemma will be central in both constructions:

Y

FIGURE 2. A closed triangle bounded by lines x =0, y = 0 and z 4 sy = s.

Lemma 6.1. Let R be the triangle shown in Figure 2 for some s > 0. Let % € Q satisfy % <s, «

be Diophantine with exponent vy, satisfying (1.2) with constant K, and w = (a, a(% + e)) for some
€ > 0. Then, for all

1

t<t K "
<to= | e :
0 g (2s) e

the number of distinct spacings satisfies D(t) > |t/q|. Here we consider points on the circle
S1=10,1]/0 ~ 1.

Proof. Note that all points of the form {(m,n)-w} around the circle can be expressed as the

sum? of two “components,” {m(a) + n(%a)} and {nae}. Consider all distinct points of the form

2Sometimes, the sum of the two components is at least 1, so the sum may sometimes need to be taken modulo 1.
12



{m(oz) —I—n(ga)} = {éa}, with (m,n) € M(t). Then, let the distinct spacings for this set of
points be ordered Aq(t) < Ag(t) < ... < An(t). Note that «/q is Diophantine with exponent -y
and constant % since ||m(a/q)|| > %Hmoe“. Thus, since 0 < I < stq, we have A;(t) = [[(li—12) || =
ﬁ > nea. Note also that an integer point (m,n) € M(t) has first component éa if and only
if it is on the line mqg + np = [ (see Figure 3). Thus, the points {(m,n) - w} with the same first
component lie consecutively on the circle as n increases (see Figure 4).

(my,m) |

\ xr

FIGURE 3. The points (mq1,n1) and (mg,n2) on lines mq + np = I and mq + np = lo.

{Go}

FIGURE 4. Points with first component éoz

We now consider two neighboring values of the first component, {%(a)} and {%(a)}. Sup-

pose (my,n1) € M(t) has the largest value of n among all points on the line mq + np = [l; and
(ma,n2) € M(t) has the smallest value of n among all points on the line mq + np = la. Then,
these two points form the spacing

lo—1
q

Notice, however, that the line mq + np = ly goes through the x-axis in R(t). Therefore, no < g —1
or else (mg 4 p,na — q) satisfies mq + np = ls with a smaller n. We now consider [; = kqgp, for all
1<k< %. Then, (m1,n1) = (0, kq) and ny < ¢ — 1, so that each value of a = n; — ny is unique as
we vary k. Note also that 0 < a <.
We now show that if a; # ag then Aj (t) — area # Aj,(t) — agea. If ji = jo, then it is clear.
Otherwise, without loss of generality, suppose that j; > jo, and for the sake of contradiction that
13
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Aj (t) — area = Aj,(t) — azea. Then note that (a1 — ag)ea = Aj () — A, (t). It is clear that
Aji(t) — Ajy(t) can be expressed as [[[(7)]| for some —2stq < < 2stq. Therefore,

K
Ail(t)—ALlt) > ————.
A0 - 8slt) >
Furthermore, t > a1 — as > 0. Thus, tea > W, giving t > tg, a contradiction.
Thus, each A;(t) — (n1 — ng)ae is unique, and since 1 < k < L, this gives at least || distinct
J q q
spacings. ]

We first use Lemma 6.1 to construct vectors for which D(t) grows fast:

Proposition 6.2. For any 0 < § <1, let « be Diophantine with exponent v and let
o0
b=a- <1+Z)\_kn)
n=0

w and some integer A > 1. Then, for w = («, 5) and R as in Figure 2

for some integer k >

D(t
with s > B/a, we have that limsup< ( )> =00

t—o0 t1_6

oo
Proof. We first let ¢; = Z A%, Note that

n=i+1
i+1 > )\716“_1
(6.2) a <Ay () = T
n=0 A

Then let % = g —¢; < s. It can be seen that ¢; = PLE Finally, let

1

e =
q; " '(2s)ae;

D@t:) _ [ti/ai]

Thus, we can apply Lemma 6.1 to see that e A Therefore, it suffices to show that
i i

5
lim(¢;) = co and that lim (2—’1) = 00.
In order to show that lim(¢;) = oo, it suffices to prove that lim(qipwei) = 0. However, by (6.2),
A -kt

4+, :
I=3

q €<

)

. . 1 1446
which approaches 0 since k& > %f“ >1+7.

(2

Similarly, we show that lim (2—%) = oo by proving that 1im(q§1+7)(1+5)65) = 0. Again, by (6.2),

4
N+ 8 o A A+ AR =@k ( 1 1) ’
L=x
which goes to 0 since k > w.
O

Corollary 6.3. There ezist vectors w = («, 3) that are Diophantine with exponent 5 for which
limsup (D(t)) = oo is satisfied for the region R as shown in Figure 2 (with s > B/a).

t—o00
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[e.e]

Proof. Let 7 = (1 + Z )\5n> for some integer A > 1. Note that 7 is Diophantine with exponent 5.
n=0

Thus, by Corollary A.2, there exists a full measure set A C [1,00) such that any o € A makes (o, a7)

Diophantine with exponent 5. Since the set 2 € [1,00) of numbers Diophantine with exponent 5/4

is also of full measure, the set A N is full measure. Choosing « from AN, § = a7, and § =1

allows us to apply Proposition 6.2, since k =5 > (H“’)(SM, which finishes the proof. ]

Although we cannot answer Question 1.11 at the present time, one can easily use the Transference
Theorems of [C] to show:

Proposition 6.4. If w = (w1, ...,wq) is not badly approximable, then there is a sequence t,, — 00

. A n . .
or which the ratio LDy (tn) goes to infinity.
Ai(tn)

The following combination of Theorems 2 and 7 of [C], in the case when m = d and n = 1, will
be used in the proof of Proposition 6.4.

Theorem 6.5. For all v and X, let X = 7_41;:X and v = X T
If there exists x = (x1,...,xq) # 0 such that

| < X and ||z w| <C =~X"1,
then there exists o, such that for all x
lz| < X = |z -w—al >7.

Proof of Proposition 6.4: In this proof, we assume that the origin lies in the region, R, however,
methods similar to those in the proof of Lemma 2.3 can be used to show the proposition is true
when the origin does not lie in the region.

Similar to the proof of Theorem 2.1, let A and B be closed balls with radii rmin and rmax
respectively, taken with respect to the infinity norm |- |, such that A € R C B. Then, let
A(t) ={xt |z € A} and B(t) = {«t | x € B}.

Let 7, be a sequence going to 0. Since w is not badly approximable, for each ~,, there exist x,
such that ||z, - w| < 7, ]:cn|(;d. Let X,, := |xp|,. Then, by Theorem 6.5 above, there exists o,
such that for all x

¥ X Xy
#lo < = e w—anf 2 — .

Let t,, be the smallest ¢ such that x,, C R(t,). This also implies rmint, < |€|.,. Moreover, the
smallest spacing,

Ai(tn) < lan - w]| < 7 lal

1/d

/
TX". This implies that, the

1/d -
we have rmaxt, < 1o

Thus, for n sufficiently large that Tmax < I

Tmin 4d?

largest spacing, A, (t,) satisfies

d—1
X—d,ynT
”T < AD(tn)(tn)'
Therefore,
d—1
—d -d —
ST Ay
’Yanfd 4d A1(7571)
Since v, — 0, this implies %ﬁgn) oo
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APPENDIX A. SELECTING DIOPHANTINE VECTORS

Proposition A.1. Let 7 be Diophantine with exponent k. There exists a full measure A C [0, 1]
such that if a € A, then (1, «) is Diophantine with exponent 7y, for any v > max(3, k).

Proof. Notice that (7, «) is Diophantine with exponent v if and only it 3K such that

Ky

m +nr +pal > ————
|(m, m, p)[¥

for all nonzero integer vectors (m,n,p).

If p=0, then |m + n71 + pa| = |m—i—n7'\>
with exponent k.

If p # 0, the plane in R3 orthogonal to (m,n,p) at the origin intersects the line

Ko
o n)|” > [CRIOIRE for all «, since 7 is Diophantine

L:{z=1y=r1}

at angle ¢, where sin ¢ = m.
Denote Ly as the portion of L, where 0 < z < 1.
We will now overestimate the length of Ly that is hit by a given slab,

~ lim —:L(P)W}

Let P, p) be the plane orthogonal to (m,n,p) . Since Plmnp) and Lo intersect at angle ¢, with
sing = the distance in L between the upper plane of the slab S, , ;) and the plane P, , )

S(m,n,p) = {(1‘) Y, Z)

i [(m, np)l
is
d o K -
() [y, )P [sing]
See Figure 5.
Ly
upper plane of dab
(m,n,p) K

_ [npp®
d(m,n.p) g/

lower plane of dab

Pimngp)

FIGURE 5. The intersection of the line segment Lo and the slab S, 1, p).-

Thus, the total length of L that intersects S(,, ) is less than or equal to

2K o 2K |(m,n,p)| 2K 2K

= : = < :
[(m,n,p) P+t |sing|  |(m,n,p)+ p| [(m,n,p)[7[p| = [(m,n,p)|7
16




2K
Since v > 3, Z ——— is a converging series. Thus,
s gy |1 D)
(m,n,p)€Z>\{0}

length U (Stmnp) ML) | < JK,
(m,n.p)€Z3\{0}

where J is some constant. Therefore,

Q= ﬂ U Stmnp) N Lo

K>0 (m,n,p)eZ?\{0}
has measure zero. Since A is the complement to €2, A is a full measure subset of [0, 1]. U

Corollary A.2. If T is Diophantine with exponent k, then there is a full measure set A C [1, 0]
such that if o € A, then (1, a, t) is Diophantine with exponent 7, for any v > max 3, k.

Proof. This follows by dividing |m + n7 + pa| > I(L by a. O

m7n’p) "Y
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