QUESTIONS ABOUT THE DYNAMICS ON A
NATURAL FAMILY OF AFFINE CUBIC SURFACES
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ABSTRACT. We present several questions about the dynamics of the group of holomorphic auto-
morphisms of the affine cubic surfaces
Sapop={(x,yz2) eC®: 2> +y*+2°+ayz = Az + By + Cz + D},

where A, B,C, and D are complex parameters. This group action describes the monodromy of the
famous Painlevé 6 Equation as well as the natural dynamics of the mapping class group on the
SL(2,C) character varieties associated to the once punctured torus and the four times punctured
sphere.

The questions presented here arose while preparing our work “Dynamics of groups of auto-
morphisms of character varieties and Fatou/Julia decomposition for Painlevé 6” [24] and during
informal discussions with many people. Several of the questions were posed at the Simons Sympo-
sium on Algebraic, Complex and Arithmetic Dynamics that was held at Schloss Elmau, Germany,
in August 2022 as well as the MINT Summer School “Facets of Complex Dynamics” that was held
in Toulouse, France, in June 2023.

1. INTRODUCTION

This paper is devoted to presenting several questions about the dynamics of the group of auto-
morphism of the complex affine surface

(1) Sapcp ={(z,y,z2) € C? 2?4y + 22 +ayz=Ax+ By + Cxz + D},

where A, B,C, and D are complex parameters. In order to present them in the clearest possible
way, we will first introduce some of the most relevant problems for specific choices of parameter that
are of independent interest, before considering the full complex four-dimensional family S4 g c,p-
A more “top down” approach and considerably greater detail is given in [24] as well as in [5, 4].

Some “preferred” parameter values:
(i) Picard Parameter: (A, B,C,D) = (0,0,0,4),
(ii) Markoff Parameter: (A, B,C, D) = (0,0,0,0), and the

(iii) Punctured Torus Parameters: (A, B,C,D) = (0,0,0,D) for any D € C.

All of the dynamics of the automorphism group Aut(Sa p,c,p) of Sa,B,c,p can be described quite
explicitly for the Picard Parameter and therefore they serve as a kind of “basepoint” for the
dynamics (akin to the role that z + 22 plays for the quadratic family). The corresponding surface
50,0,0,4 has four singular points and it is called the Cayley Cubic.

The Markoff Parameter (0,0,0,0) is of special interest because the dynamics on Spg00 has
been studied extensively due to deep connections with number theory, Teichmiiller Theory, and
other areas; see, e.g., [3] and [25]. However, unlike the Picard Parameter, there are many difficult
questions about the dynamics of G for the Markoff Parameter. In fact, most, but not all, of the
questions posed in this note are relevant and interesting for the Markoff Parameter.

While the full four-dimensional family of parameters (A, B, C, D) € C* corresponds to the relative
character varieties (of representations in SL(2, C)) of the two dimensional sphere with four punctures
(holes), the sub-family (A, B,C, D) = (0,0,0, D) corresponds to the relative character varieties of
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the two dimensional torus with one puncture (hole), hence the name Punctured Torus Parameters
(see Section 3 below). They are somewhat simpler to study than the general four-dimensional
family. Most of this paper focuses on the one parameter family of punctured torus parameters,
however it ends with Section 6 about the full four dimensional family corresponding to arbitrary
(A,B,C,D).

Let us close this introduction by mentioning that readers who are more interested in the dynamics
of groups of holomorphic automorphisms of compact surfaces may wish to consult the paper [6] by
Cantat and Dujardin in this same volume.

2. BACKGROUND AND DEFINITIONS

For simplicity we will start with the Punctured Torus Parameters (A, B,C, D) = (0,0,0, D), and,
to abridge notation, we will use a single subscript D to denote which surface is being considered:

Sp =So0000 ={(z,y,2) € CP P+ 22 oy = D}.

As D ranges over C, these surfaces provide a fibration of C? with some of the surfaces being singular.
For example, S is singular at (0,0,0) and Sy is the famous Cayley Cubic, which is singular at four
points {(—2,-2,-2), (-2,2,2), (2,-2,2), (2,2,-2)}.

Every line parallel to the z-axis intersects the surface Sp at two points (counted with multiplicity)
and one can therefore define an involution s, : Sp — Sp that switches them:

(2) Sz (H?,y,Z): (—m—yz,y,z).

Two further involutions s, : Sp — Sp and s, : Sp — Sp are defined analogously by means of lines
parallel to the y-axis and to the z-axis, respectively. Namely, we have s, (z,y, 2) = (z, -y — 22, 2)
and s, (x,y, —z — zy).

Consider the group

gi = 95 = <3x73y; SZ> < AUt(SD)v

where Aut(Sp) denotes the group of all (algebraic) holomorphic diffeomorphisms of Sp. It turns
out that the index of GF as subgroup of Aut(Sp) is at most 24; See [5, Theorem 3.1] and also [13].
Consider also the subgroup G = Gp of G* which is defined by

g= gD = <gx7.gyagz> < g:‘:7
where g, = s, 05y, gy = 5,05, and g, = s, 0 5,.

Remark 2.1. The formulae for the elements of Gt and, in particular, of G < GF, do not depend
on the parameter D and, on occasion, it is helpful to consider these groups acting on all of C3.
However, for most of the time we focus on the action of these groups on each particular surface Sp.

2.1. Invariant holomorphic two-form. The smooth part of Sp comes equipped with a holo-
morphic volume form

3)

0_ de Ndy  dyANdz dzANdx
224y 2x+yzr 2y +oax

and a simple calculation shows that 532 = —{) and similarly for s, and s,. Therefore, G could also
have been defined more intrinsically as the index two subgroup of G* that preserves . Hence all
elements of G+ preserve the associated real volume form Q A Q. The latter assigns infinite volume
to the whole surface Sp but a finite volume to a sufficiently small neighborhood of each singular
point of Sp.
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2.2. Fatou/Julia Dichotomy. The Fatou set of the group action G is defined as
Fp ={p € Sp : G forms a normal family in some open neighborhood of p}.

Here, the term normal is interpreted in the sense of Montel’s Theorem: given an open set U we
require for any sequence of mappings (v,)22; C G that there be a subsequence (%].)?Ozl such that
Yn; converges uniformly on compact subsets of U. Because Sp is non-compact, the definition of
convergent sequence on a compact set V.C Sp needs to include the possibility that (%j );";1 diverges
properly to infinity, i.e. for any compact K C Sp there are at most finitely many indices j such

that yn, (V) N K # 0.

Remark 2.2. The above definition of Fatou set has the advantage of being easy to state while still
yielding interesting results. However, there are other possible definitions that might be worthy of
constderation.

One possible alternative is to let ST, = Sp U {oco} denote the one-point compactification of Sp
and to consider the elements of G as mappings v : Sp — Sp. In the definition of normal one
would then require the subsequence (%j );’;1 (as in the previous paragraph) to converge uniformly
on compact sets of U to a mapping Y : U — S7,. A-priori, this alternative definition could lead
to a bigger Fatou set F}, than Fp (defined above) because of the possibility that the image of the
limit map Y(U) contains both oo and points of Sp. This possibility, however, can be ruled out by
showing that Fp, is Kobayashi hyperbolic, using essentially the same proof as for Proposition 9.1
from [24] where it was shown that Fp is Kobayashi hyperbolic. Therefore Fj, = Fp.

The Julia set of the group action G is defined as
Jp = Sp \ Fp.

It follows from the definitions that Fp is open while Jp is closed. Furthermore both sets are
invariant under G. It is rather easy to see that Jp # 0 for any D € C; see e.g. [24, Lemma 4.3].
With more effort one can show that for every parameter D the group Gp contains elements fp
having positive entropy and exhibiting dynamics quite similar to that of Hénon maps; see [14, 4, 5].
The Julia set associated with iteration of each such individual mapping is a subset of Jp, including
the collection of all saddle-type periodic points of each such mapping.

One motivation for defining this dichotomy is the following theorem from [24]:

Theorem A. For any parameter D € C there is a point p € Jp whose orbit under G is dense
m jD-

(In fact, this theorem holds for the full four-dimensional family S pc.p.)

Remark 2.3. One might be concerned about applying the Fatou/Julia dichotomy in a neighborhood
of a singular point of Sp. However, it is relatively easy to check that any such point must be in the
Julia set; see 24, Remark 3.1].

Remark 2.4. For any parameter (A, B,C, D) any singular point of Sa B,c,p is a quotient singular-
ity; See, e.g. [5, Sec. 3.4]. Therefore, Sa pc.p has the structure of a smooth orbifold and the group
Ga.B,c,p acts by holomorphic self-maps of that orbifold. Considering the Fatou/Julia dichotomy in
this broader context one again finds that any singular point is in the Julia set Ja p,c,p-

2.3. Locally Non-discrete/Locally Discrete Dichotomy. Let M be a (possibly open) con-
nected complex manifold and consider a group G of holomorphic diffeomorphisms of M. The
group G is said to be locally non-discrete on an open set U C M if there is a sequence of maps
(fn)2y € G satisfying the following conditions (see for example [23]):

(1) For every n, f, is different from the identity.
(2) The sequence of maps f, converges uniformly to the identity on compact subsets of U.



4 JULIO REBELO AND ROLAND ROEDER

If there is no such sequence f,, on U we say that G is locally discrete on U.
The Locally Non-discrete Locus for the action of G is

Np ={p € Sp : Gpis locally non-discrete on an open neighborhood U of p}.

The Locally Discrete Locus is Dp = Sp \ Np. By definition, Np is open, Dp is closed, and each is
invariant under Gp.

Remark 2.5. The interplay between the Fatou/Julia and Locally Non-discrete/Locally Discrete
dichotomies is subtle and rich, with no immediate relationship between them.

Remark 2.6. The definition of locally non-discrete group can be formulated in broader contexts,
including in the setting of pseudo-groups and with weaker reqularity conditions, both on the mappings
themselves and on the mode of convergence. To abridge the discussion here we will stick to the
context of groups of globally defined homeomorphisms.

The present setting of biholomorphic mappings of a complexr manifold is the simplest one because
locally uniform convergence implies C*° convergence by virtue of the Cauchy formula. Local non-
discreteness has also been considered beyond the holomorphic setting, see for example [8, 21]. Some
amount of reqularity is usually needed to have simple criteria to ensure local non-discreteness, in
particular dealing with homeomorphisms in full generality may be tricky (see nonetheless [22]).

3. DYNAMICS ON THE CHARACTER VARIETY OF THE ONE-HOLED TORUS.

The interpretation of the action of QZE in terms of the natural dynamics on the character variety
of the two-dimensional torus with one puncture (hole) plays an important role throughout the
paper, and especially in Section 5.1, below. We refer the reader to [3, Section 4] and [10], as well
as the previously mentioned papers [4, 5, 24] for more details. (This section can be skimmed over
on a first reading and then returned to later as details are needed.)

Let Ty denote the topological two-dimensional torus with one puncture (hole). Its fundamental
group satisfies 71(Ty) = Fo = (a,b), where Fo denotes the free group on two generators a and b.
Note that the commutator aba™'b~! corresponds to a simple loop around the puncture. Let

Rep(Ty) = {p: F2 — SL(2,C)}

be the space of all representations of m;(Ty) = Fs into SL(2,C). They are not assumed to be
faithful or discrete and therefore one has Rep(Ty) = SL(2,C)?, with the isomorphism given by

p = (p(a), p(b)).
The Character Variety is defined as

x = Rep(To)//SL(2,C),

where the quotient corresponds to simultaneous conjugation by an element of SL(2, C). (The double
// denotes that one is doing the “categorical” quotient; for more details see, for example, [1, Sec. 2].)
For any fixed choice of 7 € C, one can also consider the Relative Character Variety

xr ={[p] € x : tr(p(aba™'b"1) = 7}.
Following the work of Fricke one can parameterize y using the traces of elements:
(4) x=C®  givenby  [o] = (tr(p(a)), tr(p(b)), —tr(p(ab))) = (z,y, 2).
Using the Fricke trace relations one computes that
tr(p(aba '07Y)) = 2 + y? + 22 +ayz — 2
and therefore the relative character variety is parameterized as
xr Z{(2,9,2) €C? - 2+ + 22 b ayz —2 =7} = S, 1o

In particular, the Markoff surface Sy corresponds to imposing tr(p(aba='b~1)) = —2 and the Cayley
Cubic Sy (Picard Parameter) corresponds to imposing tr(p(aba='b71)) = 2.
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Remark 3.1. It is more common to omit the minus sign on the last coordinate tr(p(ab)) in (4).
Doing so leads to the more standard equation x* + y? + 2°> — xyz — 2 = 7 for x». We introduced
the minus sign so that the coordinates (x,y, z) satisfy the equation of Sp which fits naturally into
the four parameter family of surfaces Sa p.c,p, whose defining equation is the conventional way to
describe the character variety of the four times punctured (holed) sphere.

We now describe how the dynamics generated by the involutions s, s,, and s, enters the picture.
The automorphism group Aut(F3) = Aut(m1(To)) acts on Rep(Ty) by precomposition. Given
¢ € Aut(F2) we have

fo: Rep(To) = Rep(To)  given by fy(p) =poo™".
If ¢ is an inner automorphism of Fo, then the induced action consists of conjugation by an element
of SL(2,C). Therefore this action of Aut(F3) on Rep(Ty) factors through an action of Out(F3) =
Aut(F2)/Inn(F3) on x.

A theorem of Nielsen [19] asserts that Out(Fs) = GL(2,Z) = Mod*(Ty), where Mod®(Ty)
denotes the extended mapping class group of Ty. It consists of the group of isotopy classes of self-
homeomorphisms of Ty, including those that reverse orientation. Using that Out(Fs) 2 Mod®(Ty)
and the fact that a self-homeomorphism of Ty sends a small simple loop around the puncture to
another small simple loop around the puncture, possibly with the opposite orientation, one has
that any ¢ € Out(F2) maps the commutator aba~'b~! to (a conjugate) of itself or its inverse.
Since similar matrices have the same trace and since any element of SL(2, C) has the same trace as
its inverse, we conclude that the action of Out(Fz) on y preserves tr(p(aba='b~1)). In particular
Out(F3) acts on y_o = Sp.

The action of Out(F2) on x_o = Sy is explicitly described as follows. Given the equivalence class
[¢] € Out(F3) of an automorphism ¢ € Aut(F3) we define

() folz,y, 2) = fo(tr(p(a)), tr(p(b)), —tr(p(ab))
= (tr(p(¢"(a))), tr(p(¢~ 1 (b)), —tr(p(¢ " (ab))).

Using the isomorphism GL(2,Z) = Out(F2), by minor abuse of notation, we assign to each
M € GL(2,Z) the automorphism

(6) fM(ib',y,Z) Ef¢M(x,y,z),

where [¢)/] € Out(F2) corresponds to the 2 x 2 matrix M € GL(2,7Z).

Consider the automorphism ¢(a,b) = (a~',b~!) associated with the matrix —Id € GL(2,7Z).
For any M € GL(2,Z) we have tr(M) = tr (M ') and tr(MN) = tr(NM) so that f_iq(z,y,2) =
(z,y, z). Therefore, the action of GL(2, Z) factors through an action of PGL(2,Z) = GL(2,Z)/ {£1d}
on Sp.

Rather than working with the action of all of PGL(2,Z) on Sp = xp—2 we focus on the action
of the following index 6 subgroup:

Iy :={M € PGL(2,Z) : M = Idmod2}.
The group F;t is generated by the matrices:

-1 -2 1 0 1 0
e I L T S P T

To see this, consider the more classical congruence subgroup
Iy :={M € PSL(2,Z) : M =Idmod2},

which admits the well-known generators

o 1] = 53]
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See, for example, [7, Section 16.3] or Exercises 6 and 7 from [29, Chapter 13]. The claim that
M, M,, and M, generate Ff then follows because

(i) Ty is an index two subgroup of I's,
(ii) both of the generators of I's can be expressed as products of M,,M,, and M, (up to
equivalence modulo multiplication by —Id), and
(iii) the matrices M,, M,, and M, are in I's but not in T's.

These matrices My, My, and M, correspond to the elements of Out(F2) represented respec-
tively by the automorphisms of Fo given by ¢az, (a,b) = (a='b72,b), éar,(a,b) = (a,a”?b"") and
M. (CL, b) - (a7 bil)'

Proposition 3.2. We have:

e (@,y,2) = (—2 — yz,y, 2) = s2(2,y, 2),
Iy (2,9, 2) = (x,—y — w2, 2) = sy(z,y,2), and
@y, 2) = (,y, -2 — zy) = s2(z,y, 2).
For any parameter D € C the assignments M, — s;, My — sy, and M, — s, induce an isomor-

phism of groups in — gg.

We refer the reader to [9, Appendix] and [5, Section 3.2]. For the convenience of the reader we
also include a brief proof of this proposition in Appendix A.

4. P1ICARD PARAMETER D =4

For parameter D = 4 the dynamics of Gp can be described quite explicitly. Associated with a
matrix M = [m;;] € GL(2,Z) is a monomial mapping

ny : C*xC* — C" x C* given by iy (u,v) = (u™1e™2 M2yM22)
Consider also the mapping ® : C* x C* — S given by
b(u,v) = (—u—1/u,—v —1/v,—u/v —v/u),
which is a degree two ramified cover. It is the quotient map for the action of the central monomial
involution (u,v) — (1/u,1/v).

Proposition 4.1. & semi-conjugates the action of GL(2,Z) on C* x C* by monomial mappings
to the action of GL(2,Z) on Sy described in (6). More specifically, given M € GL(2,Z) and
(u,v) € C* x C*, we have

® onps(u,v) = far o ®(u,v).

We refer the reader to [5, Section 1.5] for more details.

Using this semi-conjugacy, it is rather straightforward to show all of the following assertions:
(i) j4 = 54 and ./—"4 = @,

(ii) N4 = @ and D4 = 54, and

(iii) Using Theorem A and Item (i), there exists p € Sy whose orbit under Gy is dense in Sy.

Remark 4.2. Using the semi-conjugacy ® one can show that the closure of the set of points q for
which there exists v € G \ {id} with v(q) = q and D~(q) hyperbolic coincides with the topological
sphere ®(T?) C Sy N[—2,2]3. In particular such points are not dense in Jy = Sy.

We refer the reader to [24, Theorem D] for more details about Claims (i-iii) above and about the
assertion in the remark.
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5. MARKOFF PARAMETER D =0

In contrast to the rather well-understood dynamics on the Cayley Cubic S4, the dynamics on
the Markoff surface Sy is more mysterious. One reason for this is that the Fatou/Julia and Locally
Discrete/Locally Non-Discrete dichotomies both become non-trivial.

5.1. Fatou/Julia decomposition of Sy. Before asking questions about the dynamics of Gy acting
on Sy, we explain why the Fatou set Fy is non-empty. The reason goes back to the works of Bers,
Bowditch, and others and it naturally arises through the interpretation of Sy as a character variety,
as explained in Section 3.

Remark 5.1. We include in Appendiz B a brief and lightweight proof that Fo # 0. It can be read
without learning the material on character varieties. However, the reader should be advised that the
ideas of that proof all came from the works cited in Sections 8 and 5 and that a better understanding
comes from the knowledge of its origins within the dynamics of character varieties.

A Fuchsian representation p : Fo — SL(2,R) satisfying tr(p(aba='b™1)) = —2 corresponds to a
hyperbolic structure on Ty with a cusp at the puncture. By applying quasi-conformal deformations
of such a representation, Bers [2] found an embedding of Teich(Ty) x Teich(Ty) into Rep(Ty), where
Teich(Ty) denotes the Teichmiiller space of all marked hyperbolic structures on Ty having a cusp.
This leads to an open set of Quasi-Fuchsian Representations

Vor C x—2 = So.

Recall that a group is Quasi-Fuchsian iff it is a discrete subgroup of PSL(2,C) whose limit set is
a Jordan curve. Since the action of Out(F2) corresponds to changing the choice of generators for
the group, it does not change either the group itself or its limit set. It follows that Vq is invariant
under the action of Out(Fs).

Consider the following two conditions on a point (x,y, z) € Sp:

(BQ1) None of the coordinates of y(z,y, z) is in [—2,2] for any v € G, and
_\3
(BQ2) v(z,y,2) € ((C \ ]Dg) for all but finitely many v € G.

Here, Dy denotes the closed disc of radius 2 centered at the origin.
The Bowditch BQ Set is defined as

VBq = {(z,y,2) € Sp : Conditions BQ1 and BQ2 hold}.
Note that Vpq is open, as proved in [3, Theorem 3.16].
Proposition 5.2. We have Vor C Vg C Fo. In particular, Fo # 0.

Sketch of the proof. The first containment is shown in Section 4 of [3]. To see the second contain-
ment, suppose that py € Vpq. Using that Vgq is open there exists e > 0 such that Be(po)N.Sy C Vaq.
Suppose p € B.(po) N Sp. By Condition BQ1 we have that the z-coordinate of v(p) lies in C\ [-2, 2]
for any v € G. Let m,(z,y,2) = x be the projection onto the first coordinate. Montel’s Theorem
then implies that m, o G forms a normal family on B¢(pg) N Sy. The same holds for y and z and
therefore the action of G on B(pg) NSy forms a normal family. Since py € Vg was arbitrary we
conclude that Vgq C Fo. ]

Bowditch Conjecture: Vor = Vpq.

As explained by Bowditch [3, p. 702-703] Vqr corresponds to four connected components of Vgq.
Therefore, a positive solution to the Bowditch conjecture would consist of proving that there are no
other connected components of Vgq. Note also that part of the boundary of Vzq is the boundary
of Vqr, which is very irregular; see for example [17, Appendix A]. See [3, Conjecture A] and also
[27, 15, 26] for recent related works and more details about the Bowditch Conjecture.
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Question 1. Does Vg = Fo?

This question serves as a kind of “complement” to the Bowditch conjecture. Note that a positive
answer to Question 1 would, in part, require showing that there is no bounded Fatou component
U satisfying

(i) U c D and

(ii) U is stabilized by an infinite subgroup of G.

In view of Theorem A, an affirmative answer to Question 1 would immediately imply the existence
of a point p € Sy \ Vg whose orbit under G is dense in Sy \ Veq. Moreover, in [3, Corollary 5.6],
Bowditch proved that (0,0,0) is an interior point of Sy \ Veq. Therefore the orbit closure of such
a point p would contain an open neighborhood of (0,0,0) in Sp.

A conditional step in this direction is the following result.

Theorem 5.3. Suppose that if v(q) = q for some v € G\ {id} then q¢ € Jo. Then an open
neighborhood of (0,0,0) in Sy is contained in Jy. In particular, there is a point p € Jy whose orbit
closure contains an open neighborhood of (0,0,0) in Sy.

This statement is an application of Theorem G from [24], after noticing that the hypothesis in that
theorem that “(A, B,C, D) ¢ H” is only used to rule out existence of a point ¢ € Fy that is fixed
by some v € G\ {id}.

Independently of Theorem 5.3, the following question seems pertinent:

Question 2. Does there exist p € Sy whose orbit closure contains an open neighborhood of (0,0,0)?
Meanwhile, the hypothesis of Theorem 5.3 leads to another question:
Question 3. Is any point q € Sy that is fived by some v € G\ {id} necessarily in the Julia set?

Let ¢ be a smooth point of Sp. An immediate consequence of the existence of the invariant volume
form €2 (defined in Section 2.1) is that if ¢ is fixed by v € G\{id} then det(D~v(q)) = 1. In particular,
if ¢ is a hyperbolic fixed point for -, then it must be of saddle type. If ¢ is not hyperbolic then the
two eigenvalues of ¢ are reciprocal, thus leading to resonances for the problem of linearizing v at
g. This makes it rather unlikely that such a g could be in F. This is a well-know tricky issue that
is explained at length in the paper [18] by McMullen, see especially the remark on p. 220 of that

paper.

Question 4. Is the set of points q for which there exists v € G\ {id} with v(q) = q and Dv(q) a
saddle dense in Jo?

Compare with Remark 4.2 about the Picard Parameter.

5.2. Locally Non-discrete/Locally Discrete decomposition of Sy. The Locally Non-discrete
/Locally Discrete decomposition for Sy is simpler to describe. It was proved by Bowditch [3] and
later by Tan-Wong-Zhang [28] that the action of G on Vgq is properly discontinuous. In particular,
VBq is contained in the Locally Discrete Locus Dy.

Using a non-linear version of the Zassenhaus Lemma [24, Proposition 7.1], whose idea dates back
to Ghys [8], we were able to show that there is an open neighborhood U of (0,0, 0) in Sy contained
in Np. (See [24, Lemma 7.5]). We summarize these two paragraphs by:

Proposition 5.4. The subsets Ny and Veq of So are open, non-empty, disjoint, and G-invariant.

6. ARBITRARY PARAMETERS (A4, B,C, D)

For arbitrary parameters (A, B, C, D) € C*, the setup explained in Sections 2 and 2.1 remains
almost the same, with the mappings s;, s, and s, : Sa g c,p — Sa,B,c,p being defined geometrically
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using lines parallel to the coordinate axes, as before. However the equations for the mappings now
depend on A, B, and C:

Sx(xvyvz) = (_x_yZ+Avyvz)7
Sy (x,y,2) = (x,—y —xz+ B,2), and
sy (z,y,2) = (x,y,—2z —zy + C).

One then defines Qj’ oD = (Sz,8y,82) < Aut(Sapc,p) and Gapcep = (9u: Gy: 92) < Qii B.C.D
with g, = s, 05y, gy = 5, 0 5., and g. = s, 0 54, as in Section 2.
The invariant holomorphic two-form also now depends on A, B, and C:

_deNdy  dyNdz  dzANdz

224 a2y—C  2x4+yz—A 2y+zx—B’
The definitions of the Fatou set Fa pc p, the Julia set Ja Bc,p, the Locally Non-discrete set
Na g,c.p, and the Locally Discrete set Dy p ¢ p are exactly the same as in Sections 2.2 and 2.3.

The case of arbitrary parameters also arises naturally from the dynamics on character varieties
except that one now considers the SL(2, C) character variety of the sphere S? with four punctures
(holes). For a fixed choice of parameters (A, B,C, D) the surface Sa pc p corresponds to the
relative character varieties with prescribed traces “assigned to” the small loops around each of the
four punctures, analogous to how in Section 3 we “assigned trace” 7 to the unique puncture in Ty.
(Note that there is a small ambiguity here since the the parameters (A, B,C, D) do not uniquely
determine these four traces; see Equations (7) and (8) below. Therefore, for a given choice of
(A, B,C, D) the surface S4 g c,p) corresponds to the character varieties for up to 24 different
choices of the traces; see [5, Section 1.4].)

The dynamics is induced by the subgroup Moda:(Si) of the extended mapping class group
Modi(SZ) consisting of homeomorphisms that preserve each of the punctures. There is also an
isomorphism from the matrix group F;t to the automorphism group gj; B.C.D which we will denote
by f + far, analogous to Proposition 3.2. It is obtained by observing that PGL(2,Z) (and hence
F;t) naturally embeds in Mod®(S?) and doing similar calculations to those done in the proof of
Proposition 3.2. Rather than elaborating further, we refer the reader to [5] or [16] for more details.

Below we ask several questions about the dynamics of G4 g c p acting on S4 p,c,p at arbitrary
parameters. They are all organized around the informal question:

If (A, B,C, D) is not equal to the Picard Parameter (0,0,0,4), to what extent is the dynamics of
Ga.B,c,p acting on Sa g c,p similar to that for the Markoff Parameter (0,0,0,0)?

6.1. Bowditch Set: Maloni, Palesi, and Tan [16] extend the definition of the Bowditch Set to the
case of arbitrary parameters (A, B, C, D) (i.e. to the case of the character variety of the four holed
sphere) by adapting the BQ conditions as follows:

(BQ1) None of the coordinates of v(x,y, z) is in [—2, 2] for any v € G, and
_\3
(BQ2) v(z,y,2) € ((C \ ]D)K) for all but finitely many v € G.

Here, K = K(A, B,C, D) is a constant that is made precise in [16, Definition 3.9]. Note that the
exact value of K (A, B,C, D) does not really matter because replacing it with a larger value will
result in the same set Vpq (A4, B, C, D). Note also that in the case of the punctured torus parameters
one can use K(0,0,0,D) =2 for any D € C.

It is proved in [28] and [16] that for any (A, B,C, D) the set

Veq = {(z,y,2) € Sa,,c,p : Conditions BQ1 and BQ2 hold}

is open and that G4 p.c,p acts properly discontinuously on it. Hence Veq(A, B,C, D) C Da B.c,p-
The same proof as in Proposition 5.2 also gives that Veq(A, B, C, D) C Fa,B,c,p for any (A, B,C, D).
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It was proved in [28], [16], and [11] that Vgq(A, B, C, D) # 0 for certain families of real (and also
purely imaginary) parameters. It was proved in [24, Theorem E] that Vzq(4, B,C, D) # ( for an
open neighborhood of {(0,0,0,D) € C* : D # 4} in C*. In particular, Vgq # @ for all punctured
torus parameters other than the Picard Parameter [24, Corollary to Theorem E]. We therefore ask
the following question:

Question 5. Is Vpq(A, B,C,D) # 0 for all (A, B,C, D) € C*\ {(0,0,0,4)}?
6.2. Locally Non-Discrete Set.
Question 6. Is the Locally Non-Discrete set N p.c.p # 0 for all (A, B,C, D) € C*\ {(0,0,0,4)}?

In [24, Theorem F] we prove that there is an open neighborhood P C C* of the Markoff Parameter
(0,0,0,0) and also of the “Dubrovin-Mazocco Parameters” (see [24, Section 1.2] for the definition)
such that Mg pcp # 0 for all (4, B,C, D) € P. However, it seems likely that N gcp # 0 for a
much wider range of parameters.

6.3. Restating Questions 1-4. These questions were phrased for the Markoff Parameter (0, 0,0, 0)
in order to highlight them in a case of particular interest. However, they are all relevant to an ar-
bitrary choice of parameters (A, B,C, D) # (0,0,0,4). In particular, let us ask

Question 7. For any choice of parameter (A, B,C, D) € C*,

(a) does there exist a point p whose orbit closure in Sa p.c,p has non-empty interior?
(b) does the Julia set Ja p,c,p have non-empty interior?

Note that an affirmative answer to (b) implies an affirmative answer to (a) by Theorem A.
We also ask:
Question 8. Can there be a bounded Fatou component for the action of Ga p.c,p on Sa.Bc,p?

Remark 6.1. A bounded Fatou component V' for the action of Gapc,p on Sa.p,c,p cannot be
invariant under the whole group Ga B.c.p because of the classification of points with bounded orbits
given in [5, Theorem C|. In that theorem Cantat and Loray prove that if p € Sa pc.p has infinite
but bounded orbit then A, B,C, D € R and the orbit lies in the real part of the surface Sa p.c.p(R).

Said differently, if V is a bounded Fatou component then its stabilizer Gy must be a proper
subgroup of Ga.p,c,p. More is known: so long as V' does not contain a fixed point of any element
of Ga.g.c,p \ {id} then Gy must be Abelian (see Theorem K from [24] and its proof). The domain
V' then wanders under the action of the quotient G/Gy, with each of the distinct images relatively
compact i Sa.B.c,D-

The inability to rule out the existence of bounded Fatou components at the level of generality
posed in Question 8 is the reason why we did a “parameter selection” to eliminate countably many
hypersurfaces H C C* in the statements of [24, Theorems G and K]. It was done precisely so
that if (A, B,C, D) € C'\ H then any fixed point of any v € Ga p.cp \ {id} is in the Julia set.
Under this hypothesis, we could then use Theorem K to rule out bounded Fatou components on a
specific open subset U C S4,p,c,p on which we constructed sequences of non-commuting elements
of Ga.B,c,p converging locally uniformly to the identity. Existences of such elements would prove
that the stabilizer Gy of a hypothetical Fatou component V' is non-Abelian, thus contradicting the
conclusion of Theorem K.

6.4. Invariant Boundary. There is an open neighborhood P C C* of (0,0,0,0) such that for
every choice of parameter (A, B,C, D) € P both N4 p.c p and Vq(A, B,C, D) are non-empty. In
particular, there is a set

Bapcp CONapep=0Dapcop
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that has topological dimension equal to three and is invariant under G4 g.c,p. We refer the reader
to [20] for the definition of topological dimension (used above) and Hausdorff dimension (used in
Question 9, below).

The invariant set 4 gc,p C Sa,B,c,p of topological dimension 3 “persists” over the open subset
of parameters P C C*. The existence of persistent invariant sets of topological dimension 3 for the
action of a large group (G is free on two generators) strongly hints at a fractal nature for Z4 p.c.p.

Proposition 6.2. In any neighborhood W C C* of (0,0,0,0) there are parameters (A, B, C, D) such
that the corresponding surface Sa p.c,p contains no (equivalence class of a) discrete representation.

Proof. A simple way to achieve this is to consider the restricted family S 00,p = x—2+p and to
note that the D = tr(p(aba=1b~1)) 4 2 where the commutator aba~b~! corresponds to the class in
71(To) of a small simple closed loop around the unique puncture (hole) in Ty. As we increase D
from 0 to € > 0 we have that tr(p(aba='b~!)) passes through values from —2 to —2 + e. For such
values of D the corresponding element p(aba=1b~1) € SL(2,R) will be elliptic and it will have an
irrational rotation number for almost every such D € [0, ¢]. For these values of D the representation
p will be non-discrete for for any choice of [p] € x_24p = S0,0,0,p, i.e. for any (x,y, z) € So.0,0,p-

If one desires parameters (A, B,C,D) with A, B,C not all equal to 0 one can do a similar
procedure using the interpretation of S4 g .c p as the character variety of the quadruply punctured
sphere. Given a representation from the fundamental group of the quadruply punctured sphere in
SL(2,C), let aq,...,a4 denote the traces of the matrices associated with small loops around each
of the punctures. These traces determine the parameters A, B, C, D by means of the formulae

(7) A =aia4 + asaz, B =asaq+ aiaz, C = agaq+ aias,
and
(8) D =4 — [ajazazas + a3 + a3 + a3 +aj) .

It can also be shown that arbitrarily close to the Markoff Parameter (A, B,C,D) = (0,0,0,0)
there are surfaces S4 g c,p containing no discrete representations. In fact, representations lying in
S0,0,0,0 are of two possible natures: either 3 of the parameters ai,...,as are zero and the fourth
one takes on the values +2 or they are all equal to /2 (three of them being equal and the fourth
one taking on the value with opposite sign). In particular they are again generated by elliptic
and parabolic elements. Thus by suitably choosing A, B, C, D arbitrarily close to 0, we can ensure
that the corresponding representations contain an elliptical element with irrational rotation number
corresponding to the homotopy class of a small loop around at least one of the punctures. These
representations will be non discrete, regardless of the values of (z,y, 2) € Sa,B.c,D- O

In the case of the Markoff Parameter (0, 0,0,0) we have that Vqr C D(g,0,0,0), with both of them
invariant under G 00,0, but we do not know if their boundaries coincide. The boundary of Vqr is
invariant under G 00,0y and is known to be very irregular; see for example [17, Appendix A]. The
point of Proposition 6.2, above, is to show that the existence of the “separating sets” %4 p c,p and
their study lies beyond the reach of Teichmiiller theory. We therefore raise the following question:

Question 9. Does there exist a parameter (A, B,C, D) € P such that Sa p.c,p contains no Quasi-
Fuchsian representations and for which the Hausdorff Dimension of %4 B,c,p s strictly greater
than three?

Remark that we do not know of any choice of parameter (A, B, C, D) for which %4 p ¢ p is smooth.

6.5. Infinite Index Subgroups. Recall the isomorphism from I'* to G* given by M — fj; that
was described in Section 4. An element fy; € G is called elliptic, parabolic, or hyperbolic (re-
spectively) if the two-by-two matrix M generates an elliptic, parabolic, or hyperbolic (respectively)
isometry of the hyperbolic plane H. For any (A, B,C, D) the group G4 g c,p has the parabolic el-
ements g, gy, and g, that preserve the fibrations x = const, y = const, and z = const respectively.
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Moreover, the dynamics of each of these individual mappings is rather easy to understand and it
plays a crucial role in several of the proofs from [24]. (This is especially the case for Theorems A,
B, and C from that paper.)

Question 10. Suppose that Y4 pc,p < Ga,B,c,p s a subgroup that is not solvable and such that
every v € Ya pco,p \ {id} is hyperbolic.

(i) What can be said about the Fatou/Julia and also the Locally Non-Discrete/Locally Discrete
dichotomies for Y 4 pc.p?

(ii) What can be said about the closures of T a p.c,p orbits of points p € Sapcp? Can one
obtain an orbit closure having non-empty interior?

APPENDIX A. PROOF OF PROPOSITION 3.2

We have learned the material in this section directly from the papers [10, 9, 5, 4]. However, we
hope that a brief recollection of it here can be useful for the reader.

Proposition A.1. For any matrices M, N € SL(2,C) we have:

(1) trM = (trM 1)
(2) tr (MN) =tr (NM), and
(3) tr (MN) = (trM) (trN) — tr (MN™1).

We refer the reader to [10, Section 2.2] for a proof.

Proof of Proposition 3.2. Let us begin with M, for which the computation is slightly easier. It
corresponds to ¢ € Aut(Fz) given by ¢(a,b) = (a,b~') = ¢~ '(a,b). We have

(
folw,y, 2) = fo(tr(p(a), tr(p(b)), —tr(p(ab))

The matrix M, corresponds to ¢ € Aut(Fz) given by ¢(a,b) = (a=1b72,b) = ¢~(a,b). We have:

fo(z,y,2) = fo(tr(p(a)), tr(p(b)), —tr(p(ab))
= (tr(p(p~ ())) r(p(¢ (b)), —tr(p(¢~ " (ab)))
= (tr(p(a'072)), tr(p(b)), —tr(p(a”'b"%D))).
=(—yz—ux y,z) = 54(2, Y, 2).

To explain the last equal sign let A = p(a) and B = p(b) and note that

tr (A71B~2) = (t(A'BY)) (t:B~Y) — tr (A~ B-1B) = (tx(B~1 A1) (t:B~) — tr(A~")
=tr(AB)tr(B) —tr(A) = —zy — x and
tr(A™'B™Y) = tr(B7'A™Y) — tr((AB)™!) = tr(AB) =

The calculation for M, is quite similar and left to the reader. O
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APPENDIX B. FATOU SET FOR THE MARKOFF PARAMETER
Proposition B.1. The Fatou set Fy is non-empty for the Markoff Parameter D = 0.
This proof is an adaptation of ideas that we learned when reading [12]:

Proof. Let By 4(po) C C* denote the Euclidean Ball of radius 1/4 centered at pg = (—3,—3, —3).
Since pg € Sy we have that B /4(p0) N Sp forms a non-empty open subset of Sy. We will show that
for any p € By /4 (po), any integer k£ > 1, and any reduced word wywy—_1 ... w1 in the mappings sz, sy,
and s, that each coordinate of wiwg_1 ... w1 (p) has modulus at least as large as the corresponding
coordinate for wg_1 ... w1 (p).

In particular, this will imply that

WwEw—1 - .. w1(p) € ((C\IDTQ>3

for any such word of any length k > 1. Applying Montel’s Theorem to each of the three coordinates
separately, this will prove that G (and hence G < G*) forms a normal family on B, /4(po) N Sp and,
in particular, that By /4(po) N Sp lies in Fy.

We first check that our claim holds for kK = 1 and, without loss of generality, we can suppose
wy = $g. Since sz(z,y, 2) = (—x—yz,y, 2) it suffices to check that the z-coordinate is not decreased
in modulus:

1\* 1\ 69 1
— — > —_ = _ — — — = — — .
| —x —yz| > |yz| — |7] (3 4) <3+ 4> The 3+ 1> ||

Now suppose that there is some integer j > 1 and some word w;{1wjw;j_1...w; so that for some
p € By/4(po) one of the coordinates of w;1wjw;—1 ... w1(p) has modulus less than the corresponding
coordinate of wjw;j_1...w1(p). Without loss of generality we can assume that j is the minimal
such integer. This implies that each coordinate of wjw;_1...w;(p) has modulus at least as large
as the corresponding coordinate of p (hence modulus at least 11/4 =3 —1/4). Let:

(z,y,2) =wj—1...w1(p),  (&,y,2) =wj...wi(p), and (2",y",2") = wjs1...w1(p).

As explained above, |2/|, /], ]2/| > 11/4.
Without loss of generality we can assume w; = s, and wjy1 = sy so that

(@', ) = (—2 —yz,y,2) and (2" ", 2" = (!, -y — 2’2, ).
Our assumption that j was minimal implies that || < |2/| and that |y/| > |¢”|. The first of these
inequalities gives us (9), below, and the second of these inequalities gives us (10), also below.
(9) 0’| > |#f + 2] =] —ye| = |y7], and
(10) 21> 1y +y'| = | = 2" = |2'2].
Suppose first that |2/| < |¢/|. In this case (9) implies
'z < 20| < 21y/].
Since |y'| # 0 this gives |2’| < 2 which contradicts |2/| > 11/4.
Now suppose that |2’| > |¢/|. In this case (10) implies
2’2" < 2ly'| < 2]a|.

Since |2’| # 0 this again gives |z/| < 2 which contradicts |2/| > 11/4. O
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