ENERGY, EQUILIBRIUM MEASURE AND ENTROPY FOR TORIC
SURFACE MAPS

JEFFREY DILLER AND ROLAND ROEDER

ABSTRACT. We consider the ergodic theory of plane rational maps that preserve the natural
holomorphic volume form on the algebraic torus. Specifically we construct natural invariant
probability measures for a large class of such maps by intersecting the equilibrium currents
we constructed in our previous work [DR]. We show further that these measures are mixing
and that each admits an underlying geometric product structure. The main result of [DDG3]
then implies that the topological entropy of each map covered by our results is the log of its
first dynamical degree. In light of examples presented in [BDJ], this implies in particular
that the entropy of a rational map can equal the log of a transcendental number.

1. INTRODUCTION

Let T 2 (C*)> C P? denote the two dimensional complex algebraic torus and 7 := 20z

denote the natural T-invariant holomorphic two form on T. Here we call a rational self-map
f: P2 -—» P? toric (short for ‘toric volume preserving’) if it satisfies f*n = pn for some
constant p = p(f) € C*. Our goal in this article and its predecessor [DR] is to shed light
on the ergodic theory of such maps, especially in cases where f exhibits pathological degree
growth.

Let deg(f) := deg f*L be the degree of the divisor obtained by pulling back a line L C P2
The (first) dynamical degree of f is then the asymptotic growth rate

A (f) = lim deg(f")

of deg(f™). Though the limit defining A (f) always exists, it was observed in [DLI] (see
Theorem F and Example 8.5) that the degree sequence (deg(f"))n>0 can behave erratically.
This point was amplified in [BD.J|], which gave explicit examples of toric maps f for which
A1(f) is a transcendental number.

The first dynamical degree A1 (f) should be compared with the topological degree As(f) of
f, i.e. the number of preimages of a general point in P?. We will focus on the case when f
has small topological degree, i.e. Ao(f) < A1(f). A central motivation for this paper, and an
easily stated consequence of our main result is the following.

Theorem 1.1. Suppose that f : P? --» P? in [BDJ, Main Theorem| has small topological
degree. Then the topological entropy of f is given by hyp(f) = log\i(f). In particular,
ehworl!) can be transcendental.

The foundational result [DS2, Théoreme 1] gives heop(f) < log Ai(f) for any plane rational
map with small topological degree. Here we construct natural invariant measures p of
maximal metric entropy h,(f) = log A\1(f) for a large class of toric maps including the ones
in Theorem [I.1] The opposite inequality hyop(f) > h,(f) = log Ai1(f) then follows as in the
proof of the classical variational principle [KH, Theorem 4.5.3].
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The series of papers [DDGI), [DDG2, [DDG3] are an important precedent for us. They
construct and analyze measures of maximal entropy for a broad class of (not necessarily
toric) rational self-maps of P? with small topological degree. For instance, they establish
the analogue of Theorem for polynomial maps f : C* — C?. However, these articles
limit attention to maps that are ‘algebraically stable’, or at least those that become so
after suitably modifying the domain P2. The toric maps that we consider here all fail the
stabilizability hypothesis, and this leads us to lean much more heavily on the toric context to
accomplish our aims. In the remainder of this introduction, we present and provide context
for our main result, describing among other things the particular class of maps to which it
applies and discussing the main ingredients of the proof.

It is important for our arguments to consider a toric map f not only as a self-map of P2
but also a rational map f: X --» Y between any two toric surfaces X,Y — P2 obtained
by T-invariant blowups of P2 A lift fy : --+ X of f to some particular surface X is
called algebraically stable if the induced pullback operator f*: Hy 1(X) — Hy 1(X) satisfies
(f*)" = (f")" for all n > 0. To cope with unstabilizable maps, we introduce in m 2| the inverse
limit T of all toric blowups of P2. The toric limit space T is compact and Hausdorff, and
it decomposes into a closed nowhere dense subset of T-invariant points and the toric limit
surface To, a (non-compact, non-algebraic) complex manifold obtained from T by adjoining
countably many mutually disjoint poles, i.e. one dimensional complex tori C;; = C* indexed
by the rational rays 7 € R2. All other properly embedded complex curves C' C T° are
compact with C'\ T finite, so we call them internal.

For many purposes T is as natural a domain for a toric map as any particular T-invariant
blowup X — P2. Specifically, a toric map f induces a meromorphic self-map of f : Te —-» T°
whose important properties include the following.

e The indeterminacy set Ind(f) C T° of f is finite, and the image f(p) of each p €
Ind(f) is a finite union of internal curves;

e The exceptional set Exc(f) C T° of f consists of finitely many internal curves C|,
cach contracted to a point f(C) € T°\ T;

e There is a positively homogeneous, continuous and piecewise linear map Ay : R* — R?

of f such that f(Z2) C Z* and f(C,) = Ca, () for every pole C; C T°.

We call Ay the tropicalization of f. In §3| we explain (see Theorem that beyond merely
encoding the action of f on poles, Ay serves as a good approximation of f|r; i.e. away from
the exceptional set Exc(f) the natural map Log : T — R? approximately semiconjugates
flr to Ay. This fact is central to our analysis.

All examples of toric maps that we know exhibit two further properties, which we will
adopt as assumptions below: Ind(f)NT = (J; and more importantly, A is a homeomorphism.
Homogeneity implies that A descends to a self-map of the unit circle; hence Ay has a well-
defined rotation number whenever it is a homeomorphism. It was shown in [DLI] that the
rotation number of Ay is rational if and only if there is a smooth rational surface X with a
birational morphism X — P? that lifts f to an algebraically stable self-map of X.

In contrast, even when A is a homeomorphism with irrational rotation number, f often

satisfies a weaker condition that we call ‘internal stability.” Let Df’l (T) denote the cone
of positive closed (1,1)-currents on T° and Dy ,(T) = Dfl(']AI‘) — Dfl('ﬂ‘) denote its linear

span. Let Hfli’l(']AI‘) denote the (infinite dimensional) quotient obtained by identifying S, 7T €
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D11(T) when S — T is dd-exact. As with rational maps on smooth compact surfaces,
a toric map f induces linear pushforward/pullback operators f, and f* on DLl(']AI‘) and
HZ'(T). We call f internally stable if, again, (f*)" = (f")* for all n € Zso. Equivalently,
fM(Exc(f))NInd(f) = 0 for all n > 0.

We can state our main result as follows.

Theorem 1.2. Let f be an internally stable toric map with small topological degree. Assume
further that Ay is a homeomorphism with irrational rotation number and that Ind(f)NT = 0.

Then there is a Borel probability measure p on T° with the following properties.

(1) u(C) =0 for every properly embedded curve C C T°.
(2) w is f-invariant and mizing.
(3) The metric entropy of f relative to u is given by h,(f) = log A1 (f).

Consequently, the topological entropy f is also given by hyop(f) = log A1 (f).

Conclusion (1) and the fact that T° \ T is a countable union of poles imply that the domain
of the map f in Theorem [1.2]is flexible; i.e. the theorem remains valid if we consider f as a
self-map of the algebraic torus T, of P2, of T° or of some other compact toric surface.

1.1. Proof of the main result. To prove Theorem , we follow a general approach [BS]
created by Bedford and Smillie to understand the complex dynamics of plane polynomial
automorphisms. By Theorems 10.1 and 10.6 in [DRI, a toric map satisfying the hypotheses of
Theorem admits a pair of equilibrium currents T*,T, € Dfl('ﬁ') These are distinguished
by invariance f*T* = MT*, f,T, = AT, and the fact (Corollary [4.12) that neither dominates
the integration current associated to any curve C' C T°. In particular, both are internal, with
no mass outside T. We normalize so that the classes [T*], [T.] € HII{’1 (']T), have intersection
numbers [T*]? = [T*] - [T,] = 1. Then we realize i as an ‘intersection’ T* A T, of T* and T,.
However, T* and T, are distributional rather than pointwise objects, so we need to take a
great deal of care when defining and employing this intersection. There are three main steps
in our approach.

1.1.1. Regularity of potentials. The first step is to prove the following, a consequence of
Theorem [B.] below.

Theorem 1.3. Let f be as in Theorem and p € T° be a point whose forward orbit
{f™(p) : n > 0} does not meet Ind(f). Then there is a neighborhood U > p and a continuous
function u : U — R such that T = ddu near p.

Theorem guarantees that uT, is a well-defined current on U and allows us to use
the classical idea of Bedford and Taylor [BTI], setting 7% A T.|y equal to the weak de-
rivative dd(uT,). The hypotheses of Theorem ensure that the countable set of points
Ind(f*°) := J f™(Ind(f)) excluded in Theorem is closed and discrete in T°. Hence an
integrability result (see Proposition for potentials with isolated singularities implies that
this definition of 7% A T, applies even near points in Ind(f*).

The proof of Theorem occupies §o[ and relies heavily on some key preliminary results.
The first (see Theorem and the preceding discussion) is that the class [T] € Hg'(T°)
of any internal current T' € Dl,l(’ﬂ") includes a canonical ‘homogeneous’ representative T €
D, 1(T). By definition of Hy'(T), we have T — T = ddpy for some function ¢ € LL (T°).

loc
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The potential @7 is unique up to additive constants, and homogeneous currents have con-
tinuous local potentials about any point in T° (Proposition . Hence T has continuous
local potentials on an open set U C T° if and only if ¢7|y is continuous. In the case of

interest 7' = T*, we constructed T* in [DR] by proving L; -convergence

pre = i oac e

Moreover, the potentials P preqe ON the right are all continuous away from Ind(f*). To
prove Theorem [I1.3] we use our tropical approximation result Theorem [3.6] to go further and
demonstrate that the limit is achieved uniformly on compact subsets. The starting point
is Theorem which implies that though T° is not compact, the potentials P prege ATE
decreasing in n and uniformly bounded off any neighborhood of Ind(f>).

1.1.2. Mass and energy. The second step in constructing the measure y = 7% A T, in Theo-
rem (1.2] is to show the result is a probability measure, i.e. that in accord with the normal-
ization ([T*] - [T.]) = 1, we get total mass u(T°) = 1. The difficulty here is that T° is not
compact, so that the relationship between mass and intersection number is not (or at least
not obviously) as close as in the compact setting. On the other hand, the currents 7%, T,
restrict to well-defined positive closed (1,1) currents on any given toric surface X. The in-
tersection number ([7*]x - [Ti]x) and mass of the product T* Ax T, of the restrictions on X
are easily seen to agree. Moreover, the intersection numbers ([7*]x - [Ti]x) converge by defi-
nition to ([T%] - [T3]) as X converges to T. So the problem becomes to establish convergence
of measures T* Ax T, — T* AT,. More precisely, we have a natural inclusion X° — T° of the
open set X° C X obtained by removing T-invariant points, and the measures T* Ax Ty|xo
increase to T AT, as X° increases to Te. However, T* Ax T, assigns non-zero mass to each
of the T-invariant points of X, so we need to argue that the sum of those masses diminishes
to zero as X increases.

It is fairly straightforward to do this if we replace T* and 7T, with their homogeneous
counterparts 7% and T, (see Conclusion (3) in Theorem [6.19). In that case, the limiting
measure T* A T, on T° is just Haar measure on the maximal real subtorus Tg C T. The
next step (Conclusion (4) in is to show that convergence succeeds for T* AT, i.e. if we
homogenize only 7™ in the product. Here we employ Theorem [4.15| which says that T is not
in some sense too far from its homogenization (see Definition [2.7). This allows us to relate
point masses of T* Ax T, at T-invariant points of X directly to Lelong numbers of 7% and
use that the Lelong numbers disappear in the limit (Proposition . The most difficult
step is to argue from T* A T, to T* A T,. The main ingredient for this is the following.

Theorem 1.4. The potential op- for T* — T* has weakly finite T,-energy on Te.

Definitions and specify the meaning of weakly finite energy on a compact surface
X and on TO, respectively. This notion builds on the idea of Dirichlet energy relative to a
positive closed current (see and below) that was introduced to complex dynamics
in [BD1] and enlarged upon in [DDG2]. The main novelty here is that the notion of Dirichlet
energies defined in those papers applies only to functions that are not far from plurisubhar-
monic, whereas our more delicate notion applies to differences u — v of plurisubharmonic
functions even when neither u nor v separately have finite Dirichlet energy. In any case, we
use Theorem 1.4]to tie point masses of (7 —T*) Ax T\ to Lelong numbers of T, at T-invariant
points which can, again, be seen to disappear as X increases to T.
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1.1.3. Geometry and dynamics of p. Beyond its use in establishing the mass of T A T,
Theorem also plays an important role in §8 where we prove the three enumerated con-
clusions of Theorem Our arguments for invariance and mixing follow precedents in [BS]
and [DDG2]. The computation of h,(f) depends on Conclusions (1) and (2) together with
a geometric structure theorem for g modeled on [Duj3| Theorem 5.2]. To state the theorem,
we recall from [DR] Theorem 1.4] that 7 can be approximated arbitrarily well by so-called
‘uniformly laminar’ currents 7" < T, obtained by averaging currents of integration over a
family of mutually disjoint analytic disks. Likewise we have arbitrarily good approximations
T.. < T, by ‘uniformly woven’ currents, obtained by averaging a family of disks that are
allowed to intersect each other. The intersections T AT, . < T* N'T, therefore have a natural
product structure based on intersections between disks in the two families. This is discussed
at greater length in where we prove

Theorem 1.5. The wedge product T* N T, is ‘geometric’, equal to an increasing limit of
the measures T N T, . obtained by intersecting the uniformly laminar and uniformly woven
approximants of T* and T, respectively.

Given this and Conclusions (1) and (2) of Theorem [1.2] the entropy bound in Conclu-
sion (3) then follows immediately from the main result Theorem B of [DDG3]. We stress
that unlike Theorem A in the same paper, Theorem B requires only that f be a rational
map with small topological degree and that p be an f-invariant Borel probability measure
that is f-invariant and mixing and has the geometric structure guaranteed by Theorem [I.5

1.2. Context and related work. Dynamical systems that are stable under perturbation
and /or whose dynamics can be described well, e.g. Axiom A diffeomorphisms, often have
topological entropy equal to the log of an algebraic number. On the other hand, in a family of
maps where entropy is non-constant and varies continuously with parameters, e.g. d-modal
piecewise linear interval maps, the Intermediate Value Theorem guarantees that most maps
will have entropy equal to the log of a transcendental number. The dynamics of rational
maps f : P2 --» P? with given degree deg(f) = d is very poorly understood at present, but
the quantity hyop(f) seems nevertheless quite rigid. There is substantial evidence supporting
the conjecture (see |G, Conjecture 3.2]) that when A (f) # Aa(f), one has

(1) hiop(f) = log max{i(f), A2(f)}-

Since there are only countably many possible values for Ai(f) and Ao(f) (see [BEOO]), it
is a priori less obvious that there should exist rational maps f : P2 --» P2 with ebPtr()
transcendental. Theorem confirms for a new class of rational maps, and in doing so
identifies specific rational maps for which eer() is transcendental. For instance, it applies
to the map from f = g o h given by

1—ZE1+I2 1+ZL’1—JI2

9(371,1'2) = (—331 , T2

which is shown in [BDJ] to have transcendental first dynamical degree A;(f) > Aa(f).
Spaces created by performing infinitely many blowups on a compact complex surface have
previously been used in several ways to study dynamics of rational maps. We mention in
particular the work of Hubbard and Papadappol [HP] on Newton’s method for polynomials
in two variables; of Cantat [Canl] on groups of plane birational maps; and of Boucksom,
Favre and and Jonsson [BEJ], Favre and Jonsson [FJ], and Blanc and Cantat [BC] aimed

T 962) and  h(x1,29) = (2123, 27 222),
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at better understanding dynamical degrees of various classes of plane rational maps; and
of |[dT] which proposes the space obtained by resolving all points of indeterminacy of all
iterates of a rational map f as an appropriate setting for understanding the entropy of f.
As far as we know, this article and its predecessor [DR] are the first to effectively use an
infinitely blown up space to construct and investigate a measure of maximal entropy for a
rational map. What makes this possible, and what distinguishes the toric limit surface T°
from the spaces used in earlier works is that T° is a complex manifold in its own right. This
allows us to work directly with T° much of the time rather than only with, say, classes in
Hﬁl (']T) or toric surfaces that approximate T°.

1.3. Organization of the paper. Following is a quick summary of the rest of this article.

e §2 provides background on toric surfaces, on the non-compact surface T° and on the
associated spaces Dy 1(T) and Hy'(T) of currents and classes.

e §3|reviews facts about toric maps and proves the tropical approximation result The-
orem 3.6l

° discusses pullbacks and pushforwards of toric currents, including several facts
about the equilibrium currents and their classes which were not observed in [DR].

e §5| establishes the continuity result Theorem for potentials of T™.

e §6|reviews the Bedford-Taylor approach to defining wedge products and energy pair-
ings for positive closed (1,1) currents on compact Kéahler surfaces. While this mate-
rial is well-known in some quarters, we hope that it will be useful to readers less ac-
quainted with pluripotential theory. In we adapt everything to the non-compact
surface T°.

e §7| constructs the wedge product = T™ A T, of interest.

e §8| establishes the dynamical and geometric properties of u, completing the proof of
Theorem .2

Acknowledgment. We thank Eric Bedford for his interesting comments. Both authors grate-
fully acknowledge support from the NSF, the first by grant DMS-2246893 and the second by
grant DMS-2154414.

2. INVERSE LIMITS OF TORIC SURFACES, DIVISORS AND CURRENTS

In this section, we review toric surfaces and their inverse limits. For substantially more
detail we refer readers to [CLS| and §3 in our previous paper [DR] on this subject.

Let T = (C*)? denote the two dimensional complex algebraic torus and 7 be the canonical
invariant holomorphic 2-form on T. As usual, we let N = Z? denote the dual of the character
lattice M of T, Ng = N®@zR = R?, and Log : T — N (the logarithm map) be the surjective
group homomorphism that assigns to a point p € T the linear functional

Log(p) : m € Mg + —log|m(p)|.

The real (i.e. maximal compact) subtorus of T is then the set Tg := Log™*(0).

A ray 7 € Ng is rational if 7N N is non-empty, and the unique primitive vector v € TN N
is its generator. A sector for us will be a closed, strictly convex two dimensional cone
o C Ngr. We say that o is rational if its bounding rays are rational, and then call o
reqular if the generators for these rays form a basis for N. Identifying the generators of
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a regular rational cone o with the standard basis for Z2, we obtain a unique isomorphism
T, = (11, 19) : T — (C*)? satisfying

Log(p) = (=log|z1(p)], = log |2(p)))-
We call (z1,x2) the o-coordinates for T, observing that in these coordinates

e Log '(0) = {0 < |z],|xa| < 1} is the intersection of (C*)? with the closed unit

polydisk;
_ 1 dxiNdzs
*nN= 472 gixz9

If 6 € Ngr is another regular rational sector, then we have the change of coordinate formula
T = ha o x,, where A = (a;;) € SL(2,Z) is the change of coordinate matrix from the basis
for Ngr determined by o to the basis determined by 6 and ha : (21, z9) — (] x5'2, 22 x5??)
is monomial map determined by A.

For our purposes, a toric surface will be a smooth complex manifold X that compactifies
T and to which the action of T on itself extends to a holomorphic action of T on X. Any such
X is determined by its fan 3(X) = {0} UX; UX,, a collection of closed and strictly convex 0,
1 and 2 dimensional cones whose relative interiors partition Ng. Concretely, X = |, s, Us,
where z,, : U, — C? are coordinate charts that extend the above o-coordinates on T. Letting
71,72 € L1(X) denote the boundary rays of o, we have that the coordinate axes in C? are
the images by z, of T-invariant curves (which we call poles for short) C,,,C,, C X \ T that
meet in a single T-invariant point p, € X \ T. If distinct sectors 0,5 € 35 share a boundary
ray 7 then U, NU; = TUC? where C? := C. \ {p,, ps} denotes the complement of the torus
invariant points in C;. We similarly write X° = X \ {p, : 0 € X2}.

If X and Y are both toric surfaces, we let mxy : X --+ Y denote the canonical transition—
i.e. the birational extension of the identity map on T. The map mxy is a morphism if and
only if 3(X) refines ¥(Y), in which case we write X > Y. In any case mxy contracts
precisely those poles C; C X for which 7 is an interior ray of ¢ € X(Y). For any two toric
surfaces X, Xy there is another X > X that dominates both. We therefore define the toric

limit space T to be the inverse limit of all toric surfaces with respect to transitions. The
following summarizes the discussion in §3.1 of [DRI.

Theorem 2.1. The toric limit space T is a Hausdorff topological compactification of T on
which T acts by homeomorphisms compatible with the natural map T — X onto any toric
surface X. The complement T \ T consists of

e o T-invariant irrational point p, for every irrational ray T C Ng,

e two T-invariant points and a pole C. = C* for each rational ray T C Ng.
Distinct poles and T-invariant points are disjoint from each other, and every pole C. is
compactified to P' by the two rational T-invariant points indexed by the same ray 7.

For any toric surface X, the natural projection T X may be (partially) inverted to give

an inclusion X° < T. The complement of the T-invariant points ofT is a (non-compact,
non-algebraic) complex manifold T° equal to the union of the images of all such inclusions.

We call T° the toric limit surface. For simplicity, we will write X° C T° for any toric surface
X, implicitly identifying X° with its image in T°. Given R > 0 and a finite collection of
rational rays 7; C Ngr, 1 < j < J we define the star of width R along 71,...,7; to be the
Tgr-invariant set

Q=Q(m,...,7;,R) :=={p e T:dist(Log(p), ;) < R for some 1 < j < J}.
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The closure here is understood to take place in T.

Corollary 2.2. FEvery star is a compact subset of ']T", and every compact subset of T° s
contained in a star.

Proof. It X is a toric surface whose fan includes the rays 7i,...,7,, then the closure Qx of
@NTin X is a Tr invariant compact subset of X° C To. If K c T° is some other compact
set, then in fact K C X° for some toric surface X, since the sets X° form an open exhaustion
of T°. The proof is therefore completed by observing that any given X° is exhausted by the
interiors of stars of increasing width R directed by the rays in ¥ (X). U

2.1. Currents and divisors. The following mostly just summarizes §’s 2, 6 and 7 in [DR],
with a shift in viewpoint that places greater emphasis on the complex manifold T°. We refer
readers to that article for more details and arguments.

Given a complex surface X, we let D}, (X) denote the set of positive closed (1,1) currentsﬂ
on X and D; ;(X) denote the set of differences S — T of elements S,T" € Dfl(X ). There are
of course many closed (1,1) currents that cannot be expressed this way, so our definition of
D1 1(X) is a little non-standard. We regard the set Div(X) of R-divisors on X as a subset
of Dy 1(X) by identifying each divisor D with the current obtained by integrating over D.

If X is projective (in particular, compact and Kéhler), then each T € D; 1 (X)) represents a
class [T)x € Hg'(X) € H*(X,R). The class [T]x is trivial precisely when T = dd°p (in the
distributional sense) for some ¢ € L'(X); locally ¢ = u — v is a difference between two psh
functions u, v. The class [T is effective if it is represented by a positive current) and Kdhler
if it is represented by a Kéhler form. A limit [T] of Ké&hler classes is nef, characterized by
the fact that its intersection number (7 - D) « with every effective class is non-negative.

Abusing notation slightly we write Dy 1(T) in place of Dy ;(T°) and call its elements toric
currents. If X is a toric surface and T a toric current, then standard extension theorems
(see e.g. [Sibl]) for positive closed currents imply that the restriction 7| xo extends uniquely
(by zero) to a current Tx € Dy (X)), which we continue to call the restriction of T to X.
One checks easily that for toric surfaces X = Y, we have wxy,Tx = Ty. Though T° is not
compact, or even an open subset of a compact complex manifold, we continue to declare
toric currents S and T to be cohomologous in Toif S —T = dd‘p for some real-valued
@ € L}, .(T°). We let H;'(T) denote the resulting quotient of Dy ;(T), writing [T] for the
class of T in Hg'(T).

Proposition 2.3. 5,7 € DM(']AI‘) are cohomologous if and only if Sx and Tx are cohomolo-

gous in every toric surface X. In either case, relative potentials ¢ € L}OC(TO) for S =T and
ox € LY(X) for Sx — Tx are unique up to additive constants and so can be chosen so that

ox = P|xo.
Proof. 1t was shown in [DRl Proposition 7.4] that if Sy and T are cohomologous in every
X, then S and T are cohomologous in T°. For the other direction, we suppose without loss
of generality that S and T are positive, and suppose that S — T = dd°p for some locally
integrable ¢ : T° — R. Fix a toric surface X and let Sx,Tx € Di,(X) be the restrictions
of Sand T to X. Let U C X be a union of pairwise disjoint coordinate balls centered at the

IWhen X is not compact, we allow currents with non-compact support; hence currents act on compactly
supported test forms.
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finitely many T-invariant points of X. Then we have psh functions u,v : U — R such that
dd°u = Sx and dd‘v = Tx. Let U° = X° N U. Then restriction gives on U° that

dd°(u —v) = (Sx — Tx) = S — T = dd‘.

Hence h = ¢ — u — v is pluriharmonic on U°. Hartog’s extension gives that h and therefore
¢ = h+ v —u extends to a potential for Sy —T'x on all of U. Since ¢ is already a potential
for Sy —Tx on X — U C X°, it follows that Sx — Tx = dd°p on X. L]

From this discussion, it follows that D (T) and Hy'(T) are the inverse limits of the
corresponding objects Dy ;(X) and Hy' (X) on toric surfaces. We will therefore say that
a € Hfli’1 (']T) is effective (or nef, or Kdahler) if the same property adheres to its restriction
ayx € Hll);1 (X) in each toric surface X. This is non-standard since e.g. we are not saying
that the Kahler classes in Hy'(T) correspond to Kéhler forms on T°.

We adopt the convention that, unless otherwise noted, a curve in a complex surface X is
a reduced and irreducible, properly embedded, one dimensional analytic subvariety C' C X.
With this convention, every curve corresponds to a current of integration on X, so the above
discussion implies that every curve C' C T° is either

e internal, i.e. compact and given by C' = C'N'T; or
e the complement C? := C; NT° = C* of the T-invariant points in the pole associated
to some rational ray 7 C N.

A

A toric divisor D € Div(T) is then given by D = Dy + Deyr, with internal part Dy
supported on finitely many internal curves, and external part Dey = Y c,C?, where the
sum is (countably) infinite, over all rational rays 7 C Ng.

Similarly, any current 7' € D; 1 (T) decomposes as T' = Tj,; + Trre Where Tiyy is an external

divisor and T}, € Dy1(T) is internal, equal to the trivial extension to T° of T|r. The
cohomology class of a positive internal current T' = Tj,,; is always nef [DR, Corollary 6.10].

Every internal current 7' € D;1(T) can be averaged by the action of Tg to produce a
Tgr-invariant internal current 7, representing [17].

~

Proposition 2.4. For any internal current T € Dy,1(T), there is a continuous function
Y7 Nr — R, unique up to the addition of an affine function, such that

Tave|T - ddc(wT o LOg)

We call ¢ a support function for T'. Where possible, we will choose support functions
to be partially normalized, satisfying 17(0) = 0. We have the following characterization of
support functions for positive internal currents.

Theorem 2.5 (See [DR], Theorem 6.9). A function ¢ : Ng — R is the support function of
a positive internal current T' € Dy 1(T) if and only if it is convex and has ‘linear growth’, i.e.

14z (vl

ol +1

1s uniformly bounded on Ng.

We call an internal current T € Dy 1(T) homogeneous if it is Tr-invariant and its support
function is positively homogeneous, satisfying ¥r(tv) = tip(v) for all v € Ng and ¢ > 0. We
will usually signify that a current is homogeneous by writing 7" instead of 7. Homogeneous
currents serve as canonical proxies for the cohomology classes that they represent.
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Theorem 2.6 (See [DR], Theorem 1.3). Any internal current T € Dy 1(T) is cohomologous

to a unique homogeneous current T € DLl(']AI‘). If T is positive, then so is T. In any case, if
Ur 18 a support function for T, then the limit

. Pp(tv)
2) ¥r(v) = lim 20

t—o0 t

converges uniformly on compact subsets of Ng to a support function for T. If T is positive
and Yr(0) =0, then
® Yr < Y7 on N,
® Yr — Yy 1s non-increasing along each ray T C Ng, i.e. if v € T is non-zero, then
t — (Y — p)(tv) is non-increasing for t > 0.

A

It follows from this theorem that any internal current 7" € Dy ;(T) can be written
T — T = ddC(,OT,

where the potential pr : T° — R is unique up to additive constants and varies continuously
with 7" if we normalize by e.g. ¢r(0) = 0.

As a global function on ’ﬂ‘o, the composition ¥ o Log is locally integrable even about
points in T° \ T. More precisely 1+ has a logarithmic singularity along each pole C?° C TO,
and if we regard 17 o Log as a locally integrable function on the larger domain ']T‘O, we have
the following enhancement of the formula in Proposition [2.4

dd®(¢py o Log) =T — D,

where the external divisor D is given by
D=3 up(v:)C.

The sum is, as usual, over rational rays 7 C Nr and v, is the primitive vector in 7 N. For
the same divisor D, we also have

ddc(QbT © LOg) = T(we - D.
It follows that ¢r,, := (¢r — 7)o Log € L (T°) is a potential for Ty, — T.

loc
In what follows we will take advantage of a distinction that was not remarked on in [DR].

Definition 2.7. We say that a support function 7 for a positive internal current T° €

Dy (T) is nearly homogeneous if [¢p —1p7| is uniformly bounded on Ng. Here ¢ is assumed
to be the support function for T' derived from 1 via .

Not all positive internal currents 7' € Dfl (']T) have nearly homogeneous support functions.
But since the difference 17 — ¥+ is unique up to additive constants, one support function for
T is (nearly) homogeneous if and only if all of them are. Since 1y — ¥ < 0 is continuous
on Ngr and decreasing along every ray, one can verify that ¢r is nearly homogeneous by
checking it on a ‘large enough’ subset of Ng.

Proposition 2.8. The support function ¥y for T € Df’l (X) is nearly homogeneous if there
exists a constant C' > 0 and a dense set S of rays T C Nr such that for each ray T € S, we
have |y — p| < C outside a compact subset of T.
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Proposition 2.9. IfT € Dfl(’ﬁ‘) represents a nef class and'Y > X are toric surfaces, then
we have

’/T;k/XTX = Ty + D
where D is an effective external divisor with supp D C Exc(myx). If [T] is Kdhler then
supp D = Exc(myx), and in particular myTx > Ty when Y # X.

Proof. Tt suffices to consider the case where 7y x is the blowup of a single T-invariant point
ps € X. Let E = 7y (p,) denote the contracted curve. Then Ty = 7%y Tx + cE for some
¢ € R, and since [Ty] is nef, we have

0< (Ty B) = (tiyTx - E) — c(E-E) = (Tx - txy+E) + ¢ = c.
If [Tx] is Kéhler, the inequality is strict. O

As discussed in [DR], we have a well-defined intersection product on a subspace EQ(T) C
Hy'(T) that includes all nef (hence all internal) classes. Indeed if o, 8 € Hg' (T) are nef

classes, then the intersection (- 3)  of ax, fx € Hg'(X) decreases as the toric surface X
increases, and we have

(a-8) = inf (a- B)y.
Given a positive closed current 7" on a surface X and a point p € X, let u be a local
potential for T" near p. The Lelong number of T" at p is the quantity
v(T,p) := max{s : u(-) — slogdist(-, p) is bounded above near p} > 0,

which is finite and does not depend on the choice of u. A deep theorem of Siu [Siu| asserts
that p — v(p,T) is upper semicontinuous in the Zariski topology on X.

Proposition 2.10. Let T € D}, (T) be an internal current. Given € > 0 we have

Z v(Tx,ps) <€

o€Xa(X)

for sufficiently dominant X . If [T] € HE'(T) is Kdhler, then we also have v(Tx, p,) > 0 for
all T-invariant p, € X.

Proof. Fix an initial toric surface X and let —Kx =) o (x) Cr denote the anticanonical

divisor on X. Since [T] is nef, we have (—Kx -Tx) > 0. Now let 7 : ¥ — X denote the
blowup of X at some T-invariant point p, € X and C, C Y be the pole contracted by .
Then Ky = n*Kyx + C;, and since the restriction of an internal current to a toric surface
does not charge poles,

7T*TX = Ty + I/(Tx,pg)CT.
If in particular, [T is Kéhler, then 7*Tx > Ty by Proposition 2.9} so v(Tx,p,) > 0 in that
case. Regardless, we infer
(3) O S (—Ky . Ty) = (—KX . Tx) — V(Tx,pg).

So (—Kx - Tx) is uniformly bounded below and non-increasing in X. If (—Kx - T'x) is within
e of infx (—[Kx] - [Tx]), then (3) shows that > v ) v(Tx,ps) <e. O

The following restates the second conclusion of [DR] Theorem 6.7].
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Proposition 2.11. A homogeneous current T € Dfl(ﬂ") has continuous local potentials

about all points in T°.

3. TORIC MAPS

As noted in the introduction, we will call a rational map f : P? --» P? toric if it preserves
the canonical two-form up to scale, i.e. if f*n = p(f)n for some p € C*. Such a map extends
naturally to a meromorphic self-map fxy : X --+ Y between any two toric surfaces X and
Y. Passing to the limit, we obtain that f extends to a meromorphic self-map (which we
will continue to denote by f) of the complex manifold T°. Even though T° is not compact,
this extension behaves much like a rational self-map of a compact projective surface. Let
Ind(f) C T° denote the indeterminacy set of f : T° --» T° and Exc(f) denote the exceptional
set, i.e. the union of curves contracted by f to points.

Theorem 3.1 ([DR] Theorem 4.3 through Corollary 4.7). If f : P? --» P? is toric, then
the induced map f : T° - T° has the following properties
(1) Ind(f) is a finite subset of Exc(f); and f(Ind(f)) is a finite union of internal curves.
(2) Exc(f) consists of finitely many internal curves C, each with image f(C') := f(C \ Ind(f))
equal to a point in T° \ T.
(3) If p € T\ Exc(f), then f(p) € T and Df(p) is non-singular.
(4) If C ¢ Exc(f) is an internal curve, then so is f(C).
(5) If C, € T°\ T is a pole, then so is f(C,).
(6) f extends continuously to a self-map f.T \ Ind(f) — T for which T \ T° is totally
tnvariant.

Corollary 3.2. If f: T° --» T° is a toric rational map, then
(1) f - To —-» T° s proper in the following sense: for any compact K C T the set
{peT : flp)NK # 0} is compact.
(2) f:T°\ f~(f(Ind(f))) = T°\ f(Ind(f)) is a finite holomorphic covering with branch

~

locus contained in T° \ T.

Definition 3.3. A toric map f : T° --» T° is internally stable if f™(Exc(f)) NInd(f) = 0
for all n > 0.

If f is internally stable, then Ind(f™) = U;:ol f7(Ind(f)) and Exc(f") = U;:(]l 77 (Exc(f)).
In particular, f™ is also internally stable. We further set Ind(f*°) = {J,~, f " (Ind(f)) and
Ind(f7%) = Uy " (Exc(f))-

3.1. Tropical Approximation. An important feature of toric maps is that they are almost
semiconjugate, via the logarithm map, to piecewise linear real maps of Ng. The following
is Theorem 4.8 in [DR] and mostly taken from [DLI].

Theorem 3.4. If f : T° --» T° is a toric map, then there exists a finite set 31 (f) of rational
rays T € Nr and a continuous self-map Ay : Ng — Nr with the following properties.
(1) Ay is ‘integral’, i.e. As(N) C N.
(2) If o C Ng is a sector that omits all T € X1(f), the restriction Ay|, is linear with
det A¢|, = £p(f). Hence p(f) is an integer.
(3) For any pole C; C T\'T, we have f(C;) = Casr)-
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(4) If v,v" € N are the primitive vectors generating the rational rays 7, A¢(1) C Ng,
then the ramification of f about the pole C. is given by

A
Ram(1, ;) = 10
[[o']
and f . C7 = C} ) is a covering of degree \p(f)|/ Ram(f,C;). Hence f has local
topological degree p(f) on a neighborhood of any pole.

(5) Ay : Ng \ {0} = Ngr \ {0} is a covering map with degree Xo(f)/|p(f)]-

We call Ay the tropicalization of f. If g T --» T is another toric map, then AjoA, = Ajq,.
The tropicalization of a monomial or birational toric map f is always injective (i.e. a
homeomorphism), and in fact all other examples of toric maps we know are obtained as
finite compositions of these. So as far as we know, A is always injective. In any case, when
A; is a homeomorphism, it induces a homeomorphism on the parameter space S* of rays in
R?, and we refer to the rotation number of this quotient map as the rotation number of A;.

To demonstrate just how well A, approximates f, we make a few further observations.

Proposition 3.5. The following hold for any toric map f : T --> T.

18 1njective, then every component of Exc meets In .

1) If A, h f Exc(f Ind(f)\ T

(2) For each p € Ind(f) N'T, we have f(p) \ T C f(Exc(f)).

(3) For each p € Ind(f) \ T, let C; be the unique pole containing p and q = fl|c. (p) €

Cay(ry- Then f(p)\'T C f(Exc(f)) U {q}.

Proof. If C' C Exc(f) is irreducible, then C' meets at least two distinct poles C,,C. € T
by [DR] Corollary 3.4]. If neither intersection is indeterminate for f, then both map to the
same point f(C) € f(Exc(f)). This implies, however, that both C; and C. map onto the
pole containing f(C'), which contradicts injectivity of Ay. This proves the first assertion.

To prove the last two assertions, we fix p € Ind(f) and let 7 : S — T° be a modification
that resolves that indeterminacy of f at p. That is, 7 : S\ 7 }(p) — T°\ {p} is an
isomorphism and f := f on is holomorphic on a neighborhood of 771(p). The fact that f is
toric implies f*n = p*n, and in particular [DLI], Proposition 5.3] that the poles of 7*7 are
precisely the strict transforms of the poles of by both 7= and f .

Now let ¢ € f(7~'(p)) N C; be a point in some pole C; € T. We may suppose that
q ¢ f(Exc(f)). Hence we can choose an open set U > p such that U \ {p} contains no
points in Ind(f) and no preimages of ¢. It follows that Z := f~'(¢) Nw*(U) is a non-empty
(possibly reducible) subvariety of 7~(p). Since g € C., we have that Z meets an irreducible
component C' C S of the strict transform of C; by f. Since f(C’) = (., we have C' ¢ 7 1(q).
Hence 7(C') C T° is a curve rather than a point, and f(7(C)) = C,. Hence by Theorem [3.1
7(C) is a pole containing 7(Z N C) = p, and f|c : 7(C) — C; maps p to f(CNZ) =q. O

Our main approximation result is the following. A version of this was given in [DR], but
the proof given there is incomplete in a couple of places, so we take the opportunity to prove
it fully here.

Theorem 3.6. Suppose that f is toric. Let U,U’,V C T be neighborhoods of Exc(f), Ind(f),
and f(Exc(f)) respectively. Then there exists C' > 0 such that for anyp € T,

(1) ||Logof(p) — AfoLog(p)| < C unlessp € U.
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(2) [[Logof(p)l| = ||As o Log(p)|| — C unless p € U".
(3) ||Logof(p)|| < [|AfoLog(p)|| +C unlessp € U and f(p) € V.

Proof. Recall that if p € T \ Exc(f) then f(p) € T. In order to compare the behavior of f
with that of Ay, we choose toric surfaces X and Y whose fans have the following properties.
Y1(f) C E(X).

e for each sector o € ¥o(X) there is a sector o’ € 35(Y') such that As(o) C o'

e if C; C T is a pole that meets Ind(fxy) or Exc(f), then 7 € ¥1(X); ie. C, C X

e if ¢/ C T is a pole that meets f(Ind(f)) or f(Exc(f)), then 7/ € $1(Y); ie. Cr C Y.

Since X is covered by the finitely many closed polydisks Log (o), o € ¥o(X), it will suffice
to work in local coordinates to prove each of conclusions — of Theorem on such a
polydisk.

Fix 0 € ¥3(X) and o' € E9(Y) such that As(o) C o', and let (z1,72), (y1,y2) be the
o, 0'-coordinates on T. Under the above assumptions, we have that Af|o is linear, and fxy
is well-defined and locally finite near p, C X, given by

(4) (Y1, 42) = foor(1,22) = (g1 ()25, go(x)a5s).
where

e A=Ay, = (“

Z is the non-negative 2 x 2 integer matrix that represents A; in
the bases for Ngr determined by ¢ and o”;
® g1, 9o : C? --s C are rational functions, well-defined and non-vanishing near (0,0);

e the zeroes and poles of gy, g, are the components of Exc(f).
In the coordinates on Ng = R? determined by identifying o with the first quadrant, we have

Err(p) := Logof(p) — As o Log(p) = Logofoo (2(p)) — ALog(z(p))
= (= loglgi(x)], —log |ga(x)])-
Hence if U C X is any neighborhood of Exc(f), we have that ||Err|| is uniformly bounded

on Log™!(7) \ U. This is conclusion (I} of Theorem .
For the conclusion ([2]), we note first the following special case.

Lemma 3.7. For any point ¢ € Exc(f)\ T that is not indeterminate for f, there ezists a
neighborhood U, 3 q such that conclusion (2) holds for p € U,.

Taking Lemma for granted momentarily, we finish verifying conclusion . Lemma
provides an open neighborhood U” of (Exc(f) \ T) \ Ind(f) on which the desired estimate
holds. Shrinking the neighborhood U of Exc(f), we may suppose that U\ (U'UU") is
compact in T and therefore K := Log(U \ (U’ UU")) is compact in Ng. So since p ¢ U’ by
hypothesis, if p ¢ U”, then either p ¢ U or Log(p) € K. In the first case, Conclusion (2)
follows from Conclusion (1). In the second case ||Af o Log(p)|| < R for some R = R(K)
independent of p; i.e. conclusion holds for p € K with constant C' = C(K) = R.

Proof of Lemma([3.7. By our choice of X, ¢ € C; for some ray 7 € 31(X). Let 0 C ¥5(X) be

the sector with 7 as its ‘righthand’ boundary ray, i.e. so that ¢ € Log™' (o) has o-coordinates
z(q) = (0, @) where 0 < || < 1. By choice of Y, we further have that Ay(7) € ¥;(Y) and
Ixv(q) € C’Xf(T). Necessarily A¢(7) is one of the rays bounding the sector ¢’ € ¥(Y') that

contains A (o). We suppose for argument’s sake that this is again the righthand ray so that
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f(q) has o’-coordinates y(f(q)) = (0, 3) for some 0 < || < 1. Since f,, preserves (0,0) and
maps {z; = 0} onto {y; = 0} implies that the matrix A in (4] has the form <g Z) where
a,d > 0 and b > 0. Finally, since ¢ € Exc(f) \ Ind(f), we must have that ¢;(0,a) = 0 and
(0, @) is not a zero or pole of gs.

If, in o-coordinates, U, C X is a small ball about (0, ), then |gi|y,| is bounded above
by 1 and U, N Exc(f) = {g1 = 0}. For p € U, \ Exc(f), we have that

ALog(z1,22) = (—alog|z1| — blog |22|, —dlog |zs|) & (—alog|z:1| — blog |, —dlog |al)
is uniformly near (—alog |x1],0); moreover,

Logo foor (21, x2) — Af(x1, 22) = (—log |g1], —log |g2(0, @)|)

is uniformly near (—log |g1],0). Since —alog |x;| and —log |g;| are both positive on U,, the
lemma follows. O

It remains to establish the third conclusion of Theorem [3.6f Since f~!(V) contains a
neighborhood of Exc(f) \ Ind(f), Conclusion (1) reduces the problem to verifying Conclu-
sion (3) on a small enough neighborhood U, of each of the finitely many points ¢ € Ind(f).
When ¢ € T, we have from Proposition that f(q) \ T C f(Exc(f)). Hence Conclusion
(3) holds near ¢ if the constant C' is large enough that f(¢) N {||Log|| > C} C V.

If, on the other hand, ¢ € Ind(f) N C. is external, then again by Proposition the same
argument works except that the point ¢ := flc.(q) € f(¢) \ T need not lie in f(Exc(f)).
That is, we have reduced to verifying Conclusion (3) at all points p € W N'T, where W :=
U, N f~1(Vy) and U, and V, are small coordinate neighborhoods of ¢ and ¢, respectively.
As in the proof of Lemma [3.7| our choices of X and Y allow us to choose sectors o € ¥o(X),
o' € ¥5(Y) such that ¢ has o-coordinate z(q) = (0, ) and ¢’ has o’-coordinates (0, 3) where
0 <al I8 < 1.

The matrix A in again has entries a,d > 0, b > 0 and ¢ = 0; therefore A Log(z1,x2)
is uniformly close to (—alog |x1],0) for p = (z1,22) € U,. If also, (y1,¥y2) € foor(x1,22) €
Vy, then |log|ys|| is bounded by definition. Likewise, log |y;| is bounded above. Hence
Logof(p) = Ay o Log(p) + Err(p), where Err(p) is uniformly close to (—log|g1],0) for p €
W NT, and the proof of Theorem [3.6| concludes with the following.

Lemma 3.8. IfU,,V, are small enough, then |g1| is uniformly bounded below on W NT.

Proof. Since p € Ind(f), g1 need not be defined at (0, ) or finite on U,NT. Let 7 : X — X be
a (necessarily non-toric) blowup of X at p chosen so that neither f = forland g = gor!
have points of indeterminacy in 7—'(U,). From here the argument resembles the one used
to obtain the last two assertions in Proposition . Let W =7 4(U,) N fﬁl(‘/;/) =7 YW).
Note that f maps {g; = 0} into {y; = 0}, i.e. outside T.

On the other hand {g; = 0} properly intersects the proper transform of the pole {z; = 0}.
Hence {g; = 0} consists of components of 771(q) together with components of the strict

transforms of Exc(f). The latter map by f outside V; and so do not meet W. Hence
{;(h =0} N W c 771(q) is a compact subset of W and must therefore be empty by the same
reasoning used in the third paragraph of the proof of Proposition . Shrinking U, and Uy
a bit if necessary, we conclude that |g;| is bounded away from 0 on W3 i.e. |g1] is bounded
away from 0 on W. O
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4. PUSHING FORWARD AND PULLING BACK

Any toric map f : T° --» T° induces linear operators f*, f. : Dy (T) — Dy 4(T). In [DR],
§8] we defined these indirectly, working first on toric surfaces and then passing to inverse
limits. Here we give an equivalent definition using local potentials and working directly on
Te.

Let T' € DLl('IAF) be a toric current. Since, by definition, 7" is a difference of positive toric
currents, we can assume T > 0. Given p € T° \ Ind(f), let U,V C T° be neighborhoods
of p, f(p) small enough that f(U) C V and T|y = dd°u for some v € PSH(V). Then
f*T|y := dd°(uo f). The resulting current on T° \ Ind(f) extends trivially across the finite
set Ind(f) to give a toric current f*T" € Dfl(’]AI‘) Similarly, if p € T°\ f(Exc(f)), we choose
neighborhoods V' 2 p and U D f~!(V) small enough that T' = dd°u for some u € PSH(U)
and then set f.T|y = dd°f,u, where

fau@) = > m(f,qu(g),

fla)=p'

and m(f, q) denotes the local multiplicity of f at g. The resulting current on T° \ f(Exc(f))
extends again to a toric current f,T € Df(T).

A

Proposition 4.1 ([DR], Proposition 8.3). If T' € Dy 1(T) is internal, so are f*T and f.T.
If T is an external divisor, then f*T" = D + E, where D is an external divisor and E s
an internal divisor supported on Exc(f). Likewise, f,.T = D'+ E', where D' is an external
divisor and E' is an internal divisor supported on f(Ind(f)).

With these definitions it is readily apparent that f*, f, preserve cohomological equivalence
and so descend to operators f*, f, : Hg'(T) — Hg'(T). These preserve effective and nef
classes and are adjoint for the intersection product (f*a-f) = (a- f.3) between classes

o, B € L2(T).
Proposition 4.2 ([DR], Proposition 8.6). The following are equivalent for a toric map f

e f is internally stable;
o ()" =(f™)* for alln > 0;
o (f)" = (f")s for alln > 0.

4.1. Pullbacks and pushforwards of homogeneous currents. The next result, which
ensures good control of potentials for pullbacks and pushforwards of homogeneous currents,
will play a key role in allowing us to construct measures of maximal entropy for toric maps.

Theorem 4.3. Let f : T° --» T° be a toric map, T € Dl,l(T) be an internal current and T
be its homogenization.

(1) The potential @ . for F*T— f*T is continuous and bounded outside any neighborhood

of Ind(f).
(2) If T is positive, then @ .t can be chosen to be negative.

(3) Any support function 1.z for *T is nearly homogeneous.

Note that since each class in HII{’1 (T) has a unique homogeneous representative, we have
for any internal T € DLl(']AI‘) that f*T = f*T and f.T = f.T.
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Proof. Any internal toric current is a difference of two positive internal currents, so we can
assume that T is positive. Thus [T] is nef, and 7 is convex.

We have on T° that dd(p7 o Log) = T — Dy and dd*(Y5r o Log) = f*T — Dy, where

~

Dy, Dy« € Dy 1(T) are nef external divisors. Hence

(5) dd®¢ g = f*T — f*T = dd“(¢p o Logof — Vg7 o Log) + f*Dr — Dyer.

In particular f* Dy is cohomologous to D-p. So Proposition tells us that f*Dp — Dy =
E — Dg, where E is an internal divisor supported on Exc(f), and Dg is an external divisor
cohomologous to F.

Lemma 4.4. Let E be the homogeneous internal current cohomologous to E. Then the
potential pg for E— E is bounded outside any neighborhood U C T° of supp E, in particular
outside a compact subset of T°.

Proof. Since supp F is compact in T°, we can choose a toric surface X be a such that E
is compactly contained in X°. It follows that the Tr-average E,,. of E is also compactly
supported in X°. Formula implies that supp £\ T C supp E,. \ T, so it further follows
that £ is compactly supported in X°. Thus, ¢g|xo extends to X as a function that is
pluriharmonic in a neighborhood of each T-invariant point of X. On the other hand, local
potentials for F are continuous near any point in X°, so it follows that ¢ is continuous on
X \ supp F and therefore bounded outside any open U C X that contains supp E. Shrinking

so that U € X° C T° concludes the proof. 0

We return to the proof of Theorem . Potentials on T° are unique up to additive
constants, so adding and subtracting F on the right side of , applying Lemma and
dropping dd’s, leads to the identity

@pep = Y7 o Logof — g o Log +pp — Y5 o Log +C)
for some constant C; and support function 1z for E. Rearranging gives

(6) @7 —v—pr = (Yp oAy — 7+ ¥g) o Log,
where the function in parentheses on the right is positively homogeneous; and on the left
side

v :=1roLogof — vz oAsoLog—Ch.

We claim that both sides of @ actually vanish.

To see this, note that the left side of @ must also be homogeneous. Hence it does not
change if we average with the action of Tr and then homogenize (as in ) each of the three
terms on the left side. On the other hand, dd°psr and dd°pp are internal currents repre-
senting the trivial class in Hlll’l('ﬂ‘). Since 0 is the unique homogeneous current representing
this class, it follows that the homogenizations of ¢« and ¢g both vanish.

Concerning v, we note that since 17 is convex and positively homogeneous, it is uniformly
Lipschitz on Ngr. Let Cy < 0o be the Lipschitz norm. Since Exc(f) is internal and therefore
compactly supported in ']T'O, Corollary tells us that it lies in the interior of a star @)
directed by finitely many rays in Ngr. We invoke Theorem to obtain a constant C3(Q)
such that

”U| S Cl + 02 HLOg Of — Af o LOg” § Cl + 0203.



18 September 4, 2025

on T\ Q. It follows that the homogenization of v vanishes outside Log(Q NT). In particular,
it vanishes asymptotically along all but finitely many rays of Ng. By homogeneity and
continuity it vanishes altogether, proving our claim about the left side of @ Thus

P = Pp+ 0.

Propositiontells us that local potentials for T are continuous, so local potentials for f*T
are also continuous except at points in Ind(f). Thus @7 is continuous on T° \ Ind(f). On
the other hand, we have already seen that ¢g and then v are bounded outside the compact
set @ C T°. Hence @¢+7 is bounded outside (). Since @ is compact, and ¢ is continuous
away from Ind(f), we conclude that ¢ ;.7 is bounded outside any neighborhood of Ind(f),
which is the first conclusion of Theorem [4.3

Assume now, to get the second conclusion that 7T is positive. Then T' and f*T > 0 are
positive, too, so that local potentials for each are bounded above on compact sets. On the
other hand, we have from Proposition that local potentials for 7% are also uniformly
bounded below on compact sets. It follows that we can subtract a constant from .z to
arrange @7« < 0 on a neighborhood of each of the finitely many points of Ind(f). By the

first conclusion we can increase the constant so that ¢s.z. < 0 everywhere on Te.
To obtain the third conclusion, we recall from the discussion after Theorem that if
Qo7 ave 18 the Tr-average of ¢ ., then (up to an additive constant)

wf*’f,cwe © LOg = szf*iT © LOg +90f*’1_“,a1)e'

Hence 9. differs from a positively homogeneous support function by a function that is
bounded outside Log(Q N'T) for the compact star ). So Proposition implies that 9.z
is nearly homogeneous. ]

The analog of Theorem [4.3] for pushforwards also holds.

Theorem 4.5. Suppose that f : T° — T° is a toric map whose tropicalization Ay : Ng — Nr

is injective (hence a homeomorphism). Let T € Dy1(T) be an internal current and T be its
homogenization.

(1) The potential oy 7 for f.T — f.T is continuous and bounded outside any neighborhood
of f(Exc(f)).

(2) If T is positive, then @, can be chosen to be negative everywhere on T°.
3) The support function = for f.T is nearly homogeneous.
pp T Y g

Proof. Mostly the argument is the same as for Theorem with f* replaced by f. through-
out. The extra hypothesis gives us the necessary control of the difference

v = f.(br 0 Log) — Aa(A} 7)o Log

as follows. If U C T° is any neighborhood of f(Ind(f)), then by Theorem (1) there is a
neighborhood V' C T° of Exc(f) such that f(V) C U. Hence any p € T \ U has exactly Ay
distinct preimages g € T°, and all such ¢ lies in T \ V. Hence by Theorem

|As o Log(q) — Log(p)|| < C

for some constant C' = C(V'). Since Ay is a piecewise linear homeomorphism, it has an
inverse that is piecewise linear and therefore uniformly Lipschitz. Hence, after scaling C' by
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the Lipschitz constant of AJIl, we obtain
|Log(q) — A7 o Log(q)|| < C.
Thus for p € T\ V the definition of pushfoward of a function gives us

v(p) =|| > wrolLoglg)— D  (YroA;')oLogp

qef~1(p) qef~1(p)

< Lip(¢r) | Y (Log(g) — A;' o Log(p))|| < Cha,

qcf~1(p)

where Lip(¢5) denotes the Lipschitz constant of ¢)z. O

4.2. Equilibrium currents. Following ideas of [BEJ] we showed in [DR] that when f is
internally stable, the first dynamical degree A\;(f) described in §l}is the leading eigenvalue
of the operators f* and f. on Hfli’l('ﬁ‘o). With more restrictions, we showed that this can be
seen in a particularly strong way on the level of currents.

Theorem 4.6. Let f: T° --> T° be an internally stable toric rational map with small topo-
logical degree whose tropicalization Ay is a homeomorphism with irrational rotation number.

Then there are internal currents T, T, € Dfl (T) uniquely determined by the following con-
ditions
o (T*-T*)=(T"-T,) =1.
o for any other internal current T' € Dy 1(T), we have
lim T (T-T,)T" and lim s

n—oo A} n—oo AP

= (T-THT,

We will call T, and 7™ the forward and backward equilibrium currents for f. The hy-
potheses imposed on f by Theorem will be default assumptions for the remainder of this
section and throughout the rest of this paper. The condition A;(f) > A2(f) implies among
other things that f is not a monomial map. The condition that Ay has irrational rotation
number implies that f is not invertible, i.e. that Ao(f) > 1.

Our goal in this subsection is to prove several results about the equilibrium currents 7%
and T, that will be used below but were not established in [DR].

Proposition 4.7. Both currents T* and T, in Theorem [{.0 represent Kdhler classes in
Hg' (T).

Proof. We give the argument for [T*]. The argument for [T}] is identical. Fix a toric surface
X. Since T* is positive, non-trivial and internal, we have (T*-C;) > 0 for some pole
C, C T°. So for every n > 0, we have

(T* : CA?(T))) = (T f(C,)) = (T* - f1C,) = e (f¥T* - Cr) = o\t (T* - Cy) > 0,

where ¢, = deg(f"|c,)~*. Since A; has irrational rotation number, we conclude that T* has
positive intersection number with poles indexed by a dense set of rational rays in Ng.

Now fix a Kéhler surface X, a sector o € ¥5(X), and n > 0 such that A%(7) lies in the
interior of 0. Let Y > X be a toric surface such that f"(7) € £,(Y). If 7/ € ¥;(X) is one
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of the rays bounding o, then 73, xC. € Div(Y) is an effective Z-divisor that includes Cfn (-
in its support. Hence

(Tx - Co)x = (myxi Ty - Co) x = (Ty - 1y x Crr)y = (T3 - Cpngry)y = (T - Cpary) > 0.

Thus [T7] has positive intersection with every pole of X, which implies that [T%]y is Kéhler.
We conclude that, by our definition, [T*] is Kéhler in Hg' (T). O

To prove existence of the equilibrium currents in [DR], we first established the existence
of invariant classes [T*],[T,] € Hy'(T°) and then employed a telescoping series argument,
which goes as follows for T*. By uniqueness of the homogeneous current T representing
[T*] and invariance, we have that W = M\ T*. Let, therefore, ¢ := AT e be a potential
for A1 f*T* — T*. We showed that the sum
oS

(7) P = )\711

n=0

converges in L}OC(TO), and that the backward equilibrium current is then T* := T* + dd pr-.

Theorem allows us to assume that ¢ is negative. Since all partial sums S, of the
series satisfy dd®S,, > —T*, we have the following strengthening of the results in [DR].

Corollary 4.8. The partial sums of the series defining 7+ are monotone decreasing
and converge pointwise to or«. The same is true of the analogous series defining T.

Recall the ‘extended indeterminacy sets’ Ind(f*°) and Ind(f~>°) defined for internally
stable toric maps after Definition |3.3

Corollary 4.9. Under the hypotheses of Theorem [{.0, we have the following for any pole
C, c T°.
(1) The intersections Cr N Ind(f*°) and C. N Ind(f~>°) are finite.
(2) or«|c. is continuous off Ind(f*°) and ¢r,|c, is continuous off Ind(f~°).
(8) There is a uniform constant C, independent of T, such that if C. does not meet
Ind(f*°), then |pr«| < C on C,, and if C. does not meet Ind(f~>°) then |p7,| < C

on T.

We will prove a much stronger version of this result for ¢« below (see Theorem .

Proof. The hypothesis that A is a homeomorphism with irrational rotation number implies
that every ray in the bi-infinite sequence (A%}(7))nez is distinct. Since there are only finitely
many points in Ind(f) and f(Exc(f)), and f*(C7) = Cap(r), we see that f"(C:) contains
points in Ind(f) and f(Exc(f)) for only finitely many n. This proves the first assertion.
Given p € C; \ Ind(f*), it further follows that there are neighborhoods U,V C T° of
p and Ind(f) and such that f*(UNC;)NV = 0 for all n € Zso. Theorem tells us
that ¢ is continuous off V| so ¢ o f™ is continuous on U N C, for all n > 0. Moreover, the
values |(po f™)(q)| are uniformly bounded in both n and ¢. The series (7)) therefore converges
uniformly to a continuous function @7+ on U. In the particular case that f"(C;)NInd(f) =0
for all n > 0, we have that f*(C;) = C’A}L(T) can only intersect a pole Cs containing some
point of Ind(f) at one of the two T-invariant points of C,.. We therefore can choose U to
contain all of C. and V' to be any neighborhood of Ind(f) that meets only poles containing
points in Ind(f). So V is independent of 7 in this case, which implies that the series is
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uniformly bounded by a constant that does not depend on 7. This proves the second and
third assertions for ¢p«. The arguments for ¢, are identical. 0

Remark 4.10. Theorem and Corollary together give an alternative proof of the exis-
tence of the equilibrium current 7%, i.e. of the convergence of the series . As noted above,
Theorem allows one to assume that the partial sums of are decreasing. Corollary
shows that the limit is not —oo everywhere on T°. The fact that the partial sums are all
T*-psh and Hartog’s Compactness Theorem [GZ, Theorem 1.26] for psh functions therefore
imply that the series converges both pointwise and in L'. While this is shorter than
the argument in [DR], it is not sufficient for our purposes. We need that pullbacks of more
general positive internal currents, in particular those not cohomologous to multiples of T*,
converge to multiples of 7. Showing this still seems to require the methods of our earlier
paper.

Proposition 4.11. Suppose that f is a toric map satisfying the hypotheses of Theorem 4.0
and C' C T° is a curve. Then for all n > 0 large enough, we have

(SHONT)NInd(f*) =0 = (f7(C)\T) N Ind(f 7).

Proof. The restriction f : T° \T — T° \ T of f to the countably many poles of T° is a
well-defined (even at points in Ind(f)) finite holomorphic map satisfying f(Cr) = Ca () for
each pole C,. And for any n > 0, we have

FHONT C fHC\T) U f*(Exc(f)).
By internal stability f™(Exc(f™)) NInd(f°) = 0. So Ind(f*)N (f*(C)\T) c f*(C\T). On
the other hand, only finitely many poles meet Ind(f), and since Ay has irrational rotation
number no pole is periodic. So for any pole C; that there exists N > 0 such that C’A}L(T) is

disjoint from Ind(f) for all n > N. Since C' itself meets only finitely poles of T, it follows
that f*(C'\ T) NInd(f) = 0 for all n large enough. Hence (f™(C)\ T) NInd(f>°) = 0 for all
such n. The proof that f~™(C) \ T is disjoint from Ind(f~>°) for large n is similar. O

Corollary 4.12. Suppose that [ is a toric map as in Theorem@ and C C T° is a curve.
Then the restrictions pr«|c, ¢r1.|c are not identically —oo. In particular neither T nor T,

charge curves in T°.

Proof. This time we focus on T, instead of T*. Suppose to get a contradiction that pr, |c =
—o00. By invariance of T, we have that (up to additive constants)

Apr, = op1, = ALfeor, + Q-

The function ¢ 7 is continuous everywhere on T\ f(Exc(f)) by Theorem . Hence
fxpr.|c = —oo. From the definition of pushforward, we infer that ¢, |¢, = —o0, for some
curve O (an irreducible component of f~(C)) such that f(C;) = Cy. Repeated application
of the same argument gives a sequence of curves (C});>o with Cy = C, such that f(C;41) = C;
and @7, |¢; = —oo for all j. But Proposition 4.11:implies that C,,\ T is disjoint from Ind(f~)
when n is large enough. Hence Corollary tells us that ¢, cannot be infinite at any point
of C,, \ T. Since every curve contains some point outside T, we have our contradiction. It
follows immediately that T, does not charge C. U

In the case of T* we can improve a bit on Corollary
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Corollary 4.13. The Lelong numbers v(T*,p) of the equilibrium current T* vanish except
when p € Ind(f*°). Hence T* does not charge analytic disks in T°.

Proof. The statement about Lelong numbers is [DR, Theorem 10.2]. Hence the Lelong
numbers of T™ are positive at most countably many points in T°. This is inconsistent with
the fact that a positive closed (1,1) current that charges a non-trivial analytic disk if and
only if its Lelong number is positive at all (uncountably many) points in the disk. O

Remark 4.14. Tt seems likely to us that, since f has small topological degree, Lelong numbers
of T, vanish except at points in Ind(f~>°). One can at least show without difficulty that
these numbers vanish except at points in the forward orbit of Ind(f) (a countable union of
curves). This weaker fact plus Corollary is sufficient to verify that T, doesn’t charge
analytic disks either. But we do not use this in the sequel.

Theorem 4.15. Support functions - and r, for the currents T* and T, in Theorem [{.0
are nearly homogeneous.

Proof. Again, we prove the result only for T*. Let ¢y« be a support function for T and
(then) v7. be the support function for T* obtained by homogenizing 17-. Let T be the
Tr-average of T*. Recall that 7. = ()7 —1p«) 0 Log extends from T to T° as a potential
for T, — T*. Recall from Theorem and Proposition that ¢y« — 5. is continuous,
non-positive and non-increasing along every ray 7 C Ngr. Our goal is to prove that it is
uniformly bounded below. By Proposition [2.8] it suffices to prove this only on a dense set
of rays 7 C Ngr.

Let C; be (asine.g. Corollary a pole such that CA?(T)ﬂInd(f) = (for allm > 0. Since
moreover, A, has irrational rotation number, the rays A?(T) are dense in Ng. Corollary
tells us that the potential pp. for T — T* given by is uniformly bounded on J,~, C’A}L(T).
Hence the the Tr-average @7+ gve 0f ¢+ is uniformly bounded on the same set. Since OT* ave
is another potential for 77, — 7™ it differs from the function o7+ in the previous paragraph

by a constant. On the other hand, we have for any v € N that
tliglo(wT* — ) (V) = @1 ave(P),

where p = lim, ,¢v,(z) € C AR (r) for 7, : C* — T the one parameter subgroup associated to v.

It follows that 1« —)p. is uniformly bounded along A?(T) by a constant that does not depend
on n. Proposition 2.8 now yields that the support function - is nearly homogeneous. [J

5. A CONTINUITY RESULT

From now until the end of the paper, we take f : T° --» T° to be a toric rational map
satisfying the hypotheses of Theorem [1.2| That is,

(1) f is internally stable.
(2) A2(f) < Aulf)-

(3) Ay is a homeomorphism with irrational rotation number.

(4) Ind(f)NT = 0.

Assumption (1) implies that the forward and backward indeterminacy orbits Ind(f>°) and
Ind(f~°°) are disjoint from each other. Assumption implies they are also disjoint from
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T. Assumption |3| implies that they meet each pole of T° in at most finitely many points.
Hence Ind(f*) and Ind(f~>°) are each closed and discrete in T°.

The results about equilibrium currents in §4] all apply more or less equally to 7* and 7.
The main result of this section, which directly implies Theorem above, is specific to T™.
We do not know whether the analogue for T} is also true.

Theorem 5.1. If [ : T° --» T° is a toric map satisfying the hypotheses of Theorem
then the series @ defining a potential pp« for T* —T* converges uniformly on any compact
subset of T°\ Ind(f*°) to a continuous function.

For the remainder of this section, we fix an R-linear identification Ng = C. We let ||-||
denote the norm and <(+,-) the angle measure induced by the standard Euclidean metric on
C. As the next result makes precise, the condition on the rotation number of A; guarantees
that the tropicalization Ayn = A’ is nearly conformal for large n. On the other hand, all of
the hypotheses of Theorem remain true if we replace the map f by an iterate, so we will
be able to assume henceforth that A itself is almost conformal.

Lemma 5.2. For any fized 6 > 0, we may replace f in Theorem with an iterate f™ in
order to arrange that

(1) for any v € Ng
[A 0]

o]

1/2,

e~ I\L/2 < < e§A2 ;

(2) and consequently for any v,v'" € Ng.
<A, Ap') < (v, ).
Proof. Conclusion (1)) follows from [DR] Theorem 5.5], so it remains to show how this implies
the second conclusion. Recall from Theorem that Nr decomposes into a finite union of
closed sectors @ such that Ay is linear on each. Since Ay is a homeomorphism, the second
and last conclusions of Theorem [3.4] give us that Ay(f) = |det Ay| on each &.
It suffices to prove (2)) when <((v,v’) is small. In particular, we can assume v, v’ lie in some

sector o where A is linear. Using our identification Ng = C, we obtain a,b € C such that
(without loss of generality) |a| > |b]

As(z) = az+ bz
on . Conclusion then gives
B Jol+ Bl _ o
lal — la| — 1]
and hence 1 + 3|b|/|a| < €. Let § > ¢ be the arguments of v and v’. Then
—i20
<(Apo, Ap) = (0 — ¢) + arg (%)
< (0 —¢)+arg (L+ (bfa)(e ™™ —e ) +.-+)
< (60— ¢) +3|b/al(0 — ¢) = (1 +3|b/al)<(v,v') < e*<(v,').
Replacing § with §/3 completes the proof. O

With Lemma[5.2] we derive some consequences of Theorem [3.6] for ‘tropical approximation’
of forward iterates of f.
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Proposition 5.3. Suppose that the toric map f in Theorem [5.1] satisfies the conclusions of
Lemmal5.9 Given open sets U D Ind(f) and V D f(Exc(f)), there exist C1,Co > 0 such
that the following hold for any p € T.

(i) If fi(p) € U for all 0 < j <mn—1, then
ILogos eIl = (e7*2y*)" (ILog(p)l| - C1).
(ii) If f7(p) € V for all 0 < j <mn —1, then

ILogof" @Il < (2A)" (ILog(p)l| + C1).

(iii) If f7(p) € U, fi*(p) € V for all0 < j < n—1 and |Log(p)|| > 2C}, then for any
7 € Nr we have

<(Logof"(p)), A(r)) < e <<<L°g<p)’ D ch;( >ll>

Proof. Concerning (i), let C' > 0 be the constant from ( of Theorem [3.6) (Wlth U :=U).
Iteratively applying that estimate together with conclusmn of Lemma gives (i) with

0y = Og (a%”) o

The proof of (ii) is similar.
Concerning (iii), we have from Conclusion of Lemma [5.2f that

<(Logof(p),As(r)) < <(Logof(p),AsoLog(p)) + <<(Ay o Log(p), As(7))
< <(Logof(p),As o Log(p)) + €’ <t(Log(p), 7).

Meanwhile, the conditions p € U, f(p) ¢ V, and Conclusion of Theorem give
| Logof(p) — AfLog(p)|| < C and therefore

(8) <(Logof(p), Ay Log(p)) < arcsin ( ¢ ) T C

[Logof(p)ll) ~ 2 Logof(p)]’
where we have used that arcsin(z) < Zx for all € [0,1]. Thus
<(Logof(p), Ag(r) < e <(Log(p). 7) + &1
S 7 2[Logof(p)]
Repeating this estimate with f(p),... " *(p) in place of p, we obtain
On <& ed(n—j)
<(Logof™(p)),A%r) < <(Log(p),T)e’™ + — _
- Cr
< | a(Log(p), ) + )
( Z 224 (| Log(p) ]| — C)
Cy
< (<I Log(p), >
(Lo8®)- ™)+ TLog ]

The second inequality follows from the assumption Log(p) > 2C} and the lower bound on
[Log o f7(p))|| from (i). The third inequality follows from ||Log(p)|| — Ci > 1 ||Log(p)| and

taking Cy := O 3270 0,72, O
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Proof of Theorem[5.1] Since f has small topological degree, we may choose 6 > 0 so that

(9) N (f) < X < M(f).

We have A2(f™) = Ao(f)™ and, by internal stability, A1(f") = Ai(f)™, so (9) holds with the
same ¢ if we replace f with a forward iterate f". Likewise, f" satisfies the hypotheses of
Theorem whenever f does. So since the equilibrium currents 7™, T, are the same for f"
as they are for f, we may begin by replacing f with an iterate in order to assume that the
conclusions of Lemma [5.2 hold for ¢ in (9)).

Let K C TO\Ind(foo) be a given compact set. By Corollary, KcQQ=Q(n,...,75,R)
for some star Q C T°. Increasing R and adding to the finite set ,(Q) := {r,...,7s} of
rational rays 7; C Ng that direct @), we may assume that ) contains the finite sets Ind(f)

and f(Exc(f)).
Let ¢ := py-1pupe be as in (7). Fix a point ¢ € Ind(f) and a local coordinate z centered

at ¢g. Then (see e.g. [BDI Proposition 1.2]) ¢(z) > —C'log ||z|| for some constant C' > 0.
Theorem 4.3 tells us |¢] is bounded on the complement of any neighborhood of Ind(f), so it

will suffice to fix a Riemannian distance function on T° and show that
— log dist(f/(p), Ind f)
(10) > N

=0
converges uniformly on K. Each term of this series is continuous on K, so it will further
suffice to prove this only on the dense subset K NT.
Since Ay has irrational rotation number and () is finite, we can choose ng € N suffi-
ciently large so that A’}(7) & X;(Q) for any 7 € 31(Q) and n > ng. We then choose an open
set U C @ such that

(11) Ind(f) CU and Uﬂ@fj(K)zw.
=0

Similarly, since f is internally stable, we can choose an open set V' C () such that

no
(12) f(Exc(f)) cV and UN|JF(V)=0.
=0
These are the ‘excluded’ neighborhoods we will use when applying Proposition [5.3|
Fix a number A € (e® Xy, A1) and suppose to get a contradiction that the series (10)) does

not converge uniformly on K N'T. Then for arbitrarily large n € N there exists p = p(n) €
K N T such that

(13) | log dist(f"(p), Ind(f))] = A™.
Hence (for n large enough) f™(p) € U, and there is a constant C5 > 0 such that
(14) [ Log o f"(p)[| = C5A"

for all such n. Finally, by Conclusion (1) of Corollary [£.9] Ind(f~>°) neither intersects nor
accumulates on Ind(f), so we may assume that f"(p) ¢ Ind(f~°). Hence the orbit segment
P, .., f"(p) is completely contained in T.

From here the general idea is that since Logof is well-approximated by Ay o Log, the
fact that p and f™(p) both lie in @) suggests that there are arbitrarily large n and rays
7,7 € ¥1(Q) such that A%(7) = 7. But this is impossible, because the set 3(Q) of rays
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directing () is finite, whereas no ray in Ng is periodic by A;. Proposition allows us to
make this idea precise, but the details become a little involved since the relationship between
f and Ay breaks down for orbits that pass near Ind(f) and/or f(Exc(f)). In any case, to
proceed we fix a positive integer n as in . All statements and inequalities that follow
will be understood to hold for ‘sufficiently large’ such n. The meaning of ‘sufficiently large’
will become clear gradually, increasing several (but finitely many!) times as the argument
progresses. All constants C; that appear will be otherwise independent of n and will remain
the same from the moment they are introduced.

We let ¢ = " %(p) be the last point in the orbit segment p, f(p),..., f*(p) that lies in
the open set V' from . If no such point exists we take ¢ = p, i.e. kK =n. Our choice of ¢
allows us to apply Proposition to obtain

" < [Logof" ()| = [[Loger* (@] < (¢A?)" (ILog(@)] +C).
Since A > e* )y > 66/\;/ 2, this implies for sufficiently large n that

(15) | Log(q) al

3
| > Em > max(R, 2C").
2

Since ¢ € V C @, we also have a ray 7 € %1(Q) such that dist(Log(q),7) < R, where R is
the width used in defining ). From this and , we infer

9 S\ 1/2\k 5\ 1/2\k
(16) <(Log(q), 7) < arcsin <£ . (ei\—2n> < % : (ei\—2n>.

Now let £ be the smallest positive integer such that f“(q) € U. Since ¢ € V and f*(q) =
f™(p) € U, we have ng < ¢ < k by . Then UNT C Q implies dist(f*(q),7) < R for some
7€ %1(Q). So since {f“(q),..., f"(q)} NV =0, we can repeat the argument for to
obtain

5 \L/2\k—t O \L/2 )kt
(1) a(Logof(q), 7) < aresin (g_R . %) < T

Moreover, by construction, the orbit segment {q, f(q),..., f'(¢)} meets V only at ¢ and U
only at f“(q). So and the last conclusion of Proposition [5.3| give
(18)

C, (65)\1/2) (625)\1/2)k
L o). AL < oot L < (o0l 2 < 2 )
a(Logof (a). A5(r) < o (<(Logla) ) + ot ) < it 520 < 0
Together and imply that
26)\1/2
(19) aapin). 7)< o2 L

But 7 € ¥,(Q), whereas ¢ > ngy implies that Aff(T) ¢ 31(Q), so we claim ([19)) is impossible
for n large.

To see this, let v € N\ {0} be the primitive vector on 7. Note that since 7 is one of finitely
many rays in %1(Q), we have ||v|]| < Cg for some constant Cg depending on ¢ but not on
the particular ray 7 (i.e. not on n). Finiteness of ¥;(Q) also implies that

min{dist(0,7) : 0 € N\ 7} >C7 >0
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for some constant C; depending on () but not on the particular ray 7. Hence
C; C
UAY(7), 7) = 2€(AY(0),7) 2 775 > Ve
1aG0ll ~ Colerry)
Putting this together with , rearranging and using that ¢ < k < n, we obtain that
™ S 08(635>\2>n

for all sufficiently large n. This contradicts A > €39 ),, justifying our claim, and completing
the proof of Theorem [5.1] O

For later reference we note the following consequence of Theorem [5.1]

Corollary 5.4. Let f be as in Theorem and dist denote a Riemannian distance on T°.
Then for any curve C' C T°, the intersection Ind(f*)NC is finite, and there exist constants
AB>0

or+(p) > min{—B, Alogdist(p, Ind(f>*)NC;)}.
forallp € C.

Proof. Corollary gives that Ind(f*°) N C' is finite when C' is a pole. Finiteness holds for
internal C' because under the hypotheses of Theorem Ind(f*)nC c C\T, and the
latter set is always finite. If in either case, C'N Ind(f>°) = 0, then ¢r«|c is bounded. When
C is a pole, this is the final conclusion of Corollary . When C' is internal (and therefore
compact in TO), this is an immediate consequence of Theorem [5.1}

For a general curve C', we apply Proposition to obtain n > 0 such that f"(C) N
Ind(f>°) = (). By invariance of T*, we have

ALor = o+ 0 [ + Qpna,
where the first term on the right is bounded on C' by our choice of n, the second term is
bounded above everywhere on T° by Theorem , and

@ preps > max{—A logdist(-, Ind(f")), —B}.
for some A, B > 0 by Conclusion (1) of Theorem {4.3| and e.g. [BDIl, Proposition 1.3] O

6. WEDGE PRODUCTS AND ENERGY

We begin this section by reviewing a general potential theoretic approach for intersecting
positive closed (1,1) currents that was initiated by Bedford and Taylor [BT1] and further
developed by many others. Our treatment suffices for the purposes of this article, but
nearly all of the results below hold in substantially greater generality (see e.g. [DDG2]). In

Subsection we extend the wedge product to be considered on the toric limit surface T°.

6.1. Wedge product on a compact Kahler surface. Let X,w be a compact Kahler
surface and PSH(w) denote the set of functions u € L'(X) such that w + dd°u > 0. Note
that PSH(w) € PSH(Cw) for any C' > 1 and if &’ is any other Kéhler form, then there exists
C > 1 such that PSH(C~'w) C PSH(w') C PSH(CW'). Hence QPSH(X) := {Jo., PSH(Cw)
is independent of the choice of w.

Definition 6.1. A regularizing sequence for v € PSH(w) is a decreasing sequence (u;) C
PSH(w) N C*°(X) that converges pointwise to .
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A proof of the following can be found in the book by Guedj and Zeriahi [GZ, Proposition
8.16]

Theorem 6.2. Any u € PSH(w) admits a reqularizing sequence.

For the remainder of this subsection, we fix a positive closed (1,1) current S on X and let
L*(S) denote the set of Borel measureable functions on X that are integrable with respect
to the trace measure w A S. Then L'(S) is independent of w and includes e.g. all bounded
Borel measurable functions, hence all bounded gpsh functions on X. Less obviously L!(S)
includes gpsh functions that are unbounded on small enough sets. The following particular
case of [Dem2, III, Theorem 4.5] will be useful to us in the sequel.

Proposition 6.3. If I C X is a finite set and u € L'(X) is a qpsh function that is locally
bounded on X \ I, then u € L'(S) for any positive closed (1,1) current S on X.

The main idea of the Bedford-Taylor construction (in our context) is that for any u €
PSH(w) N L*(S), the product uS is itself a (1,1) current and we can formally set

(20) TAS:=wAS+dd(ul),

where T := w + dd“u. We say in this case that ‘the wedge product of T" and S is well-
defined’. If, moreover, (u;) regularizes u, then the monotone convergence theorem gives us
that u;S — wS as currents. Hence (w+ddu;) NS — T'AS, and T'A S is therefore a positive
Borel measure with total mass equal to that of w A S.

Lemma 6.4. Suppose that X is a Kahler surface and 7 :Y — X is a birational morphism.
Suppose T is a closed positive (1,1) current onY, thatu € QPSH(X) and that vorwr € LY(T).
Then

e (dd°(wom) Ay T) = ddu Ax m,T.
Here, the m, on the left hand side of the equation denotes the pushforward of Borel measures.

Proof. Since u € QPSH(X) we can suppose that u < 0. It suffices to prove for any smooth
test function g that

/(gOW) ddc(uow)/\T:/ g dd°u A, T.
Y be

Integration by parts gives that this is equivalent to

/(UOW)ddC(gOW) AT :/ u dd’g AN, T.
Y be

We can write dd°g = w; — wy where w; and ws are Kahler forms on X. Therefore it suffices
to show for any Kahler form w on X that

(21) /(uow)ﬂ*w/\T:/uw/\ﬁ*T.

If u is smooth this follows from the definition of the proper pushforward w,T. Otherwise,
one can choose a regularizing sequence (u;) for u. Equation holds with u replaced by
u; for each j € N and the result then follows for v by applying the monotone convergence
theorem to both sides. U

The next result guarantees (among many other things) that when both currents involved
represent Kéhler classes, the Bedford-Taylor definition of wedge product is symmetric.
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Theorem 6.5. Given Kdhler forms w,w’ on X, u € PSH(w) and v € PSH(W'), let T =
w+ ddu and T" = W' + dd°v. Then u € LY(T") if and only if v € L}(T). If either (and
therefore both) of the integrability conditions hold and (u;), (v;) are reqularizing sequences
for uw and v, then we further have

TAT = lim T; AT

j—o0
weakly as Radon measures.

We will obtain Theorem as a special case of a more general result. In order to state
and prove the latter, we associate to the above current S a non-negative and symmetric
bilinear form on C*°(X):

(22) (u,v)g ::/du/\dcv/\S:/—uddcv/\S:/—Uddcu/\S.
We let [Jul| 4 == (u, u>fg/ ? denote the associated S-energy seminorm. When restricted to w-psh
functions the pairing (u, v)s has a useful monotonicity property.

Proposition 6.6. For any smooth functions u,u € PSH(w) and v,0 € PSH(W') such that
u > u and v > v, we have

(u,v)s < (@, )5 + [lu — aHLl(S/\w’) + v - 17||L1(S/\w) :
In particular
2 - - 12 -
(23) Jullg = llu =@l spw) < (w@)s < allg + llu—all 1 gpw) -

Proof. Integration by parts gives the following identity.
(24) (u,v)g — (U, V)5 = /(il —u)ddvA S+ /(17 —v)dda N S.
Since dd°v > —w', dd“t > —w and u > @, v > 0, we obtain

(u,v)S—(ﬂ,f})gS/(u—ﬂ)w'AS+/(v—ﬁ)wAS.

This gives the first inequality. The second inequality follows from applying the first twice
with w = W'

(u,u)g < <u,ﬂ>g+/(u—ﬂ)w/\5§ <ft,ﬂ>g+2/(u—ﬁ)w/\5.
U

Corollary 6.7. Given u,v € QPSH(X) N L'(S) with regularizing sequences (u;) and (v;),
we have

lim (uj,v;)s :/—uddcv/\S :/—vddcu/\S € RU {4o00}.

J—00
In particular, uw € L'(dd°v A S) if and only if v € L*(ddu A S).

The wedge products in the conclusion should be interpreted in the Bedford-Taylor sense:
i.e. technically,

dd°u A S = dd°(uS),
which is a signed measure with finite total mass on X.
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Proof. Since any two Kahler forms on X are comparable, we may suppose that u,v,u;,v;
are all w-psh for the same Kéahler form w. Given indices j < k, we apply the estimate in
Proposition [6.6] to obtain

(uj, v5)s = [lvj; = Vel prgonsy < (ug, vk)s < (up, vi)s + ([t — gl 1 ons) -

Since u; — w and v; — v in L'(S), the L' norms on both sides tend to 0 as j — oco. In
particular (u;,v;)s is asymptotically increasing with j and must converge to its supremum
(which might be co). Moreover,

lim (uj,v;)s < lim lim (uj, v5)s < lHm (ug, vg)s.
j—00 j—00 k—00 k—o00

The middle term may be rewritten as
lim lim [ —ujdd“vy NS = lim [ —u;ddvANS = / —uddv NS,
j—00 k—o0 j—o0

where the first equality is from weak convergence of vy AS to v AS and the second is by the
monotone convergence theorem. Hence (u;,v;)s — [ —udd®v A S. Switching the roles of u
and v gives the other inequality in the corollary. 0

Proof of Theorem[6.5. That u € L'(T") if and only if v € L*(T) follows from taking S = w
in the final assertion in Corollary If ¢ € C°(X) is a test function, then dd“y = w; — wsy
can be written as a difference of Kahler forms. We then have

lim [ ¥ ddu; ANddv; = lim | u;dd®vj A dd“y = /u dd°v A\ dd“y = /w dd“u A dd‘v,
j—o0 Jj—o0

with the middle equality justified by Corollary (with S equal to each wy for k = 1,2)

and the other equalities being integration by parts. Hence

/wTjAT; = /wTjAw’Jr/gbwAddej+/wddcujAddcvj
— /wT/\u/—ir/ww/\ddcv—l—/wddcu/\ddcv:/wT/\T’,

which concludes the argument. 0
Theorem and Corollary [6.7| allow us to extend (-, -)g to all of QPSH(X) N L!(S) via
(25) (u,v)g := /—u ddv A S

Since u € QPSH(X) is bounded above by some constant and ddv is bounded below by a
negative multiple of the trace measure wAS of S, the integral is well-defined, though possibly
equal to +00. Approximating u and v with regularizing sequences shows that (-, -)s remains
non-negative and symmetric. Hence the Cauchy-Schwarz inequality implies it is finite on the
real cone
ENS) = {ue L'(S)NQPSH(X) : |lulg < oo},

which includes all bounded gpsh functions on X. Theorem|[6.2]and Corollary[6.7]immediately
imply the following.

Corollary 6.8. The identity holds for all u,v,u',v" € EY(S). Hence so do all conclu-
sions of Proposition [6.0,
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With a bit more effort, we can also broaden the scope of Corollary [6.7]

Corollary 6.9. Let (u;) C £'(S) N PSH(w) be a decreasing sequence with limit u € L'(S).
Then

i g = .
Hence (-,-)s is similarly continuous with respect to decreasing limits on £'(S) N PSH(w).

Proof. Since u # —oo, it follows from Hartog’s Compactness Lemma (e.g. [GZ, Theorem
1.46]) that u € PSH(w) and by Monotone convergence that u; — u in L'(S A w). Hence, in
particular, (u;) is Cauchy in L'(S A w). Corollary and (23)) therefore imply that ||u;||4
is essentially increasing and in particular that lim;_, ||u;]| g = sup ||u;| 5 exists.

We first show that lim [lu;|q < [[ul|g. This is immediate if ||u|q = oo. Otherwise,
u € EY(9). Since each u; € EY(S) as well, Corollary [6.8 and Equation give

2 2
luills < llulls + 2 llu; = ull pr s -
The inequality therefore follows from u; — u in L'(S A w).
For the reverse inequality lim |ju;||g > |ullg, let (v;) € C°°(X) N PSH(w) be another

sequence decreasing to u. By Hartog’s Lemma we can replace v; with v; + 277 and pass to
subsequences to arrange that u; < v, for all j. Hence by Corollary again

2 2
[l < lluslls + 2 vy = il ons) »

for each j € N. Letting 7 — 00, applying Corollaryon the right side, and using u;, v; — u
in L'(S Aw) on the left, we obtain ||ul|g < lim ||u;||4, as desired.

Continuity of (-,-)s under decreasing limits in £'(S) N PSH(w) follows from the Cauchy-
Schwarz inequality:. O

The following is a (less general) version of [DDG2| Proposition 1.8], and we refer the reader
to the proof given there.

Proposition 6.10. Given u € £'(S)NPSH(w) and u; = max{u, —j}, let T = w+ dd°u and
T := w + dd°u; be the associated positive closed (1,1) currents. Then we have for all k > j
that

(26) ﬂ{u>,j} T; N S = ﬂ{u>,j} T. NS.

Consequently, the measures ly,~_j5T; NS are increasing with j and converge strongly as
Borel measures to T' N S.

Corollary 6.11. Suppose that T = w+ dd°u for some u € E'(S)NPSH(w) and that P C X
18 a complete pluripolar set not charged by S. Then T NS does not charge P either.

Proof. We suppose as usual that u < 0. By hypothesis P = {v = —oo} for some negative

function v € PSH(w). Since w A S(P) = 0, we may replace v with x ov, where x : [—00, 0] —

[—00,0] is a (very slowly) increasing convex bijection, in order to suppose that v € L!(S).
Now given a positive integer j, let u; = max{u, —j}. Then T; := w + dd°u; > 0 and

/—vTj/\S = /—vw/\S—ir/—vddc(uj—i—j)/\S:/—vw/\S—ir/(uj—l—j)(—ddcv)/\S

< /—vaS+/(uj+j)w/\S<oo.
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Corollary [6.7]justifies the integration by parts in the second equality and v € PSH(w) justifies

the final inequality. In any case, since v = —oo on P we infer from finiteness of this integral
that T; A S(P) = 0 for every j. Hence T'A S(P) = lim;_,, T; A S(P) = 0 by Proposition
6.101 O

Corollary 6.12. If u,v € PSH(w) satisfy u > v, then v € EY(S) implies that u € E1(9),
too.

Proof. Let u;,v; € C*°(X) N PSH(w) be sequences that decrease to u and v, respectively.
Since u > v, we may assume u; > v; for all j. Using the hypothesis that u,v € PSH(w) and
Proposition [6.6] we obtain

2 . 2 . 2 2
Jally = lim s < i (1osl+ 2 s = 051 0ns)) = 013+ 2 1 = 3 ) < .

Note that [[u —vl| 1) < oo since v € EY(S) implies v € L'(S9) and therefore u — v € L'(S).
0

The following is a particularly useful application of Corollary

Corollary 6.13. Suppose that u € PSH(w) is continuous off a finite set I C X, that local
potentials for S are finite at each point in I, and that u(x) > —A+ Blogdist(z, I) for some
constants A, B >0 Then u € £'(9).

Proof. The bound on u means we can bound u from below by a an w-psh function u that
is smooth off I and, near each p € I, equal to a(z) + Blog||z|| for some smooth function @
and local coordinate z centered at p. It suffices to show therefore that @ has finite S-energy.
This is accomplished in [BD1, Theorem 3.6]. O

By linearity, the pairing (-,-)s extends to differences u; — uy of functions uy,us € EX(S).
However, there is no reason to expect that £'(S) is any sense complete with respect to ||-||.
Hence it is necessary for us to allow a vector space larger than the one spanned by £(.9).

Definition 6.14. Let DPSH(X) denote the set of all differences u = u; — ug, where uy, us €
QPSH(X). We will say that dd“u admits a wedge product with S if the decomposition
u = u; — up can be chosen so that ui, uy € L'(S) separately.

This guarantees that dd°u A S is a signed Borel measure with finite total mass. We
introduce the following rather ad hoc terminology.

Definition 6.15. We say that u € DPSH(X) has weakly finite S-energy, writing u € £}, (5),
if dd‘u admits a wedge product with S, and there is a constant C' > 0 such that

—/vddcu/\S < vl

for any v € C*(X).

If in the decomposition u = u; — us, both u; and uy have finite S-energy, then u has weakly
finite S-energy (with e.g. C' = |lu1|| g+ [Juz||g). However, the point to Definition [6.15]is that
v might have weakly finite S-energy even when both ||us||¢ and ||us| ¢ are infinite. In any
case, if u has weakly finite S-energy, then we let |Ju||y denote the smallest possible value of
C in this definition.
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In several places below, we will convert information about the Lelong numbers of a positive
closed current to information about how much mass its wedge product with another current
assigns to points. We rely on the bounds in the following result to do this.

Proposition 6.16. There is an absolute constant C' > 0 such that the following hold for
any uw € DPSH(X) N LY(S) andp € X.

(1) If |u| < M in a neighborhood of p, then (dd“u A S)(p) < CMv(S,p).

(2) If u € EL(S), then (dd°u A S)(p) < C|lull'sv(S,p).

Proof. Fix a local coordinate z : U — By(0) on X centered at p. Let w be the Euclidean
Kéhler form on By(0) and x : B1(0) — [0, 1] be a smooth, compactly supported function
equal to 1 near 0. For any r < 1, let x,.(z) = x(z/r). Then

(ddu N S)(p) = lir% / X ddu N S.
r—

If |u| < M near p, integration by parts gives

/XTddcu/\S = ‘/uddch/\S

for some constant C'. Biholomorphic invariance of Lelong numbers implies that C' does not
depend on the choice of local coordinate. This proves (1).
For (2) we have by definition of |lul/y and |x,| 4 that
Clulls
2

r

M ixlle2

<
= 2

/w/\S—>C’My(S,p)

/XTddcu/\S' < Jully /XTddCXTAS‘ < /w/\S‘ — Clull's v(S,p)

as before. O

6.2. Wedge products of toric currents. Let us next extend the above discussion of wedge
products to the non-compact surface T°. Rather than aim for maximum generality, we seek
only to establish a framework adequate for the purposes of this paper.

Definition 6.17. We will say that toric currents 7', S € Dfl(']AI‘) admit a wedge product if
[T],]S] are Kéahler classes, and in each toric surface X, we have T'Ax S = Tx A Sx is
defined (in the Bedford-Taylor sense): i.e. given X, there are Kéhler forms wr y,ws x on
X such that Tx = wrx + dd°ux, Sx = wsx + dd°vx, where ux € L'(Sx) (equivalently
vx € LY(Tx)).

Proposition 6.18. IfT,S € Dfl (']T) admit a wedge product and Y = X are toric surfaces,
then
(27) T/\Xs:ﬂ'yx*(T/\y S)+V

where v is a positive measure with supp v = 7y x (Exc(my x)).

Proof. Tt suffices to consider the case where 7y x is the blowup of p, € X. If E = 7% (ps),
then myx : Y — E — X —p, is an isomorphism. Hence my x.(T' Ay S) =T Ax S on X —{p,}.
On the other hand, the total mass of 7' Ay S is given by

(Ty . Sy) = (W;XTX + CE) . (W;XSX + C/E) = (TX . Sx) — CC/ < (TX . Sx)
by Proposition . Hence T Ax S gives more mass to p, than my x.(T Ay S) does. O
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Equation [27] tells us that when 7" and S admit a wedge product the mass of the measure
T Ax S decreases as the surface X increases, converging to (T'-S) as X — T. On the other
hand, for surfaces Y = X, we have via the inclusions X° C Y° C T° that (T Ay S)
(T Ax S)|xe as measures on T°. Hence

(T Ax S)|xe < (T Ay S)|ye <T Ay S.

X° =

That is, the restricted measures increase with the surface, and their masses are bounded
above by (T - S). The restrictions therefore converge to a positive Borel measure on T° that
we denote by T'A S. Since (T A S)(T°) < (T - S), we say that T A S has full mass (on T°)
when equality holds. This is equivalent to saying that the mass of T" Ax S on T-invariant
points of X decreases to 0 as X increases to T°. In any case, if T'A S does not charge curves
in To, then

TAS=(TAS)|r=(TAxS)|t=(TAxS)|xe

for every toric surface X.

Theorem 6.19. Let T, S € Dfl (']T) be positive internal toric currents such that T is homo-
geneous and [T),[S] € Hy'(T) are Kihler.

(1) T and S admit a wedge product.

(2) If S does not charge a given curve C' C T°, then neither does T AS. Hence T A S =
(T AS)|r. - )

(8) Let S be the homogenization of S. Then T'A S has full mass on T° and is equal to
(T . g) times Haar measure on Tgr.

(4) If S has a nearly homogeneous support function, then T A S has full mass on Te.

Proof. Fix a particular toric surface X and write Tx = w + dd°u, where w is a Kihler form
and v € PSH(w). By Proposition 2.11] u is continuous on X°. Hence u € L'(Sx) by
Proposition . This proves that 7" Ax S is defined in the Bedford-Taylor sense. Taking
u; = max{u, —j}, we have that u; € £'(Sx) agrees with u on any given compact subset of
X° when j is large enough. So given a curve C' C X not charged by Sy, Corollary [6.11] gives
that (w + dd°u;) A Sx does not charge C' for any j > 0. The interiors of the compact sets
{u; = u} exhaust X° as j — 0o, so T Ax S does not charge C'N X°. In particular, since Sx
is internal, T'A Sx does not charge X° N C for any pole C' C X. Letting X increase to T
gives the first two conclusions. For Conclusion (3) we first prove

Lemma 6.20. (T' A S)|r = (T A S)|1y is a multiple of Haar measure on Tg.

Proof. Let ¥7, g be support functions for T and S. Let (7;) 50 be a sequence of rational rays
with [J7; dense in Ng. For n > 0 large, let 17 : Ng — R be the support function defined
by setting vz, = 17 on 7 U --- U7, and then extending linearly to the n disjoint sectors in
the complement. Then 17 decreases to ¢y uniformly on compact subsets of Ng, and the
associated positive internal currents 7T, converge weakly to 7. We similarly approximate 15
by support functions 15 associated to another dense sequence of rays entirely disjoint from
(75)50-

Then for any n and each point p € T \ Tgr, we have that either ¢z o Log or 15 o Log
is pluriharmonic on a neighborhood of p. It follows that T, A S, |t is supported on Tg. By
Tr-invariance, ), A gn]qy must be a non-negative multiple of Haar measure on Tgr. On the
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other hand, continuity of the Monge-Ampere operator with respect to decreasing sequences
of locally bounded psh functions (see e.g. [GZ, Theorem 3.18]) gives us that

(Tn A gn)hl‘ — (T A\ g)']r
U

It remains to show that (7'A S)|ry, has (full) mass equal to (7 - S). To do this we employ
the homogencous approximation T(X) € DY (X) (see [DR] Theorem 6.7]) of T on some
toric surface X. That is, ¢p(y) is linear on every sector in ¥(X) and agrees with ¢z on
each ray in ¥;(X). Hence Yr(x) © Log is pluriharmonic near the torus invariant points of
X, so suppT(X) Ax S avoids T-invariant points. By Conclusion (2), T'(X) A S does not
charge curves. So it follows from the lemma that T(X)Ax S = (T'(X) A S)|r is exactly equal
to (T(X)-S), times Haar measure on Tg. Since Ty is cohomologous in X to T(X ), we
further have that (T (X) - S) (T S) decreases to (T S) as X increases to T, hence
T(X) Ax S decreases to (T - S) times Haar measure on Tg.

On the other hand, as X increases to T, the rays in ¥;(X) become dense in Ng. Hence
as in the proof of the lemma, we have T' (X YAx S — T A S on any relatively compact open

subset of T. The third conclusion follows immediately.
For the final conclusion of Theorem [6.19] we observe that

Y. TASs)= Y, TASw)+ Y, TAddes(p,),

O'EEQ(X UEEQ(X) UGEQ(X)

where ¢g is the S potential for S. Since T is Tr-invariant, as is each p, € X \ X°, we may
suppose in the second sum on the right that S = S, is also Tgr-invariant. So when the
support function g for S is nearly homogeneous, s = (s — 15) o Log is bounded. From
the first conclusion of Proposition [6.16| we infer that

Y TASp) < Y. TASps)+C > v(T.p,).

c€X2(X) c€Xa(X) o€X2(X)

But as X increases to ']T, the first term on the right tends to 0 because T'A S has full mass
on Tr C T°, and the second term tends to 0 by Proposition m Hence the left side tends
to 0, too, which is equivalent to the statement that 7" A S has full mass on T°. 0]

Let C°°(T) denote the union of C°°(X) over all toric surfaces X modulo the identification
uomxy ~ u for any u € C°(Y) and any surface X > Y. Then we have

C(T°) € C=(T) € C>(T°).
That is on the one hand, if u € CSO(TO), then suppu C X° for some surface X. Hence
u € C®(X) C C®(T). And on the other hand, v € C*°(T) implies that v|x. is well-defined

on all sufficiently dominant X. Since the open sets X° exhaust T° and the restrictions agree
with each other on overlaps, it follows that v is well-defined and smooth on all of T°.

A

Any toric current S € Dy, (T) defines a pairing on C>(T) modeled on the one in (22).

Given u,v € COO(']T‘), we choose a toric surface X in which both u and v are well-defined,
and set

(u,v)g == (u,v)sy :/ du AN dv A Sx.
b



36 September 4, 2025

Since mxy«Sx = Sy when X > Y, this definition is independent of the choice of X. If at
least one of the two functions belongs to € C§°(T°), then duAdv is a test form on T°, giving
us the equivalent formulation

(28) <u,v>5:/ du AN dv A S.
T

In any case, we let ||-||4 denote the associated seminorm.

Definition 6.21. Let 71,75, 5 € Dfl('ﬁ"’) be currents such that 73 is cohomologous to Ty
and both admit wedge products with S (in particular, [Tj] and [S] are Kéhler classes). We
say that a potential ¢ € L} (T°) for Ty — T has weakly finite S-energy if there is a constant

C' such that for all toric surfaces X and all u € C*°(X), we have
/ udd’o Ax S < Clullg.
b

We let ||¢|s denote the minimum possible value of C' in this definition. Recall that if X

is a toric surface, then ¢ (or strictly speaking, the restriction ¢|x-) is a also potential for
Ty x —Torx.

Proposition 6.22. Let ¢ be the potential in Definition 6.21 and X =Y be toric surfaces.
!/ /
Then llells, = llells, -

Proof. Suppose that u € C®(Y) ¢ C>(T) and that X = Y. Let 7 = mwxy denote the
transition. Then

/(uow)dd%p/\SX = /ddc(uow)/\(<pSX):/ddcu/\ﬂ*(gpSX)
b b Y

- /ddcu/\(gpSY):/udngo/\Sy.
Y

The first and last equalities hold by definition since u is smooth. Note that dd(uom) A Sx
and dd“u A Sy are signed measures dominated above and below by constant multiples of the
trace measures of Sy and Sx. Hence the second inequality follows from the definition of
pushforward and integrability of ¢ with respect to the trace measures of Sx and Sy. Thus

< llells,y luomlls, = llells, llulls, -

/ uddCQO A Sy
Y

/(uow)ddcgo/\SX
b

So [lells, = llells, - .

Corollary 6.23. The potential @ in Definition has weakly finite S-energy if and only
if Hg0||gx is finite and uniformly bounded as X ranges over all toric surfaces. In this case,

el = sup lells, -

Theorem 6.24. Suppose that S,T € Dfl('ﬁ‘) are internal and admit a wedge product. If the
support function g for S is nearly homogeneous and the potential pr for T — T has weakly
finite S-energy, then T'A S has full mass on T°.
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Proof. By hypothesis and Theorem 6.19] T'A S has full mass on Te. Moreover, for each toric
surface X, we have from Propositions and that

Y. l@dder A S)@) < Cllerls, Y, v(Sx,p) < Cllerls Y v(Sx,p).

peEX\X° pEX\X© peEX\X©

By Proposition [2.10} the last sum decreases to 0 as the surface X increases, so we conclude
that TAS =T A S+ dd°pr A S has full mass on T°. O

7. EQUILIBRIUM MEASURE: CONSTRUCTION

Recall our standing assumption that f : T° --» T is a toric map satisfying the hypotheses
of Theorem [I.2] Our goal in this section is to apply the machinery from §6] to define and
investigate the Bedford-Taylor wedge product of the equilibrium currents 7 and T, asso-
ciated to f in §4.2l More precisely, we prove the following result, which amounts to all of
Theorem [1.2] except Conclusions (2) and (3) which are proven in §§|

Theorem 7.1. The internal currents T* and T, admit a wedge product in the sense of
Definition . The resulting Borel measure T* N'T, on T° has (full) mass equal to 1 and
does not charge curves.

Definition 7.2. We call p :=T* AT, the equilibrium measure of f.

Since p does not charge curves in T°, one can alternatively define i to be the Borel probability
measure obtained by fixing some/any toric surface X and restricting the product p = T*Ax T,
to T.

The main ingredient in the proof of Theorem[7.1]is Theorem [I.4] which we take for granted
momentarily.

Proof of Theorem[7.1]. Let X be a toric surface. By Proposition [£.7], there is a Kéhler form
wyx and u € PSH(wy) such that T = wy + dd°u. Likewise, T% = wx + dd°v for some
v € PSH(wy). Hence o7+ = u— v is a potential for T* — T*. Proposition tells us that v
is continuous on X°, and Theorem [5.1] tells us that ¢r- is continuous on X°\ Ind(f*°). Hence
u = p — v is continuous off the finite subset consisting of points in X that are T-invariant
and/or indeterminate for some iterate of f. Proposition therefore implies v € LY(T x).
Hence the Bedford-Taylor wedge product T* Ax T, is well-defined in X. Since X is arbitrary,
we conclude that T and T, admit a wedge product on Te.

By Theorem [4.15 any support function ¢z, for T, is nearly homogeneous. By Theorem
[L.4] the potential w7+ has weakl finite T,-energy. So Theorem [6.24] tells us that 7% A T
has full mass on T°. Corollary [4.12]tells us that T, does not charge curves, so Theorem
tells us that 7% A T, does not Charge curves either. It will suffice, therefore, to show that
dd®pr« AT, = dd°(¢r+Ty) does not charge any curve C' C Te.

Let n be the largest integer such that f~"(Ind(f)) N C is non-empty and X be a toric
surface sufficiently dominant that C' C X°. Then we may apply Corollary as we did
in the proof of Conclusion (2) in Theorem to see that dd°pr- Ax T, does not charge
C\ Ind(f™). On the other hand, Corollary gives that local potentials for T, are finite
at points p € Ind(f™) N X°, so Conclusion (2) of Proposition shows that dd®ppr« A T,
assigns no mass to Ind(f™) either. O
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The rest of this section is devoted to proving Theorem [1.4, We caution from the outset
that if X is a given toric surface, both currents T%,T. x € D ;(X) have positive Lelong
numbers at each T-invariant point of X. Hence - is not a difference of qpsh functions
each with finite T x-energy. This forces us to accept the weaker conclusion that ¢+ has
only weakly finite Ti-energy and leads to arguments that are longer and more delicate than
one might hope.

For any integer n > 0, we set T, := A\{"f™T* € Df, (T) which is internal by Proposi-
tion and cohomologous to Ty = T*. We let ¢, := 17, denote a support function for T},
and ¢, = @7, denote a potential for T, — Tj. Fixing a toric surface X and a Kahler form
wx cohomologous on X to T%, we also have T, x = wx + ddu,, x for some u, x € PSH(wx).
We normalize so that ¢,, = u, x —up x. While u,, x depends on the surface, ¢,, does not. In
any case, we will suppress the subscript X when the surface is understood.

Theorem [4.3| Part (1) tells us that ¢, is not only continuous on X° \ Ind(f™) but also
bounded in a neighborhood of each point in X \ X°. Since ug is continuous on X° by
Proposition we therefore also have that u, = ¢, + ug is continuous on X° \ Ind(f™).
Hence the Bedford-Taylor product T, Ax T, is well-defined for all n > 0. As we noted in
the measures T,, Ax Ty, and even their masses, vary with X. Our next result shows,
however, that for different n, m > 0 and sufficiently dominant toric surfaces X, the measures
T, Nx T, and T, Ax T, vary with X in exactly the same way.

Theorem 7.3. For any toric surface X such that Ind(f™) C X°, the signed measure p,, :=

(T, — To) Ax T. has no mass on any curve C C X. In particular, p, has full mass on T C T°
and is independent of (sufficiently dominant) X .

Proof. Let C C X be a curve. Fix a neighborhood U of the T-invariant points X \ X°,
chosen so that U N Ind(f") = (. Proposition m tells us that since [T}}] = [T*] is Kéhler,
the potentials u,, have non-trivial logarithmic singularities near each T-invariant point of X.
For j > 0 large, we let u,; € PSH(w) be equal to u,, off U and to max{u, —j} on U. Then
up; s continuous except for logarithmic singularities at points of Ind(f™). Corollary
then tells us that [|u, ||, is finite. Since T. does not charge curves, Corollary further
implies that (w + ddu, ;) Ax T, does not charge curves either. The open set {u,; # u,}
decreases to X \ X° as j — 00, so we conclude that pu,(C' N X°) = 0.

It remains only to show that 1, (p,) = 0 for each T-invariant p, € X. Since ¢, is bounded
away from Ind(f,), our choice of surface X guarantees that |¢,| < M on a neighborhood of
X \ X°. The constant M does not change if we replace X by Y = X. So given € > 0, choose
Y = X such that 3 s vy v(Thy,ps) < €. Observe that

Yo )l = Y e Ax T o)l = D [(ddon Ay T)(myx (po))

c€XL(X) c€Xo(X) o€ (X)
= ) |(ddn Ay T)(ps)| < CM Y~ (T, ps) < CMe.
JGZQ(Y) JEZQ(Y)

The second equality comes from Lemma and the identity 7y x.(dd“p, Ay Ti) = ddp, Nx
T.. The third equality follows from applying the first paragraph of this proof to curves in Y
instead of curves in X. The final inequality is obtained from item (1) in Proposition[6.16, The
constant C'is independent of Y, so by letting € decrease to 0, we find that > s ) [n(ps)| =
0 as hoped. O
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Now fix two non-negative integers m,n > 0 and let N = max{m,n}. Continuity of ¢,
on T°\ Ind(fY) implies that ¢,, is measurable (in any toric surface X) with respect to ji,.
Since u,, does not charge curves the product ¢, 1, has no mass outside T and is therefore
independent of X. That is, we can regard ¢,/ as a measure on T, on 'ﬁ‘o, or on a given
toric surface X without distinction. The value [ @, is the same in any case.

Proposition 7.4. ¢, is integrable with respect to pi,.

Proof. Suppose that X is a toric surface such that Ind(f%) c X°. Let U C X° be a union
of coordinate balls, centered at the points of Ind(f). Let x : X — [0, 1] be a smooth cutoff
function supported in U and equal to 1 on a neighborhood of Ind(f"). By construction and
Theorem , (1 = x)pm is bounded, so it is p,-integrable simply because p,, has finite total
mass.

To show that x,, is also u,-integrable, recall that ¢,, = u,, — ug, where as above u,, =
Um,x denotes the potential for 7, —wx on X. Hence it will suffice to show for any j,k < N
that xu; is integrable with respect to Ty Ax Ti. Since C' > u; > Alogdist(-,Ind(f")) + B,
and since x is supported on coordinate balls about points in Ind(f"), it suffices to show that

/ xlog ||l Te Ax To > —o0,
llz|l<r

where z is one of the local coordinates and r > 0 is small. To do this, we choose a regularizing
sequence (log,) € PSH(w) for log||z| such that log,(z) = log||z| on suppdy. Then by
monotone convergence

/XlogHzH T Nx T :elim \/X].OgK(Z)Tk Nx T zgli)m /ukddc(xlogKHzH)/\X T.+0(1)

since y log || z|| is integrable with respect to wA x T by Proposition . Since log,(z) = log || z||
is independent of ¢ on supp dy, we have that

dd*(x logy [|z[]) — x dd"log, |||

is smooth and independent of ¢, bounded above and below by fixed multiples of w. Hence
there exists C' > 0 such that up to additive constants

/XlogHzH To Ax T, = glim Xug dd®log, AxTy > Cglim /XlogHzH dd‘log, NxT.
—00 —00

~ Clim /Xlogg dd®log ||| Ax T, = C’/Xlog||z|| dd®log ||| Ax T.
—00

By Corollary and the assumption (4f) at the beginning of local potentials for 7, are
finite at z = 0, so we conclude that the last integral is finite by [BD1, Theorem 3.6]. O

Corollary 7.5. For any m > n > 0 we have that ¢,, — @, 15 integrable with respect to
o, — o, = dd(pm — pn) A Ty, and

Proof. The first assertion is immediate from Proposition [7.4] For the second assertion,
observe that

dd®(om — on) = T — Ty = X" " (Ton—n — To) = A "dd(m—n © fn)
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Hence ¢,, — ¢, and A\ "¢y, o f™ differ by a constant. Since dd®(y,, — p,) A Ty is a signed
measure with net mass 0 we have

/Tr (om — @n) dd(@m — @n) AT, = )\12"/ (Pm—no f")dd(pm—no f") AT,

o

The proof will therefore be complete once we show that
/ (Pm-no f")dd(pm-—mno f*)NT, = A} / Crmn Add° P —n N T.
o TO

Theorem tells us that the integrands in this equation have no mass on any curve in T°.
So given € > 0 we can choose a relatively compact open set U C T\ f"(Ind(f™)) such that
Jrory Pmen dd°@pn—n AT, < e. By Corollary 3.2] f*: T\ f~"(f"(Ind(f")) = T\ f"(Ind(f"))
is a finite holomorphic covering map, so we have that f~"(U) is a relatively compact open
subset of T\ f~"(f™(Ind(f)), and by increasing U if necessary that

/ (Om—no [")dd(pm-no [")NT, < €.
T\f="(U)

Let x : T — [0,1] be a smooth compactly supported function such that x = 1 on U.
Since ,,_, is continuous on T, we can choose a smooth function ¢ : U — R such that
|& — ©m—n| < €on U. Thus

/ (Pmn© ) dd (P n 0 VAT, / (X®) © /") dd* (g o ") AT

T T
_ /T (Gmn 0 ") dd((xF) © ") AT.
“a [(@o () o AT =X [ G () AT
Roe )\?/Tgpm_n dd(xp) N T, = )\’f/xgé ddop_n N,

3¢ )\Tf/gpm—n ddCSOm—n/\T*a
T

where ~s means that the two sides differ by at most +6. We have used that the signed
measure (7T,,, — T,,) A T has total mass 2 in each occurrence of ‘~’. We have also used the
invariance f]'7T, = AT, on the right side of the second ‘=’. the proof concludes on letting
e — 0. 0

Even though Corollary 7.5 guarantees that [ —(pm — ) dd“(om — ©n) ATy is well-defined
and finite, it does not mean that ¢,, — ¢, has finite T\-energy (which would then be given
by the same integral). That is, because f™*T* f™7T* and T* all represent Kahler classes

in Hfl{’l(To), their restrictions all have positive Lelong numbers at the T-invariant points of
any given toric surface X. Hence it is not clear whether we can express ¢,, — ¢, in X as a
difference of qpsh functions in £'(T, x). Here we prove something a little more modest.

Theorem 7.6. For any m,n > 0, the function ¢,, — ¢, has weakly finite T,-energy

1/2
T = (/ —(Pm — ©n) dd(Pm — ©n) A T*> :
T

(29) [©m — ©n
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Proof. We write A = ¢, — ¢, throughout the proof. Then
dd°ANT, = (T, — Tp) ATy = fin, — fn,

and Proposition [7.4) guarantees that A is integrable with respect to dd°AAT,. Fix a relatively

compact neighborhood U of Ind(f™) in T°. Assume U meets only those poles that contains
points of Ind(f™). Let M := SUPfo\ 17 |A| which is finite by Theorem Part (1).

Lemma 7.7. Let X be a toric surface such that Ind(f™) C X°. Then A has weakly finite
T, x-energy, and

<2M ) (T"AxT.)(p).

peEX\X°

'(||A||’T*‘X)2 - / CAdEANT,

Taking this for granted momentarily, we note that since 7T, has a nearly homogeneous
support function, Theorem [6.19, Part (4) tells us that the sum on the right decreases to 0

as X increases to T°. Theorem [7.6] follows. O

Corollary 7.8. For any n € Zxq, the currents T,, and T, admit a wedge product in the sense

of Definition . The resulting positive Borel measure T,, N'T, on T° has (full) mass equal
to 1 and does not charge curves.

Proof. The argument is identical to the above proof of Theorem [7.1] except that Theorem
takes the place of Theorem [1.4] O

Proof of Lemma[7.7. The hypothesis on X implies that U is a relatively compact open subset
of X°. Hence we may choose coordinate neighborhoods U, of the T-invariant points p €
X \ X° whose closures are disjoint from each other and from U. For r > 0 small, we let
By(r) C U, denote the coordinate ball of radius r about p and set B(r) := ¢ x\ xo Bp(r)-

As above, we write T = wy + ddu;j, on X. For each (large) positive integer ¢, we let
ujp > u; be equal to max{u;, —¢} on each U, and equal to u; elsewhere. Again, since T;
represents a Kihler class in Hy'(T°), Proposition tells us that u;(p) has a non-trivial
logarithmic singularity at p, so that u;, € PSH(wy) is continuous off Ind(f™). Corollary
and the fact that local potentials for T, are finite on Ind(f") further imply that u;, has
finite T, x-energy

(tsielly, )2 = / uy ddfus, Ay T

Set Ay := Up e — Upy. Then for any fixed r > 0, we have that A = A, outside B(r) when ¢

is large enough. Hence

< +
peX\X°

'/Agdchg Ax T*—/Adch Nx T

/ Add°A Nx T,
B(r)

By (r)

To estimate the integrals in the sum, we set T}, := wx + dd°uj, € D, (X) and proceed.

/ ApddAy Nx T,
Byp(r)

/ Ay (Tone — Thp) Nx T
BP(T)

< / |Adl (Tt + Tot) Ax T
Bp(r)

< M (Tt + Tpt) Ax To = M (T + T) Ax T
Bp(r) Byp(r)

Ag ddCAg Nx T,
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The final equality follows from Stokes’ Theorem and the fact that 7, = T; outside a compact
subset of B,(r) for j = m,n. So for { = {(r) large enough,

< M

peX\X°
As ¢ — oo, we may let r — 0 and apply Theorem [7.3] and Proposition [7.4] to show that the
first term goes to zero. Thus

'/Agdchg Ax T*—/AddCA Nx T,

/ Add°A Nx T,
B(r)

/ (Ty + Tp) Ax T
Byp(r)

limsup /Ag dchg Nx T* - /Adch Nx ,_T),< S M Z (Tm + Tn) Nx T*(p)
{—00
peEX\X°
= 2M ) T*AxT.(p).
peX\X°

The final equality comes from Theorem [7.3} i.e. for each T-invariant p € X and j > 0, we
have T] Nx T*(p) = TD Nx T*<p) =171 Nx T*(p)

Now if K € C*°(X), we integrate by parts and apply Monotone convergence to u,,, and
Uy,¢ separately to obtain

2

2
T "

2
< 2 liminf ||A
= ||“||T* 1g inf || A

/mdch Nx T

= lim ‘/Agddcﬁ Ax Tk
l—o0

Hence A has weakly finite T, x energy, and

2 .
<
||AHT*,X > hgm inf [| A

2 g/—AddCA Ax To+2M > (T* Ax T)(p).

peX\X°

For the complementary bound, we observe that Theorem and Corollary allow us
to trade our approximations u;, for smooth approximations #,;, € PSH(wx) such that
limy_, oo [Juj e — &MHTX* = 0. By Hartog’s Lemma (see also Corollary we can further

assume that u,, decreases pointwise to u;. Hence if Ay = 1, ¢ — Uy ¢, we have that

o i s3], =0

TX,*

So by Monotone convergence again,

/ ~Add°*ANXT, = lim | —A,dd*ArxT, < ||A], nmmeAg
£—00 -X f—o0

< [|A]]-  liminf ||A .
o SNl i A,

Squaring both sides and substituting our above upper bound for the limit gives

2
(/—Adch/\XT*> < (Al ) /—AddCA/\XT*JrQM S (T Ax T.)(p)

peX\X°
This implies
(31) (1Al )? > /—A dd°AAx T —2M Y (T* Ax T)(p).
peX\X°

Since [ —Add°ANx T, = [ —Add°A AT, does not depend on X, the proof is complete. [
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Before continuing we record a related technical result needed to prove Corollary and
then in turn Theorem [8.9 below. Here A is as in the proof of Theorem

Proposition 7.9. Let S < T, be a positive closed (1,1) current on an open subset U C T
and x : U — R be a smooth compactly supported function. Then

1/2
/Xdcm AT, — S) < 1AL, (/ dy A dox A (T, — 5)) |

Proof. Given e > 0, Corollaryyields a toric surface X with 2M 3 v\ vo (T*AxT.)(p) < e.

Let A, denote the smooth approximation of A on X used to prove Lemma . Then
integration by parts, monotone convergence and Cauchy-Schwarz give

£—00 {—00

/deCA/\(T*—S)’ = lim

/Ag ddex A (T, — 5)' = lim

/ —dAy N d°x Ax (T, — S)’

~ ~ 1/2 1/2
S lim inf (/ dAg A chg /\X (T* — S)) (/ dX/\ ch Nx (T* — S))

{—00
1/2
(/dx/\dcx/\x (T, —S)) )
Ty, x

Using Equations and , we have ||AH£,% . = liminf HAg

‘/deCA/\ (T, = S) 2 < </dx/\dCXA (T, — S)) <||A|]%X + e>
< </dx/\dc>w (T — S)) (1A% +¢) .

Since € > 0 is arbitrary, the proof is complete. O

IN

lim inf HA@

{—00

— €. Hence

2
T*,X

We finally show that the series (7)) defining @7+ converges in the seminorm ||-||7, .

Proof of Theorem[1.4. Fix a toric surface X and a test function k € C*(X). Then dd°s AT,
is a signed Borel measure with finite total mass. Hence

55

320

/K ddprs N T,

= ‘/ng* dd°k AT,

/(%‘H — ) dd°s N'T.

< Awlly, Y- leser = @5l

7>0
1/2

S ( [ ~Gor = @) ey =) T*)

7>0

1/2
_5/9 c

=l SN ( [-ovaa solAT*)

7>0

(f —®1 ddctpl A T*)1/2

1— /\1—1/2

= %l
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The equality in the third line follows from Theorem [7.6| and the next equality follows from
Corollary [7.5 In any case, we conclude that

/
H%flf*f*

T
g <™

(32) [Jeares

/

O

Adapting the proof of Theorem [1.4] gives further helpful bounds involving the same con-
stant.
Corollary 7.10. The following hold for any n > 0.
/
(2) if U, S, and x are as in Proposition|[7.9, then

1/2
‘/X(T* — XY A (T — S)' < Ep A" </ dx Ndx N (T, — S)) :

Proof. The first assertion follows from writing o7« — ¢ AT = Zj‘;n ;41— ; and repeating

the argument used to bound ||@7- 'T The second assertion follows from similar estimation

and Proposition [7.9}

= Z /(%’H — ;) ddx N (T, — S)‘

j=n

1/2 oo
< (/dx/\dcx/\(T*—S)> > i — willy,
j=n

1/2
= EpA"? (/ dx Ad°x A (T, — S)) .

as in the proof of Theorem [1.4 O

7.1. Symmetry between the equilibrium currents. We can reverse the roles of 7 and
T, in nearly all of the above. The only ingredient peculiar to 7™ is the continuity result
Theorem [5.1], but we used this only to establish admissibility of the product 7% A T,. Since
all the other results we used are symmetric in 7" and T, we obtain among other things

analogs of Theorems and as well as Corollaries and [7.10]
Theorem 7.11. The function @7, has weakly finite T™-energy

/

s
1=\

The proof is the same as the one given for Theorem [1.4]except that one appeals to Theorem

(in addition to Theorem [5.1)) to argue that dd“¢r, x admits a wedge product with 7%
(see Definitions and [6.15]).

/
T+ SET =

*

HSDT*
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Theorem 7.12. Let o, denote the potential for \{" f*T, — T,. Then for any n,m > 0, the
function @, — @, has weakly finite T™-energy satisfying

1/2
ln — @mH/T* = (/ —(n — Pm) dd°(n — Pm) A T*) )
where the integral on the right is well-defined and finite.

Corollary 7.13. For any n € Zsq the toric currents f*T, and T* admit a wedge product.

The positive Borel measure f*T, AN'T* has (full) mass equal to 1 on T° and does not charge
curves.

The proofs of Theorem and Corollary are essentially identical to those of Theorem
and Corollary [7.8]

8. EQUILIBRIUM MEASURE: DYNAMICS AND GEOMETRY

In this section we investigate the dynamical and geometric properties of the measure
p = T* AT, from Theorem [7.1] proving Conclusions (2) and (3) in Theorem [1.2] among other
things. As before, f denotes a toric map satisfying the hypotheses of Theorem

Proposition 8.1. u is f-invariant.

Proof. Tt will suffice to show that [(ko f)du = [ kdu for any smooth, compactly supported
function  : T° — R. Since 1 does not charge curves, we can further assume that supp x C
T\ f(Ind(f)). Hence o f is also smooth and compactly supported in T \ f~*(f(Ind(f)).
Let K C T be a compact set containing both supp x and suppx o f in its interior. Recall
that T*|r = dd°g on T where g = 1)y« o Log +pp+ is continuous by Theorem Hence

/(mf)du - / o)L ag = L (ko f)dd(go f)AT.
T T\f~1(f(Ind(/))) A1 AL ST -1 (f ()
= — (gof)ddc(nof)AT*:/ g ddn A
AL 1\ -1 (pmd(f))) T\f(Ind(f)) A1

= / kdd°g N'T, :/ K dp.
T\f(Ind(f)) T

The fourth equality holds because T, is a current of order zero; hence pushing forward T, by
the holomorphic covering f : T\ f~(f(Ind(f))) — T\ f(Ind(f)) is adjoint to pulling back
continuous forms with compact support. [l

8.1. Mixing. Next we set about proving that p is mixing, closely following a strategy orig-
inating in [BS] and refined in [Sib2] (see particularly the proof and application of Corollary
2.2.13) and elsewhere. The particular context here leads to some technical modifications of
that argument, so we nevertheless give the full proof.

Theorem 8.2. Let o be a smooth function with compact support on T°. Then we have weak
convergence

lim(ozof")T*:T*-/a,u.

n—oo
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Before beginning the proof let us observe that since 7™ does not charge points, 5, =
(awo f™)T* is a well-defined (non-closed) (1,1) current of order 0, acting on continuous (1,1)
forms [ via

wﬁmﬁié@wf%ﬁAw.

By Corollary , f: T° —-» T° is proper, so S, is compactly supported. We may assume
that 0 < a <1 sothat 0 < S5, < T* is positive. Since T™ has finite total mass in any toric
surface, the sequence (S, )nez., has uniformly bounded mass on any compact subset of Te.
Hence (S,) is pre-compact in the weak topology. We let S denote the set of all its limit
points.

Lemma 8.3. Fvery element of S is closed.

Proof. Any current S € S is positive and bounded above by T™. In particular S does not
charge curves in T°. So in order to show S is closed, it suffices by the Skoda-El Mir Theorem
and the fact that 7* has locally finite mass on T° to show only that S is closed in T.

Fix a smooth real and compactly supported 1-form v on T. Since v o f™ is smooth on T,
we can estimate using Schwarz’s inequality:

23(/3AJ7AT)(/ﬁmofwAfmofwATﬁ,

where J denotes the complex structure operator on the real cotangent bundle of T°. Ad-
ditionally, since 7% does not charge f"(Ind(f™)) and f™ : T \ f~"(f"(Ind(f"))) — T\
f"(Ind(f™)) is a finite degree holomorphic covering (Corollary [3.2)), we have

]/vamoﬂﬂw

1

/d(aof")/\dc(aof")/\T* = —n/ " (daNd°a NTT)
AT S fon (g marmy))
Ay Ay
= —i/ da Nda NT* = 2 |al|p.
AT S\ o ) A
where ||a;. is defined by (28). All told, we see that
)\2 n/2
/’y/\d((ozof”)/\T*)SC — — 0.
)\1 n—oo

It follows that any current S € S is closed in T, hence as explained above, also closed in Te.
O

Lemma 8.4. \{'f*S=S.

Proof. Let (S;) C (S,) be a subsequence such that S,, — S and S, 1 — 5'. It suffices to
show that f*S = M\ S, i.e. that [ BA f*S =X\ [ BAS’ for any smooth compactly supported
(1,1) form S on T°. Since 9, S" and f*S are all dominated by \;7*, none of them charges

curves. So we can further assume that § is compactly supported in T \ f~'(f(Ind(f)).
Corollary then implies that f,( is smooth and compactly supported in T \ f(Ind(f)).
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BASS = / BA S = fBAS
Te T\f~1(f(Ind(f))) T\ f(Ind(f))

= hm f*ﬁ AN Snj = )\1 hrn 5 A Snj+1
J7°0 J T\ f(Ind(f)) IO J T\ f=1(f(Ind(f)))

= Al/ B/\S’:)\l/ﬂ/\S'.
T\f~1(f(Ind(£))) To

Hence

Lemma 8.5. Every S € S satisfies (S-T.) = [ ap.

Proof. Fix € > 0. By Corollary we can choose a smooth function y : T — — [0, 1] that is
supported in a compact subset of 'JT \ f7(f"(Ind(f™))) such that

/O(I—Xof”)T*/\T* /O(l—x)T*A(fi—?)

Recall that T* = dd°u, where u = 5. o Log is continuous on T (and therefore bounded on
supp x). So since S,, < T*,

/o Sy AT, =, /T(Xof”)sn AT, :/T A A f7dde(xa) = fiu dd(xa) NT*

< e and < e.

AT )\”
= /XaT*/\f*—ze/ aT*/\f*—.
T AT Te AT
As in the proof of Corollary the symbol =, means that the two sides differ by at most
+e. Letting e — 0, we obtain that

_ nT,
[ st o L2
To To )\?

Letting ¢ = ¢y-1y 7, we apply this formula and the analog of Corollary (1) with the
roles of T™ and T reversed to obtain

/au—/Sn/\T* fa(T* f}\ )/\T*
o (o] o 1

< Ep A" |af
The lemma follows immediately. U

<H90T* PA T

. — 0.
T n— oo

Proof of Theorem[8.3. Tt suffices to show that ¢T™* is the only limit point of S,,. The central
convergence result [DR], Theorem 10.1] in our previous paper, together with Lemmas and
B.5 tells us that for every T' € S we have

lm A" f"T = (T-T,)T" = T™.

n—oo
Though we did not note it there, the proof we gave for [DRl Theorem 10.1] is actually
uniform on compact subsets of D (T). That is, if (T,) C D;,(T) is a relatively compact
sequence with ¢ = (T, - T,) independent of n, then we have the more general convergence

lim A" f™7T, = cT™.

n—oo
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This amplification of [DR] Theorem 10.1] holds because, first of all, when (T,,) is relatively
compact, so is the associated sequence (A7"f™*T,,); and secondly, the constants in the key
volume estimate [DR, Theorem 6.11] used to prove [DRl Theorem 10.1] are uniform on
compact sets. Indeed, even the proof we gave there depended on this uniformity:.

So given S € S, we apply Lemma to obtain a sequence (7},) C S such that S =
lim A\7" f™T,. Since T,, < T™ for all n, this sequence is relatively compact, and we obtain
that

S =lm\"f"T, =T
That is, ¢I™ is the only element of S. U

Theorem 8.6. The measure p is mixing for f.

Proof. Since p is a Borel measure with full, finite mass on T, it suffices to show for any
smooth compactly supported functions a, 5 : T — [0, 1] that

lim éaOfW%w:</au)(/ﬁu>-

Lemma 8.7. For alln >0, we have ||(a o f*)B] . < |84 + |l
Proof. We have

(o f7)6

T* -

b= o rRasnas AT <2 [ (ao )8 dao ) ATANT

T
+ / Bd(ao f*)y Ad(ao f)Y AT
T

The first term is non-negative, bounded above by ||| ?p* We can re-write the last term and

estimate it as follows

/TﬁQd(oz o f"YANd(avo f") A

f*TLT*

AT
For the second term, we choose a smooth compactly supported function x : T — [0, 1] such
that x = 1 on supp 8 and then use the Schwarz inequality

2
T*

:M%/kﬁmmaAfaAT*g(&>|m|
T A1

2 n

A

o s danasnt| <l [xataorindtao riat < (32) 1615 fal..
T T
Adding up these results and taking square roots we get
)\2 n/2

o £98l- < 18l + (52) Nl < 13l + lal

O

Lemma 8.8. Given € > 0 and a relatively compact open set U C T, there exist a function
v € DPSH(T®), a Kdhler form w on T and a continuous function u € PSH(w) such that

o ol <.

o Tr =w+dd(u+v).

o [ul <eonU.
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Proof. Let T, = A\{"f"T, for n > 0. Then on the one hand, Corollary (with 7% and
T, reversed) tells us that for n large enough 7, — T, ,, = dd°v for some v € DPSH(T®) with
weakly finite T* energy satisfying ||v||}. < €. On the other hand, we have

T*,n”]l‘ - ddcgm

where ¢, = \{"f")7, € PSH(T) is continuous because f™(Exc(f)) N'T = (). Hence we can
regularize g, on T to obtain

gn=9g+tu
where w = dd°g is Kéhler on T and u € PSH(w) satisfies |u| < e on U. O

Continuing the proof of Theorem [B.6] we choose ¢ > 0 and a relatively compact open
U C T containing supp 8. With u,v,w as in Lemma we then have

/(QOf")ﬂ/JJ = /((xof”)BT* A (w4 dd°u + ddv).

We expand the right side into three integrals and deal with each separately. From Lemmas

and [8.8] we have

‘/(aof")ﬁT* Addv] < [[(ao fM)Blp - vllpe < e(lledllpe + 118]17.)-
From Lemma [B.§ we further obtain
/(ao BT A ddou| = ‘/uddc((ao FM8) AT

< ’/u(aof”)ddcﬂ/\T*

+‘/uﬁddc(aof")/\T* +

2‘/ud5/\dc(0z0f")/\T*

1/2 1/2

IN

+ 2¢

ellBllge + A" /f" uB) dda AT,

A n
cBlles+ ¢ (32) Nlllen + 26 (32)
1

< (e,

1/2 1/2

IN

where, since \y < A1, the constant C' depends on v and 8 but not on n > 0.
For the remaining integral, Theorem gives

7}1&20 (o fMBT  Nw = (/ST*/\Q;) (/au).
/BT*/\T— ‘/BT*/\ddcv +’/ﬁT*/\ddcu

r- +supu] - [|Blca < Ce.
Letting € — 0 completes the proof. O

But

e [|v]
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8.2. Geometric intersection. Now we briefly describe an alternative, more geometric for-
mulation of the wedge product T* A T, that gives us the equilibrium measure p. Our pre-
sentation and arguments are nearly the same as the ones in [Duj3, §5] and [Duj2} §4], so we
refer readers to those sources for full details.

A positive closed (1, 1) current S in an open set U C C? is uniformly laminar if it can be
written S = [[A,]dv(a) where {A,} is a family of mutually disjoint smooth analytic disks
properly embedded in U and v is a positive measure on the underlying parameter space.
One says that a second positive closed (1,1) current T on U is uniformly woven if we have
the same sort of representation 7" = [[A%]1/(f) but drop the condition that the disks be
disjoint from each other. If S € L, .(T') so that S A T is defined, then [DDG2) Proposition
2.6] gives the following geometric reformulation:

(33) SAT = /[Aa M Ay () ® V' (B).

The integrability hypotheses implies that A, meets Ag properly for v ® v/ almost all («, ),
and [A, N A%] denotes the discrete measure obtained by placing a point mass at each point
of intersection between A, and Aj. One says in this circumstance that the wedge product
S A S is geometric.

The equilibrium currents 7% and T, are not themselves uniformly laminar or woven, but
they can be well approximated from below by such currents: i.e. in any toric surface X, we
have that T* is laminar and strongly approzimable [DR) Theorem 10.5], and T, is woven and
strongly approzimable [DR] Theorem 10.6].

To make this more precise, fix the surface X and a Kéhler form w on X. Then there exists
a dense open set U, C X, a uniformly laminar current 7 < 7™ on U, and a uniformly woven
current 7, . < T, on U, such that

/w Nx (T* — T:),/w Nx (T* — T*75) < 62.

Since T* doesn’t charge analytic disks (Corollary [4.13)), neither does T7*. Hence the transverse
measure v in the laminar presentation of 7. has no atoms. This observation and the geomet-
ric formula for the wedge product make clear that the measure 7" AT, . < T Ax T, also
has no atoms, even though the right side of the inequality has atoms at each torus invariant
point of X. In particular, we have the sharper bound T* AT, . < (T* Ax T\)|xe = T* N T,
since X \ X° is finite.

The open set U, is a (somewhat flexible) union of mutually disjoint polydisks ‘of size €.
The flexibility in the choice of U, allows one to further ensure that for any 6 > 0, there is a
smooth compactly supported function x = s, : Ue — [0, 1] such that

(1) [ =) Tr AT < [o(1=x)dpu < 6;
(2) [ldx|%, , [|dd°x|l,, < Cse2, where Cs does not depend on ¢ or U;
Since p has full mass on T, we can multiply y by an e-independent cutoff to further arrange

that supp x is contained in a fixed compact set K C T without affecting properties (1)
(especially) and (2).

Theorem 8.9. The wedge product p =T AT is geometric on any toric surface X; that is,
T NTye /' pase— 0.
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Proof. Fix a constant 6 > 0 and for any € > 0, let x = x5, be as above. Then
/ dp =T NT.. < 20+ / X(T*ANT. =T NT.)
b's T

< 25+/XT*/\(T*—T*,E)+/X(T*—T:)/\T*.
T T

It therefore suffices to show that each of the last two integrals tends to zero with e. We show
this only for the second integral. The details for the first are similar.
Let T,, = \{"fT. Then

/XT*/\(T*—T:) :/XTn/\(T*—T:)+/><(T*—Tn)/\(T*—T:).
T T T

Corollary (with T and T, switched) and properties (1) and (2) above allow us to bound
the second term as follows.

2

[x@ =ty -z < BN [ axada -1
T T
< BN [ (T T < B O

T

So given ¢ > 0 and fixed n large enough, we have for all € > 0 that
/XT* AT =T)) < /XTn AT =T +¢€.
T T

We claim that the integral on the right tends to 0 with e (which completes the proof). To
see this recall that T,|r = dd“u for some continuous psh function u. We can use e.g. the
action of T to regularize u on a neighborhood of supp y, obtaining a smooth function v such
that max |u — v| is as small as we like on supp y. Thus,

/XTn/\(T*—T:) < /decv/\(T*—TE*)+/(u—v)ddch(T*—T:)
T T T

< /decv AN(T* =T) 4+ (max |u — v]) - Hddcxﬂoo/w AN (T =1TY)
T T

supp x

< /decv AN(T* =T})+ Cs max |u — v|.
T supp x
Since y ddv is smooth and fixed, since x < 1 and since T T, on supp Y, the first term
on the right tends to 0 with e. Moreover, the second term on the right is independent of €
and can be made arbitrarily small, so our claim is proved. U

By now we have established all but the last conclusion of Theorem [1.2] Conclusions (1)
and (2) from that theorem and Theorem [8.9| are in fact the hypotheses of [DDG3|, Theorem
BJ]. We can therefore invoke that result to infer the final conclusion of Theorem

Corollary 8.10. The metric entropy of f with respect to p is log A;.
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