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Complex Hénon maps . Generalisation of the
quadratic family ✗→ ✗7- a

HG
,
4) = (✗4- c- ay , ×) : ①2- ①

2

H"C✗ .cn =
(y , ñ+c#)

Or more generally
Hlx

,
a) = (Pix) - ay , ×) p polynomial N

In analogy with ID ,
defiled 22

,

a -1-0
Kt __ { xD : SH
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Rated escape to infinity
G.+G. g)= lim

n→ •
In hgtll It

"

copy
G-

. . - - n
-

n
-

H
"
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Thin (Hubbard) Gt : ①2- Rt is continuous
1. Gt . It = d. Gt G-

• It = d- . G-
2. { G± = o} = K ±

3
.

Gt is pluri - harmonic on Ut : -_ d- Kt
-

Hubbard 's
" Invitation ! study H in

terms of the fibration
@
+
: Ut- (o

, a.)
rut is an interesting set from point A view
n complex analysis .

"

My
"

previous
"

talk



Digressim:CanweeatendHacompaat.compbxmanifold.rs#
Extend to projective space .
É → Cx

,
g) → [ ✗ : y :|] c- 1Pa

H ( ×
,g) = ⇐7- C - ay, x) becomes

It [ ✗ : y s e-] = [ ✗' + c z2- ay 2- : ✗ z : 2-2 ]
Line at ao

,
Lao = {-6--0} in variant under

It
,
It
"

Ut = forward basin of [ I :O : if c- ↳
It ( Lao- •) = •

•
✗

* (•) = Lao*



dynamical degree is

n->•
Ekg ( fn))

%
8 (f)⇒ bin

thy (Dilla - Favre]

Sff) is algebraic , birational invariant .

If f- E.atantomorphism of compact surface
,

and if 8 (f) > 1
,
then f is irrational

.

But : SCH) = dypzz integer •

thus :

No lténonmap It is binate malty conj . to
'

compact
surface automorphism

.



them Let f :p? . - > 1Pa be binational
.Then

f is binationally conjugate to a poly
antsy ①

2

I
3- Line LCPZ invariant under f

,

f
"

L =L
• isolate] for G±

C- : Having global potential Gt possible
only in Henton case

compactsuface-antomoepkis.ms have
invariant currents 1-%

. theory is
almost same as Joe Heinen case

,

Here we focus on properties related
to @ f.



Goal : Apply complex analytic methods to
obtain dynamical results

.
At the same time

the dynamical context should lead to

interesting situations for complex analysis
,

-

N
.
Si bony and I responded to Hubbard 's

invitation from the point of view of psh
fun ctiÑi Is

Bef m is psh if it is subharmonic in
any

coordinate system , ie . ✗ biholo ⇒ u •✗ s
. h

.

-

Language 7 Oka : such functions

are pseudo Connex .



If V is an electric potential (voltage)
,

then

AT = 4 JEET is the charge distribution

Higher dimension : replaced by ddc :=[I dZjrdEk
08022not conform ally

→
→

biholo
. invariantinvariant in ①

-

C even for linear (I f) )
Invariant currents :

pet = ddo Gt

A- = d d
'

G-

¥µ+= d- put it
☒

f- = d- •

g-



What is the structure of µ
± ?

If D a ①
2
is a

complex disk
, ddc / g =

"

intrinsic
Laplacian
on D "

slice
measure on D

n'-1 , : = @del D)@ +1g)
P-rop.pt is (defined by) the family g

slice measures At / g .



G-artier Pluri -Potential theory g. a compact Kc ①
2

Psh Green function

GK = sup { u : U Psh ,
Uso mk }

n s log# 2-11 to
Plano

- complex equilibrium measure

Mk : = @ d
•GI ( B. A.Taylor)

than ( B - Taylor) supply,
= ask Shi lo v

boundary

f- smallest compact C- C K such
that

may Ipl = max 1 plk
for

all polynomials p )



Potential theory in case D Herson maps

them :(B- 5.bony) Gk = max @ +
,
G)

Mk = Mhp
-

Mk is It - invariant measure
-



Fatou sets (forward/backward)
I open set where { H? n Zo} is normal

( equi continuous)
I ? =

.
. . . . . It

"
- -

- -
- .

Julia sets

d-
±
: - ①2- It = 0kt = out

9

them

supp pit
J:= Jtn J

-

K := Ktn K
-



shilov boundary .
- examples

① D
,
C ①

2
is a complex dish

. Os DF = 2
°

.? ① D. CIR> CE
'

⇒ d. DJ =D
.

③ 1T¥ { Ca
, Ed c- É : 10,1=1821--1 } = { @i%É%) :

Q.EE/R }0s ÑA = IT ☒☒ @ b) ✗ @ A)bidisk →

9-
• ← sx @a) A) ✗ A

•
1-
•

③ They ( Joericke) there exist compact setssee? int ( s) -1-0
,
such that Shibu bdry

is $ is a cantor set : compact, perfect
totally disconnected .



Another Julia set ( 1-D case : J =D K )
J * : = dsk = supp MK

clearly a-* a J

them (B- Lyubich - Smillie ☒ )
1. J ☒ = closure { saddle Cperiodic) points }
z

. If P> 9- saddles

g-
*
= closure @ Ep) nw" (9-3)

Question : J = Jt ? ?

are both Julia sets the same
.



Cases where I = g- *

not so hard :

Them (B- Smillie E) If K is totally
disconnected

,
then J = J ?

-

compact set S
'
is hyperbolic if I

invariant splittingto = C- ? ⑦ E ? it ✗ c- S! and

DA is uniformly expanding /contracting m E?"

much deepestand more recently :

Them CDujardin) If g- * is a hyperbolic set
,

then I = J ? ( and me say 17 is hyperbolic)



stable set of a point ✗ :

Wscx) = { y : lin dist If "✗
,

f
"

y) = ofn→ too

stable Manifold theorem i If ✗ is a

hyperbolic set , then

WE U wscxs
✗ C- ✗

is a Riemann surface 1am inatio€
locally home0 .

to a product $ ✗ A
compact ✗ disk



stenos map it is hyperbolic if J is a hyperbolic set .
Thm_ (B- Smillie ⇒ If It is hyperbolic ,

then

I
•

J has local product structure
.

2- Mt slices measures measure WVU
3
.
I = J ?

11111Local prod se=•
- •←•-•- W

"

-
A - of- A-¥-

__¥→!_→t_•É-wu (Xo)
Ji? Jswscxos ¥1 / 1/1×0

too Wscxo)
Je! Jnw"µfD Ws

Tn (nbhdcfxo) I Jstoo ✗ J
"

boo



slice measures measure WS

w
.

holouomy map X : D
,
nws → Dz NWS

liz = ✗
*
( Mt ID

,

)



Currents
k - dim currents are the dual space to the
test k - forms (smooth k-forms iv. compact supp)
m = oriented real surface C 02

, locally finite
[ m] = current d) integration area

< [ on]
,
4) = f 4

m

complex magic
i. canonical orientation →¥ pm
in iv→_= orientation 2- vector

2. positivity Example ✗ sky 2
,

k→ a

real case •€ → =3 = 0

complex case# → = = 2 .-



3. complex surfaces locally minimize area
any bump will increase area
4. wir finger Formula
standard Kaehler form = standard symplectic

formp = [dz ,
ndI

, t d%^dÉ]= dandy
,
+ dxzndyzArea (m) = Jp

M

conversely : if f /m = Euclidean area form
then m is complex

on M

5. (very weak] topology
"
Zero

"

[Mj]→ [m] if
so → sauce in
Mj in



Our interest : M = Ws ( p)
them ( B- Smillie E) ☐ It is hyperbolic ,

then

locally
Ws"÷:É¥⇒É¥⇒+9 stable

containing t transversal
T

attn = f [mil f) It)
t c- T

Mt represents Us as a current

• Gt continuous ⇒ Jt"thick
"

⇒
'Elated
disks

• at /
µ
is reducible

.



For non - hyperbolic maps , Ws is not
a lamination [ later ]

,

but still
we have :

thin (B- Lyubich -Smillie E) There are

uniformly laminar currents Sj ,
5=1,2

, } - - -

.

on (small) open sets Uj such that

µ
+
= £ Sj

.

j = ,



In general :

Ths (B- Smillie E) Let p = saddle pt

Dsp = stable disk about p .

¥ [ It"( Dsp)]→ of? c> o

a = mass ( f- ID;)
c- wscp) = It

"

is dense in J ?
Ms

,

Rink analogous result for WU



Irreducibility /Ergo di city of Mt
Thy (Forness - Sits ong) If T is a positive,
closed current with supp(T) C k?
then To a pet
-

The theory N M ?µ ,

-

µ =p" m
works in almost the same

wayfor
compact surface

automorphisms with 8 (f) > 1
.

Cantat
, Dujardin



Hyperbole city not preserved under J - conjugacy
cauliflower

map conjugate on J to
2- → z

2Ago . ← parabolic
Got hyperbolic) ①•

For an example =

them ( Radu -Tanase) 3 semi - parabolic
H C not hyperbolic) which i § conjugate
on J to hyperbolic H = (×? ey

,

×)
In this case

, J zagReal solenoid .

HI
,
= angle doubling



But if conjugate in a non - invariant"
germ

"about J :

In tiny neighborhood
7 fixed point : →?y÷> )←§→
-

them CB - Dujardin)
.

Let H
,
,
Hz be Herron

maps . Suppose that there is a continuous
map & : u ①

2

,
U I %

,
,

such
that t.lt , = 11-2.10 whenever defined .

then It
,

'

hyperbolic ⇒ Az hyperbolic



-aa-

Isthaesomegood/msefulwayN÷Écheckingforhym-bhity.TT
"

Hoa can observe a lot just by watching .

"

Y . Berra

I

Can
you observe hyperbolicits ?

Is hyperbole city revealed by geometry?



Ingredients. for by perboli city

⑨ spectral splitting / trans versihty
N E ? E "

••@ uniform expansion /contraction

possible
"

weakening s

"

of hyperbolicity
keep ⑨ → partial hyperbole city

keepeood-aq-uasihyperbolicity.TV



S - { saddle (periodic] point
DPH

"

expands/
contracts

But we want uniform expansion on 8
at each step. •

•
•

Ws
Ws

w
"

Iuniformisatin
↳np⇒p-;-j&p_%?•p%%top : Q → WTP)

unique modulo •

→µ;,÷?p#normalize-tpio.MY
tp unique upto

• mYG+(tfl③=#1rotation 3 → £0b

Iv:{ normalized}top : peg



For
p c- S! define metric on ve C-¥

11 v11# : = lvleuclidttf.co/euc1idtfeIY?
71
,
: H ftp.lbD-tfgp 17ps)

•

Xp = HDH
, 11¥

• GI H - d - G+⇒ Ip > I



His quasi - expanding if ☒
"

is a

normal family of entire mappings ①→É
É" = { normal limits t : ① → ①4.
Thm (B - Smillie ) Quasi expansion is
equivalent to several things , including :

i. 37s > 1 such that Ap > K H
p e Suniform expansion d 11 If#

z . Locally proper , bounded area⇒ r >o
. : Apes tip • fwYp)nBrlpD7- BC @

""↳_•z,pgÉed in Brcpj P

• Area S B



Locally proper , bounded area⇒

bounded local folding 1 geometric)
property

"

local folding"=
degree of it =

µ number d)sheets⇐€£ñ SB

Lamination ⇐> B = I



Thm (Lyubich -Peters) 1-2 to c- § "
, then

is a non singular manifold .

thin H quasi - expanding , to c- §"
and p = tho) .

⇒ + id C W
"

(p)
.

ee

smooth Stable set
manifold

tc⇒=WYp)??&_÷manifold



It is quasi - contracting if IT is g- expanding
,It is quasi - hyperbolic if it is both

quasi expanding and quasi contracting
.

thm_ ( B - Guerin i - Smillie)
suppose It is quasi - hyperbolic .

Then

H hyperbolic⇒
No tangency between Us andW

"

tangency is the obstruction to hyperbolic,ty



Thy [B-Guerrini - Smillie) H quasi hyperbolic
then :

Jt laminated in a nbhd N J *
I

5- laminated in a nbhd A J*
I

H hyperbolic



Unstable slice picture - "

the Hubbard

snapshot "
t saddle point
p c- D C W " ( p) unstable disk

computer : draw level sets of Gt /D.
unstable slice Dn Kt = Dn {61-0}

.



Hcx , y) = (F- 1. I - • 15g , ✗)
= perturbation of ✗→ ×? I

C Basilica )

→¥7s- • H has saddles

B
A Pa ~ CA

, A)

unstable slice pictures
PB ~ (B

, B)

Pa Pts



Gradient lines landing at J f from thesis N
R

.

Oliva
,
1998 )

.

We can read off the binary
solenoidal address on the landing point .



thm (B- Smillie VI) suppose It is
volume

- decreasing , ie .

la / < 1
.

the following are equivalent :
1. F saddle

p : the unstable slice whelp)is connected
2. J is connected

3. Gt / ways nut has no critical point ,

them (Dujardin) J connected ⇐> K connect .

thus we can " observe
"

connectivity .



John condition Zo = John "center "

3- e >old OK
IN the disk of

"

carrot "
radius e /w -z

, )

.

and center w
is disjoint from

\k\\•7n
OK is

"

open
" at each

point .



Thy (B - SmillieVI)
. Suppose It is

hyperbolic
,
and J is connected

.

Then the unstable slice satisfies the
bow . tie condition (variant on

If John center John condition)
5
,

can connect &
, %

with carrots G.czwith⇐.

Length(g) 5 const / f-& /



failure of Hyperbola city

cuspi::÷:÷÷÷:
the bowtie condition? ?

Bowtieamditim-7@fquasi-hyperbolioity.R.
?



Can we describe the shape of J±, J ?
Is there a model ?

Complex solenoid % = { I = (G)
nez

:

E. c- Q
, tent > 1

,

Real solenoid E. + , = End }
E. = { I i.

.
.
.
- . 1%1--1

. . .
.}

Dissipative (volume -decreasing) , hyperbolic
and J connected :

J
-

→ E
+

J → Eof finite quotient



I - D K connected and hyperbolic .

have Bottcher coordinate

9 : G - K

¥ Cg
%) and

gradient lines of Gk → radial lines
Centennial

nays)

¥:* :*
p hyperbolic ⇒ rays - land at J

J = sY~



Gt is pluri - harmonic on Ut so it has
a ( local ] harmonic conjugate Gttih

.

Tsisltcher coordinate
qt, e

Gttuh

et
. it = at)d

.

Thm_ :( Hubbard Oberst
-Worth) may defineQt

on ✓
+

:

÷
I
"

y
+
= lin

h→ •
Xn

where ,-É¥
,Hn

, Yn ) = H
"

G.g)
and Qt is the root such that

4
+
~ ✗



Thy [B- SmillieVI) If J is connected
,
then

at has a holomorphic extension to a
neighborhood of

JJ: = 5- K
.

K
=s:*

BE .

Have induced map to JI
the complex solenoid

☒
+

: JF→ §

☒Ip) = ( 6+1 it" (p)))
n C-I



Thy CB -Smillie VI ) suppose It is

hyperbolic , J connected . There exists

m
,
en

, d) =/ 5m18) = I
"

and
a bijection § : Jf- Et
such that

¥
5- Et

fois
Et

Induced map I takes radial lines
in⇐ to gradient lines (external rays]
inside Wu



It = ( 1 , a) ✗ Eo

The set of rays in E+ is Eo

{☒ ( r
,
⇒ : Isr < • } is a gradient line

for Gt / Wmc g)thn_(B-Smillie⇒ A hyperbolic
,
J connected

Gradient line lands at endpoint els ) c- Je : § → J is continuous
, surjective ,finite - to - one

.

-

the quotient Eof I J is given by external
ray pairs landing at the same point

.

Look
at Oliva 's pictures again .



Oliva conjectures the identification pairs for two maps .
Computer picture confirms it .
Can you prove it ?




