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Algebraic and Transcendental Numbers

A number « is called algebraic (of degree d) if there exists a polynomial

flx) = ndxd + nd,lxd_l +--+ng

with integer coefficients, n, # 0, such that f(a) = 0 (and there are no
such polynomial of smaller degree).

A number « is transcendental if it is not algebraic.




Algebraic and Transcendental Numbers

Theorem (Liouville 1844)

If a non-rational number « is algebraic of degree d, then

for some constant C and any rational number p/g, g > 1.
That is, & cannot be approximated well by rational numbers.

Let f(x) be the corresponding minimal polynomial with integer coefficients
and A be such that f(x) # 0forx € (e« — A,a + A) \ {a}. Then
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Algebraic and Transcendental Numbers

Theorem (Liouville 1844)

=S ﬁ is transcendental.
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Irrationality: Criterion

« is irrational if for any ¢ > 0 there exist a pair of integers (g. p) such
that 0 < ’qaf —p’ <e.

If @ = u/v, then
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To prove that e is irrational, we need to find a sequence of rational
numbers that approximate ¢ and are never equal to e.

Hermite realized that he can construct such a sequence by cleverly
approximating ¢* by rational functions.




Padé Approximants: Definition

Let
F() = fo+ fix+ fox? 4 fixk 4o
be a convergent power series. Let
O(x) =qo+q1x+--+qunx"
and
P(x) = po+p1x+---+ ppx™

be polynomials such that

O(x)F(x)-P(x)=0 (xm+n+1)

A rational function P(x)/Q(x) is called a Padé approximant of type (2, 1) to
F(x) (Padé was a student of Hermite).



Padé Approximants: Existence

It holds that
QWF(x) = foqo+ (foqr + f190)x + (foqz + fiq1 + foqo)x® + -+
oo (min{k,n}
= Z Z fe-idqi |
k=0\ =1
Therefore,

min{k,n} min{k,n}
pei= > feeigk and Y filigi=0
i=1 i=1

for k from 0 to m and and for k from m + 1 to m + n + 1, respectively.

The latter is a linear system of » equations with » + 1 unknowns. Such a
system always has a solution.



Padé Approximants: Uniqueness

A solution may not be unique, but the ratio P(x)/Q(x) always is.

Indeed, let xF101 (x), x*1 P; (x) and x*205 (x), x*2 P, (x) be solutions. Then

Pj(x) _ m+n+l-k;
F(x)—Qj(x)—O(x )
Therefore,
Pl(x) _ PZ(X) _ ( m+n+1—manj)
01(x)  02(x) '
However,

deg (P102 — P2Q1) <m+n—ky—ky <m+n+1-maxk;.



Differentiation Operator

For any convergent power series f(x), let
I[f()]=f(x) and D[f(x)]=f"(x).
Observe that
D’ f(x)] =" f(x) +e* f'(x) =" (T + D)[f(0)],

while

D2e* f(x)] e* f(x) + 26 f/(x) +e* £ (x)

e (T+20+ D) [f()] = e* (T + DP[F )]

and so on. Notice also that

Do (#41)] =0 (+4).



Padé Approximants to

Let P(x)/Q(x) be the Padé approximant of type (1, n) to e*. Then
0(x)e* = P(x) =0 (xm+n+l),
and therefore it holds that
D™ Q)" - P()] = ¥ (T + D)™ [Q(x)] = O (x").

In particular,

[ (I +D)"™1[0)] = xx" ]

where « is the leading coefficient O (x). Hence,
— —(m+1) n] — N _yk[mt k
0(x) = (I +D) [x"] = 37 (1) ( .

> )@k k"] .



Padé Approximants to

Normalizing O (0) = 1, we get that

B Ly (n\ (m+n—k)! ok
Q(x)_kZ::‘)(k) (m +n)! (=x)

(in this case k = (=1)"m!/(n + m)!) and

CEHE

k=0

Observe also that

(m +n)!
m!

(m +n)!
n!

0(¢) and P(€)

are integers for / € Z.



Padé Approximants to

Recall that , .
10 =Tl = o [ =D
m! Jo
where 7}, [ f (x)] is the m-th McLaurin polynomial of f(x). Notice that
2() s [Q(x)ex] .
Recall also that
kx'e® = pmHl [Q(x)e* - P(x)]| = pml [Q(x)e*].

Since k = (=1)"m!/(n+ m)!,

Q(x)e* - P(x)

K X
—'/ (x =0)"t"el dr
m: Jo

k 1 !
= %/ (x — 5x)"™(sx)"e** xds
- J0O

_ (_1)11 xm+n+1 1(1 _ S)msnesxds
T (n+m)! 0 '



Irrationality of

t

e’ is irrational for any integer ¢.

Let P(x)/0O(x) be the Padé approximant of type (1, 1) to e*. Set

(2n) (2n)

P(d’) and

2.
Then p, g are integers and
-n" ! :
get —p = (Vi ') €2n+1/ (1 - s5)"s"e5 ds.
n! 0

Hence, -y
g n+

0<}qe —p)



Transcendance: Criterion

« is transcendental if for any ¢ € N and & > 0 there exist  + 1 linearly
independent vectors of integers (¢, p1,---,Pja), J = 0, d, such that

‘qjak —pjk‘ <e¢ foreach j and k.

If « is algebraic of degree d, then ng + nja +- - + nga? =0, ny € Z. Hence,

d d
k
0= an(qj'a _ij)"'”OQj"'Z”kij-
k=1 k=1

By linear independence, there exists i such that

nogi +nipg +- -+ ngpia # 0.

Therefore,
d

Z ni (qid® = pix)

k=1

d

SeZ|nk|.
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Hermite-Padé Approximants

Let F(x). ..., F;(x) be convergent power series at the origin.
Let ng.ny,...,n4 be non-negative integers.

Set N :=ng + - - - + ng and consider the following system of equations

Ric(x) 1= Q) Fi(x) - Pe(x) = O (xV*1)

where deg(Q) < N —ng and deg(Py) < N — ng.

Such polynomials exist (their coefficients are obtained from a linear system
which is always solvable), but are not necessarily unique.

The d-tuple of rational functions P1/0Q. . ... P4/0 is called an Hermite-Padé
approximant of type II.



Hermite Padé Approximants for

The d-tuple of Hermite-Padé approximants for the system ¢*, ..., e9*

is unique and is given up to the normalization by the formulae

0(x) = f(N)(O) + f(N_l) (O)x+---+ f(no) (O)XN_"O
Pr(x) FMN (k) + FND (kx4 -4 £ ()N %

k
Rr(x) = xN+1/ Fs)eX k=) dg
0

where f(s) = s"0(s —1)™ .- (s — d)"d.

Moreover, the polynomials (1/np!)Q(x) and (1/n;!) Py (x) have integer
coefficients.




Hermite-Padé Approximants for : Linear Independence

Qo(x)  Por(x) -+ Poa(x)
A(x) = = kxN,
Qa(x) Pg1(x) -+ Pgq(x)
k # 0, where Hermite-Padé approximants are associated to the follow-

ing system of indices:

ng—1 n ng
ngo n1—1 ng




Hermite-Padé Approximants for : Linear Independence

Let N = ng +ny + - - - +ny. Since the system of indices is

ng—1 nq ng

no np—-1 - ng

no nq ceeong -1

it holds that
N —ng N-n-1 -+ N-ngz-1
N-ng-1 N —n o N-ng-1
deg(A) = ) ) ] ) =dN

N-np-1 N-m -1 --- N —ny

and that the coefficient next to x? is the product of leading coefficients of
the elements of the main diagonal and therefore is not zero.



Hermite Padé Approximants for : Linear Independence

On the other hand,
Qo(x)  Po1(x) —e*Qp(x) -+ Poa(x) — e?*Qp(x)
A(x) = : : "o :
Qa(x) Py(x) —e¥Qq(x) -+ Pga(x)—e?Q,4(x)
0o(x) O (xN) ) (xN)
Q4(x) O(XN) O(xN)




Transcendence of

Theorem (Hermite 1873)

e is transcendental.

For any d,n € IN, consider (d + 1)-tuples of the Hermite-Padé approximants

(0. P, Pja()

for e¥, ..., e associated with the matrix of indices
n—-1 n
n n-1
n n n-1
Set
Q;() P (1)
qj =




Transcendence of

Then ¢;, p ji are integers,

edddn+l
N

1
s | -
(n-1)!

k J
L‘S)'ek—s
0 S—J

where f(s) =s"(s—1)"--- (s —d)", and
q0 P01 o Pod
. : : A1) B
((n = 1))+

49d Pd1 " Pdd



Transcendence of

Theorem (Lindemann 1882)

7 is transcendental.

Assume 1 is algebraic, in which case ir is algebraic as well.
Let g be the polynomial with Gaussian integer coefficients such that g (ir) = 0.
Denote by @1, ..., ap the zeros of g. Then

0=(eY+1)--- (e +1) =Pt +... 4+ P1 12D ¢,

where f; are combinations ejaq + - - - + epap with ¢ € {0,1} that are not
equal to zero.



Transcendence of

For any n € I, consider (d + 1)-tuples of the Hermite-Padé approximants
(0. P ()., Pja)

for eP1%, ..., ePaX associated with the matrix of indices

n—1 n
n n-1 --- n
n n coon=1
Let N=(d+1)n-1and n;i =n-¢j;. Then
0, = SN @+ NV @r+- M0 @xN 0
Pie@) = SN0+ fN TV Brox o 1 (Broal
Br

Rjp(x) = xN+1 ./O f,~(s)ex<'8k_s)ds

where fj(s) =s"0(s — B1)"1 - (s — Bg)"d.



Transcendence of

o 0;(1) Pix(1)
X = Xk
GG A PR G
where » is the leading coefficient of g.
Similarly to the previous proof, one can show that vectors (¢; p1; ... pa;)
are linearly independent. Hence, there exists an index i = i(n) such that

d
qi2° = d)+ " pi #0.
k=1

Using the fact that the symmetric functions of o1, .. ., a4 are integers, one can
also argue that the sum above is an integer. Then

d d d
0= qieP +qi@° ~d) = )" (aieP* — pu) + i @° = d) + ) pixs
k=1 k=1 k=1

where the first sum can be made arbitrarily small by increasing » and the
remaining summands always add up to a non-zero integer.



