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Angelesco Systems

Let 1, up be Borel measures on the real line and A; = [a;, Bi] be the convex hull of
the support of y; (81 < ap).

Let 7 = (n, ny) be a multi-index of non-negative integers and |ii| = ny + n,.

Type II multiple orthogonal polynomial Py (x) is defined as the minimal degree
monic polynomial satisfying

kaPﬁ(x)dui(x) =0, k=0, —1.

The index 7i is called normal if deg P; = |n|.



Recurrence Relations and Compatibility Conditions (Van Assche)

If 77 and 7 + €; are normal, then

xP;(x) =Pjitq,(x) + by i Pi(x) + ag 1 Pi_g, (x) + a5 2 Pj_z, (x).

Recurrence relations imply that P (x) can be built in many different ways:

This, in particular, means that the recurrence coeflicients cannot be arbitrary. It can
be shown that they must satisfy

biya2 — biiye,,1 = bip — bis

2 2
Z A5y k — Z 4ive k = bive;.ibij — bite; jbii»
k=1 k=1

az (b7, — bai) = a542,,i(bi—z,,j — bi—z.i)



Vector Equilibrium Measures

If y; are positive measures, then Pj; (x) = Py 1(x)Pj (x), where P ;(x) has all of
its zeros on A;. Moreover,

P(x)=x"i+-

‘ | 2P ldut) = | min | P01Pg i 0) i) ’

Let V¥ (x) = — {log |x — y|dw(y). Then,

Pjj i(x) = exp{=[a[V"7(x)},
where v;; ; is the normalized the counting measure of zeros of Pj; ;(x).

If we replace the L'-norms with the supremum norms, then

min V2V V=i (x) = max min V27 (P)+vis—i (x).
A v(P) A




Vector Equilibrium Measures

Let ¢ € (0, 1) and N, be a ray-sequence of indices such that
ny = (c+o(1))i| and ny = (1—c+o(1))|nl.

In the limit, the potential-theoretic problem becomes:

find we i, supp w; S A, such that |we 1| = ¢, |we 2| =1 — ¢, and

min V2@eit@e3—i (x) = max min V2@ @e3—i (x),
A; w A;




Weak Asymptotics

Theorem (Gonchar-Rakhmanov)

For any ¢ € (0,1), the pair (w1, we2) exists, is unique, and it holds that
suppwe,1 = [@1.Bc,1] =: Ac 1 and suppwe > = [ac 2. B2] =1 Ac 2.

Theorem (Gonchar-Rakhmanov)
Assume that each y; is UST-regular on A;. Then it holds that

n

lm 108 P (2)] =~V (2)

locally uniformly in C\A;. Moreover, ;v ; % we.; along Ne.
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Conformal Map

Consider a conformal map y. : S, — C such that

‘ )(E-O)(Z):Z-FO(I/Z) as z — o0. ’

Define

‘ )(éi) (2) =: Bei + Aci/z+ O(1/z%) as z— oo. ’

In fact, it holds that
Ac,l Ac,2
Xe — Be Xc 7BC,2.

2= Xc+



Vector Equilibrium Measures

Let

Then,

and respectively




Parametrization by

Proposition (Aptekarev-Denisov-Ya.)

There exist 0 < c¢*

< ¢** < 1 such that 8, | is strictly increasing function of
¢ € (0,c*] with Bo+.1 = a1, Bex,1 = Py and otherwise it is constant; a.  is
strictly increasing function of ¢ € [¢**,1) with @ #% 5 = a2, @1- , = B, and

otherwise it is constant.

There exists z¢ € (a1, B2) such that

(he) = 0@ + o0 4+ 0@ 4 z£°> - aio) 7,82(’)1 = a((f’); fﬁéo).

Moreover, zc = B¢, 1, ¢ € (0,c*] and zc = @, 2, ¢ € [¢**,1).




Parametrization by

Proposition (Denisov-Ya.)

Let z, € (a1,87). Define
By = min{z., B1} and @, p := max{ay, 74 }.
Define A, to be the rational function on S, such that

hgo)(z)=1/z+0(l/zz) as z—

and
(hy) = 0@ 4 o) 4 0@ 4 ZEO) 0 '3(0) (0) ﬁ(o)
Put
hil)(z) = *C*/Z aF 0(1/22) as z — 0.
Then

he = he, .




Geometric Term

Set c(7i) := 7i/|ii|. Let ®@; be a rational function on &, ;) with the divisor
nyo0) + nyo0® — \ﬁ\oo(o)

whose branches multiply to 1. We can write

na

D5 = 13 (Xe @) — Be), 1) Ore@) — Be@y 2)™

where 7;; is the normalization constant. Also,

—
@ﬂmm{n<L9L@>m@mw}

2
It is also true that
tog @) (2)] = [FV e (2) + 15 1.

for some constants /;; ;.



Szegd Functions

Let p;(x) be a non-vanishing function analytic around A;.

Denote by C; the discontinuous Cauchy kernel on S: third kind differential with
three simple poles, located at z and the other two points with the same natural
projection, and the residues 2 at z and —1 at the other points.

2
1
&w=m&%2L@wmwquk
& Joe

where we ;(z) = A/(z — @c,i)(z — Be,i). Then,

SU (1) = S ) (piwe.i+) ). x € (ac.inBe.i).

and it holds that the product of all branches is identically 1. Hence,

SD ()89 (1) (x) = (piwe,i4)(x), X € (@i Bei)-



Szegd Functions

Proposition (Aptekarev-Denisov-Ya.)

If (piwe,i+)(x) > 0 is an integrable function with integrable logarithm on A, ;
for each i, then there exist a unique pair of conjugate-symmetric outer functions
S¢.1(2), S¢.2(z) such that

19 )RSE (x) = (piwe i )®)s % € (@i Ber)-

Functions S ;(z) are standard Szegd functions of densities s¢ ;(x):

—1
sea| _L(; +l 0 HA,» A log(p1we,14)
sea| 2 2 |Hay >0 0 log(pawe24) |

where Hp ;- A is the operator of harmonic extension of a function on A ;

followed by the restriction to A ;.



Strong Asymptotics

Theorem

Let du;(x) = —pi(x )271 - where p;(x) is a non-vanishing analytic function around
A;. Then,

Vii.i
(Se(iy @)D (2)

uniformly in dist{z, (A7 j7|,;)} = d, where y5 ; is a normalization constant. More-

Py i(2) = (1+0(1))

OVver,

N
1
Il

ai = +o()Ac)i
bii = (1+0(1)Bc(its,),i-

The error terms are of order

o (min{nl,nz}_1/3) .

If indices c(7) are separated from c*, ¢**, then the power 1/3 can be removed.




Strong Asymptotics

Pi(2) = 5 (1+0 (min{nr, m} =) ) (Se(y®a)® (2)

Ya, 16: along N, with ¢ € (0, 1), analytic + Fisher-Hartwig, any size
A-D-Ya, 21: along N with ¢ € [0, 1], analytic + positivity, two measures
A-D-Ya, submitted: along N, with ¢ € (0, 1), Szegd, any size

D-Ya, in preparation: along N, with ¢ € [0, 1], Szegd, any size



Differential Equation

Theorem

Set R(c) := (c¢/(1 — ¢))?(Ac.2/Ac.1)- Then

R(e) — RO+ )

T1-2+ c(2—c)R(c)
on (0, c*) U (c**,1). Moreover, we have that

Bl c A:-,l_ lch/L-,z_ 5 1 —c¢—cR(c)
Be 1—cAc c Acp

1—c2+c(2—c)R(c)
cB’y1 + (1 —c)B'C’2=O < B;’2=CB’C < B'C’1

—(1 —c¢)B..

Aptekarev-Kozhan in 2020 derived these equations (in any size) out of compatibility

conditions under the assumption on the speed of convergence of the recurrence
coefficients (which has not been proven yet).



Soft Edge (Airy)

(prefactor) (1 +0 (4317>) exp {—§§3/203} .



Sliding Soft Edge (Perturbed Airy)

S S 2 .3
(prefactor) (1 +0 <|§|1/2 min{§|,-r}>> exp{ 3{ 0'3} .



Critical Soft Edge I

(prefactor) (1 +0 (ﬁ)) exp {72(4 + s)3/20'3}

locally uniformly in s.



Critical Soft Edge 11

(prefactor) (1 +0 (U—i)gl/z>> exp {_% <§3/2 n s{l/2> 0_3}

uniformly in s < 0.



Hard Edge (Bessel)

(prefactor) (I +0 (ﬁ)) exp {2{1/20'3} .



