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Orthogonality

Let . be a positive Borel measure supp(p) C [a, b]. There exists a monic
polynomial @, deg(Q,) = n, such that

/xk Qn(x)dp(x) =0,

k €{0,...,n—1}. It holds that

[ 10:00rdutx) = min [ 1Q(0Pdu(x)

for any monic polynomial of degree n.
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Minimal Problem

To guess the behavior of @Q,, lets look at

min sup |Q(x)|.
Q x€Ela,b]

Write

Voo (2) =~ log|Q(z)| = / log |z — x|dog(x)

Then the problem becomes

max min V79(x). J
oQ x€Ela,b]
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Equilibrium Measure

Look at all the probability measures o on [a, b]. It is known that there exists
the unique measure w such that

£:= min V¥(x) = max min V7(x). J
x€E[a,b] o x€la,b]

The measure w is called the logarithmic equilibrium distribution on [a, b] and
the constant / is called Robin constant. It is known that

L—V®=0 on [a,b],
£—V®>0 in C\Ja,b]
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Padé Approximants

Let f be a function holomorphic at infinity. The diagonal Padé approximant
[n/n]f = Pa/ Qs is the unique rational function such that

deg (Qn) < n,
(Quf —P)(2) =0 (z*"“)) .

Let 1 be such that ' > 0 almost everywhere on [a, b]. If

dpu(x)
f(z) =
(- [ 2, J
then Q. is the n-th orthogonal polynomials w.r.t. to 1 and it holds locally
uniformly in C\ [a, b] that

lim_ n"tlog |f — [n/n]¢| < —2(¢ - V¥)

lim n 'log|Qn| = —V*.
n— oo
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Strong Asymptotics

If the measure . satisfies Szegd condition [ log ;//dw > —o0, then there exists
a non-vanishing holomorphic function S such that

S:S5- = /LIW+7 J
where w(z) = \/(z — a)(z — b). In this case it holds that
Q = Gi[l+0(1)]50"
Quf =P, = Go[1+0(1)]/(wSD"),

where ® is the conformal map of C \ [a, b] to the complement of the unit disk
such that ®(c0) = oo and ¢'(cc) > 0.

When du(x) = (p/wy)(x)dx and p is Holder continuous, complex-valued, and
non-vanishing on [a, b], this theorem is due to Nuttall and when dyu(x)/dx is a
Jacobi-type weight with p “smooth”, it is due Baratchart-Y.
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Riemann Surface

Denote by R the Riemann surface of w (two copies of the complex plane cut
along [a, b] and glued crosswise). Set

o0 = ¢ SO S
and
oM = 1/0 s = 1/s.

0

Then @ is a rational function on 9 with a simple pole at oo(® and a simple

zero at OO(l)

The asymptotic formula can be written as

{ @ Ca[1 + o(1)] (S®™)©
an — P, = Cn [1 aF 0(1)] (5¢n)(1)/W
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Hermite-Padé Approximants

Let fi, i € {1,..., p}, be functions holomorphic at infinity, p € N. Given a
multi-index 77 € NP, Hermite-Padé approximant to the vector

f=(f,....f) J

associated with 7, is a vector of rational functions

[le = (PY/ Qs ..., PP/ Qs)

such that
deg (Qs) < |A|:==m+ -+ np,
(@i = PP) () =0 (z7), ief1,....p}.
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Angelesco Systems

The vector f is called an Angelesco system if

i@ = [ ienp, J

where 1;'s are positive measures on the real line with mutually disjoint convex
hulls of their supports, i.e.,

supp(pi) C [ai, b] and  [aj, bj] N [ak, bi] = @. J

For such systems it holds that

/kuﬁ(x)dp,-(x) —0, kelo...,m—1}, ie{l....p}. J
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Vector of Equilibrium Measures

Assume now that

ni=clil+o(A]), e=(ca,...,)e (0,1)", |&|=L J

There exists the unique vector of positive Borel measures

(Wi,-rwp), |wil =, supp(wi) = [ae,i, be,i] C [a, b, J
such that (o1,...,0p) = (w1,...,wp) if
b= in Vet < min Vo9
i, VIR S in V7T J

for each i € {1,...,p}, where o := >"" | o;. It holds that

Li— V¥t =0 on [az,bzi],
L — V¥t <0 on [ai,bi]\ [ac, bzi]-
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Gonchar-Rakhmanov Theorem

Theorem (Gonchar-Rakhmanov)

Let /i be such that y; > 0 almost everywhere on [a;, b;]. Then

‘ I||m \n|_1|og’f—P()/Q|— (6 — v,
n|—
lim || log|Qs = —V*.

| A |—=o0

New feature of the Hermite-Padé approximation is the appearance of
divergence domains. Set

DF = {z Dl — VET(2) > 0},
D; {z: & — v (2) < 0}.

The domain D;" is unbounded, this is precisely the domain in which the
approximants P;')/Qr, converge to f;i. The open set D, is bounded and
possibly empty, within this set the approximants diverge to infinity.
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Riemann Surfaces

Let YR be a Riemann surface obtained by

e taking p + 1 copies of the extended complex plane
e cutting one of them, say 91(”), along the union | J?_, [z, bz /]

e cutting each of the remaining copies %3\ along only one interval so that
no two copies have the same cut

e gluing R to R crosswise.

Denote by 935 the Riemann surface constructed as above corresponding to the
vector equilibrium problem for

All surfaces have genus zero.
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Exponential Factor

Denote ®; the rational function on 935 which is non-zero and finite except for
a pole of order | 77 | at 0(® and a zero of multiplicity n; at each co”; and
satisfies [[7_, ®5(z'¥)) = 1. It holds that

VD) + g ik 2ERY,

— log |®5(z)| = » ) @
V@ii(z) — Lrisi 1= o1 Zz=1 Uik, z€R,.

It is true that

R
||

o (2)
o{(2)

locally uniformly in C\ U?_,[az, bei] as | i | — oo, i € {1,...,p}.

log

= VRiti(z) — 0z = V¥ (2) — £ + o(1) J
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Strong Asymptotics

Theorem

Given ¢ € (0,1)” such that | ¢ | = 1 and a sequence of multi-indices { 7 },
ni=cl|i|+o(|A]),
let [ 7]z be the Hermite-Padé approximant to f=(f,....f), where
J; Jj
9 =0 TTb =l T1{ 5, 5%
J= J=

ajj > —1, R(Bj) > 0, and p; is a holomorphic function on [a;, bi]. Then

0)

Q = Gi[l+o0(1)](50s)
Qifi — PV = Gi[1+0(1)](595)" /i,

where S is a non-vanishing function on X satisfying 5! = SJ(FO) (piwiy) on
(3, bz) and wi(z) := \/(z — az,;)(z — bz:).
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Pushing Effect

Recall that wy; is the weighted equilibrium measure in the field (wz — wz;)/2:

min VY% (x) = max min V717 (x)
x€laj,bj] x€laj, bi]

In general, [a7, bs|, the support of ws ;, is a proper subset of [a;, bj].

Dy

a1 = az1 = Qi1 bii bz b1 as = aga by = bao

Local Riemann-Hilbert analysis

e Hard Edge: bs1 = bz1 = b1 ¢ OD; (Bessel)

e Soft Edge: bs1 = bz1 < b1 (Airy)

e Soft-Type Edge I: b1 € 0Dy, (includes soft edge)
e Soft-Type Edge II: bs1 & 0D, but bzy € 0D
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RH problem for Painlevé XXXIV

The following Riemann-Hilbert problem is needed for the local analysis around
soft-type edges. It also corresponds to a certain family of solutions to Painlevé
XXXIV equation.

(ac) lllg,ﬂ is analytic off the rays with properly specified behavior at the origin;

(b)
(_01 (1)) on (~o0,0),
g = Wi g (ei}wa 2) on {arg(¢) = +2x/3},
(cl) f) a0 ((0)ee)y
(d1,d2)

“';,B(C?S) = (' +0 (C_l)) C_\;;M (le 1) exp {Qi(C; 5)03}

where 0'(¢;s) = —2(¢ + s)*/2 and 6%(¢;s) = — <§C3/2 +5C1/2>.
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RH problem for Painlevé XXXIV

Theorem

Given o € R and R(8) > 0, lllﬁ;,ﬁ exists for all s € R. Assuming 8 # 0, it holds

that
o= (1 ) (o (i) e om)

uniformly for all ¢ and s € (—o0, o0); moreover, we have that

vac=(1 1) (I+O< :Z:ii»exp{oz(c:s)as}

uniformly for all ¢ and s € (—o0, 0].

The case § = 1 was worked out by Its, Kuijlaars, and Ostensson. The case
« = 0 is the current Master Thesis project of Bogadskiy under supervision of
Its.
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