UNIFORMITY OF STRONG ASYMPTOTICS IN ANGELESCO SYSTEMS

MAXIM L. YATTSELEV

ABsTRACT. Let p1 and py be two, in general complex-valued, Borel measures on the real
line such that supp p; = [, B1] < supp p2 = [@2, B2] and du; (x) = —p; (x)dx/2ni,
where p; (x) is the restriction to [ «;, ;] of a function non-vanishing and holomorphic in
some neighborhood of [a;, B;]. Strong asymptotics of multiple orthogonal polynomials
is considered as their multi-indices (71, ny) tend to infinity in both coordinates. The main
goal of this work is to show that the error terms in the asymptotic formulae are uniform
with respect to min{n, n}.

1. MaIN ResuLrs

1.1. Multiple Orthogonal Polynomials. Let y; and u, be two, in general complex-valued,
Borel measures on the real line and 7i = (nj,n;) be a multi-index, where ny,n; are non-
negative integers. A non-identically zero polynomial P; (x) of degree at most || := nj +ny
is called a type II multiple orthogonal polynomial with respect to a system of measures
(u1, o) if it satisfies

0 JP;,(x)xldpi(x) 0, 1e{0...m—1}, ie{l,2}.

In what follows, we take Pj;(x) to be the monic polynomial of minimal degree satisfying
(1), which makes it unique. Type I multiple orthogonal polynomials are not identically zero
polynomial coefficients of the linear form

0i(x) := AL (¥)dpy (x) + AD (¥)dpa(x),  deg AL < i,

N 1 2
§x10i(x) =0, 1 <]|i|—1, AEO?I) - AEI,)O) =0.

(@)

It is known [18, Section 23.1] that when deg Pj; = |i|, in which case the multi-index 7 is
called normal, the linear form Qj;(x) is defined uniquely up to multiplication by a constant.
In this case, it is customary to normalize it by requiring

3) fxlﬁ\*lgﬁ(x) .

The polynomials Ag)(x) are no longer monic and their leading coefficients, which we
denote by 1/hj;_;, ;, are closely related to the type II polynomials Pj(x). Indeed, it holds
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that
hi g = ha_z. jxml*lQﬁ(x) = hii—z,, fPﬁ—E,- (x)Qii(x)
@) = hi_s,. j Pii_z, (0) AL (x)dp (x) = fPH. ()™~ dps (x)
as follows from (1)—(3). It is known [18, Theorem 23.1.11] that if indices # and 7 + e;,
where €; = (1,0) and €, = (0, 1), are normal, multiple orthogonal polynomials satisfy

nearest-neighbor recurrence relations of the form
) XPj(x) = Pjig,(x) + bsiPa(x) + aq 1 Pi-g (x) + a5 2 Pi—z,(x),
xQ5(x) = Qsi—g/(x) + big,.,iQa(x) + a7, 1Q7+2, (x) + a7 2Q5i+5, (%)

All these definitions can be formulated for a collection of more than two measures, however,
we shall not pursue such an extension here.

1.2. Angelesco Systems. Assume that each measure y; is compactly supported and let
A; be the smallest closed interval containing the support of y;. If Af n Ay = @, then
the pair (u;, u2) is said to form an Angelesco system. Angelesco himself considered the
case of non-negative measures and had shown that such systems are always perfect (all
multi-indices are normal) [1]. In what follows, we are only interested in the case where
(6) supp p; = A; =: [a;, Bi]  and  dp;(x) = _Pi(x)%,
i.e., each y; is supported by an interval and is absolutely continuous with respect to
the Lebesgue measure. We allow densities p;(x) to be complex-valued! and assume for
definiteness that 81 < a;.

When each ip;(x) is positive almost everywhere on the corresponding interval A;, the
zero distribution of the polynomials P;(x) and their |7i|-th root (i.e., weak) asymptotic
behavior were studied in [17] along subsequences of indices that satisfy

(7 Vllim ni/|ii| exists and belongs to (0, 1).
n|—oo

When the functions ip; (x) are non-negative with integrable logarithms (Szegd class), strong
asymptotics of these polynomials along the diagonal sequence n; = n, was obtained in
[2], see also [20, 24], and more generally under assumption (7) in [3]. When each function
pi(x) is the product of a restriction to A; of a non-vanishing (complex-valued) holomorphic
function and a Fisher-Hartwig weight, the strong asymptotics of type II polynomials along
subsequences satisfying (7) was derived in [27]. Asymptotics of type I polynomials as
well as of the recurrence coeflicients was later deduced in [4], but just for weights that are
restrictions of holomorphic functions only. Moreover, assuming more stringently that each
density p; (x) is a restriction of a holomorphic function and is positive on A; while allowing
the limit in (7) to be 0 or 1 under the additional assumption

) g := 1/min{n;,np} -0 as |i| —> oo,

strong asymptotics of the polynomials of both types and the asymptotics of their recurrence
coeflicients was derived in [5]. The goal of this work is to show that the error rates obtained
in [5] can be made uniform in 7; that is, the asymptotic formulae can be derived solely
under condition (8), no assumption on the existence of the limit in (7) is needed. We

IThe specific choice of the normalization in (6) is there for two reasons. First, under such a normalization the
Markov function of y; becomes the Cauchy transform of p;, i.e., § dz'“‘f(;c) = ‘;%xz) %.

positive measure, the density log(p; we.i+ ), appearing in (22), is a real-valued function.

Second, when y; is a
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shall assume that the densities p;(x) are restrictions of analytic, non-vanishing, and in
general complex-valued functions. Analyticity assumption can be relaxed, but this will be
addressed in a subsequent publication.

1.3. Riemann Surfaces. The functions describing strong asymptotics of multiple orthog-
onal polynomials naturally live on a sequences of Riemann surfaces. To describe these
surfaces, we need to start with the already mentioned work by Gonchar and Rakhmanov
[17]. There, assuming (6) and that each ip;(x) is almost everywhere positive function
on A;, it was shown that if a subsequence of multi-indices satisfies (7) and c is the limit,
then the normalized counting measures of the zeros of Pj;(x) converge weak™ to a certain
measure w, and
il log |Pa(2)] = —(1 + 0(1))V* (2)

locally uniformly in C\(A; U A,) along this subsequence of multi-indices, where V¢ (z) :=
— {log|z — x|dw(x) is the logarithmic potential of a measure w and w, := W¢,| + W2
with w1, wc,2 being the unique pair of measures such that |w. 1| = ¢, |we2| = 1—¢
(here, |w] is the total mass w), supp w.; € A;, and

lej— V@eT@®i(x) =0, x€suppwe,,
lej— V@et@ei(x) <0, x€ A\Suppwe,,

i € {1,2}, for some constants €. |, €. » (the measures w,,, W, can also be defined through
a certain vector energy minimization problem).

What is of main importance to us from the above results are the supports of the vector
equilibrium measures w,,; and w. ». It was explained in [17] that

) Acii=suppwe,i = [@ci,Be,i] € A = @i, Bi]

i € {1,2}, where @, := a; and B, := B, for any ¢ € (0, 1). However, it is possible
that 8.1 < B1 and @, > a; (this is so-called pushing effect). In fact, it is known [5,
Propositions 4.1-2] that there exist 0 < ¢* < ¢** < 1 such that

* Kk
(10) Bea <p1, ¢< c*, and ) ¥ =@ €< c**,
Be1 =p1, c=c¥, Aep > @y, € >C*F.

Moreover, 3.1 is a continuous strictly increasing function of ¢ on [0, ¢*] with By.; := a3

while .  is a continuous strictly increasing function of ¢ on [¢**, 1] with a2 := B,. Tt
is also known that the constants ¢, ; and ¢, are continuous functions of ¢ and so are the
measures w.,; and w, 7 in the sense of weak® convergence of measures.

Given ¢ € (0, 1), let &, be a 3-sheeted Riemann surface realized as follows. Define

Ac:=Ac1UAcn, E.:=E.1UE.p, where E.;:={aci,Bec.i}

Denote by 6((;0), 621), and 622), three copies of C cut along A, A1, and A, 5, respectively.
These copies are then glued to each other crosswise along the corresponding cuts, see
Figure 1. It can be easily seen from the Riemann—Hurwitz formula that €. has genus 0.
We denote by 7 the natural projection from &, to Cand employ the notation z for a generic
point on &, with (z) = z. We let &) = ac,1,8c,1,Qc,2, B2 = Be to stand for the
ramification points of &, with natural projections a, B¢ 1, @¢,2, 82, respectively. We set

Ec = Le1 Y EC,Z’ Ec,i = {ac,i’ ﬁc,i}’
AC = Ac,l U Ac,2> AC,,‘ = GEO) N Gg) = 665‘1)

Notice that A. ;\E, ; is a two-to-one cover of A® ; 1= (@c.i,Be.i)-
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Ficure 1. Realization of the surface S..

We call a linear combination ). m;z;, m; € Z, a divisor. Its degree is defined as >_ m;.
We say that > m; 2; is a zero/pole divisor of a meromorphic function if this function has a
zero at z; of multiplicity m; when m; > 0, a pole at z; of order —m; when m; < 0, and
has no other zeros or poles in the domain of its definition. Zero/pole divisors of rational
functions on &, necessarily have degree zero. Conversely, since &, has genus 0, any degree
zero divisor is a zero/pole divisor of a rational function, which is unique up to multiplication
by a constant. For any function G(z), defined on 8.\A., we denote by

GH(z):=G(z), zesfh\ae™, ke{o,1,2},

its pull-back under the natural projection from the k-th sheet to the cut complex plane.

1.4. Conformal Maps. To proceed, we introduce a certain conformal map of &, onto 6,
say x(z), which is a rational function with one pole and one zero, defined by the relation

(11) )(éo)(z) :Z+O(Z_1) as z — o0.

Since prescribing the absence of a constant term around o0(?) (00(%) is a point on ng) whose
natural projection is the point at infinity) is equivalent to prescribing a zero, the function
Xc(z) is uniquely determined by (11). Further, let the numbers A, 1, Ac.2, B¢,1, Be2 be
defined by

(12) Xgi)(z) = Bei+Aciz ' +0(z?) as z— o, ie{l,2}.

Since y.(z) is a conformal map, the numbers A.; are necessarily non-zero (otherwise
Xc(2) — B.; would have had a double zero). Moreover, by tracing the image of 77! (R)\A,.
under y.(z), which is necessarily equal to the real line, one gets that each A.; > 0 and
Bcy» > B 1. Set
13) {‘Pi(z) = (2= (B + @i)/2 + wi(2))/2,

wi(z) =+/(z—a)(z—Bi) =z+0(1)
to be the branches holomorphic off A;, i € {1,2} (¢;(z) is the conformal map of the

complement of A; onto the complement of {|z| > (8; — a;)/4} that behaves like z at
infinity). It was also shown in [5, Proposition 2.1] that A, ; and B, ; are (real-valued)
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continuous functions of the parameter ¢ € (0, 1) such that

2
Acp = [(Br—@)/4]” = Ao,

B = + 2 =: By,

(14) lim ) (B2 + a2)/ 0,2
=0 A = 0 =: Ao,

Bei = Bop+@2a) =: Bou,

and the analogous limits hold when ¢ — 1.

In the limit ¢ — O (similar considerations apply to the case ¢ — 1), the Riemann surface
&, becomes disconnected: one connected component is a copy of C and the other one is
two copies of C glued together crosswise across A;. As expected, in this case the conformal
maps y.(z) converge to a conformal map of the second connected component onto the
Riemann sphere. More precisely, it was shown in [5, Equation (5.2)] that

¢2(2), zee,

Xe(2) = Bea = (14 0(1)) { #2(a1), zel,
2
(852) /ea(a). ze6?,

uniformly on &, as ¢ — 0 (the top two limits in (14) follow immediately from this formula).

The vector equilibrium measures discussed before admit the following explicit formulae.

Let I (2) be the derivative of y(z), that is, the derivative of y{*'(z) is equal to 1" (z),

for each k € {0, 1,2}. Equivalently, I1.(2) is a rational function on &, with the zero/pole
divisor and normalization given by

(15) 2(00(1) + 00(2)) —oa;—Be1—oacp— B and Hﬁo)(OO) =1.
Observe that lim,_, 22110 (z) = —Ac.1. i € {1,2}. Set
xe(z) — (1 —=¢)Be1 — cBen

(Xc(2) = Be)(xe(2) = Bea)’
Then h.(z) is a rational function on &, with the zero/pole divisor given by

(16) he(z) := e (z)

(17) 0@ + o0 + 0@ 4 2. — oy — Bet — e — o
where z. is some point on &, whose existence is guaranteed by the fact that zero/pole divi-
sors of rational functions on compact Riemann surfaces must have degree zero. Moreover,
it holds that
(18) lim 72" (z) =1, lim zhY (z) =—c, and lim zh® (z)=c—1

Z—0

Z—0 Z—0

(this, in particular, means that all three branches of 4.(z) add up to the identically zero
function because their sum must be an entire function that is equal to zero at infinity). The
function A, (z) is uniquely determined by (17) and (18). Indeed, the ratio of any two such
functions (that is, functions corresponding to possibly different points z.) minus 1 must
have at most one necessarily simple pole by (17) and at least three zeros (at the points on
top of infinity) by (18), which is only possible for the identically zero function. Now, it
follows from [27, Proposition 2.3], where the functions /. (z) were introduced differently,
that

ze = Be,1, c € (0,c*],
(19) Zc € GEO) and n(ze) € (B, a2), c € (c*,c**),

Zc = Qc)2, ce [C*, 1)



6 MAXIM L. YATTSELEV

(if either z. = B.,1 or 2. = .2, then these points cancel each other out in (17) and
h.(z) has only three poles and three zeros). Finally, the following claim can be found in
[5, Section 4]. It holds that

i i dx .
(20) dwei(x) = (hgl(x) - hgl(x)) - xede ief{l2).

Notice that hgﬂ)r (x) =nh C(TT)_ (x) for x € Ac;. Using the limiting behavior of Xﬁo) (z) as
¢ — 0 discussed above, one can show that . (z) converges to 1/w5(z) on the zero-th sheet
as ¢ — 0. This, in particular, implies that w. > converge to the arcsine distribution on A
as ¢ — 0 (of course, similar limits take place as ¢ — 1).

1.5. Main Asymptotic Terms. The following construction was carried out in [27, Sec-
tion 6]. Similarly to (13), for each ¢ € (0, 1), set

(1) wei(z) 1= \/(Z —aci)(z—Bei), 7€C\Ac,;, i€ {l,2},

to be the branch normalized so that w. ;(z) = z + O(1) as z — 0. Denote by C. the
discontinuous Cauchy kernel on &, that is, C, is the third kind differential with three
simple poles, located at z and the other two points with the same natural projection, and
the residues 2 at z and —1 at the other points. Put

2
1
(22) SC (z) ‘= exp {% I=Zl J‘ACV[ log(piwc,H-)Cz} ,

where we choose a continuous determination of log p; (x) and set
logwe it (x) := log|we i (x)| + 7i/2

(when y; is positive measure, we can take log p;(x) = log |p;(x)| — 7i/2, see (6), so that
(piwe.i+)(x) is a positive function on (@, ;, Bc.;))- It is known [27, Proposition 2.4] that
Sc(z) is holomorphic in &,\A. and has continuous traces on A. ;\ E. ; that satisfy

- S0 = SO @ piwes) @), xe A

SO @) ~ 2=l as o eck.

Moreover, (SEO)SEI)S?) (z) = 1. These functions continuously depend on the parameter
¢ € (0, 1) and possess limits as c — O and ¢ — 1. Namely, we have, see [5, Proposition 3.1],
that

Sp(2)/Sp,(0), k=0,
=(1+0(1)<1, k=1,
Sp,(90)/Sp,(2), k=2,
as ¢ — 0, where o(1) holds locally uniformly in C\{a;} when k € {0, 1} and uniformly in

C when k = 2, and S, (z) is the classical Szeg6 function of p>(x), that is,

wa(2) J log(paway)(x)  dx }
Ay

27i 7—x way (x)

589 (z)
58 (o0)

(24) S0 (2) = exp {

Moreover, it holds that the limits of S§°) (00)c!/3, SEI) (0)c=%3, and SE.Z) (00)c!/3 exist and
are non-zero as ¢ — 0. As usual, the above results have their counterparts when ¢ — 1.
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The terms describing the geometric growth of multiple orthogonal polynomials can be
most conveniently defined as rational functions on the surfaces corresponding to rational
values of the parameter c. Namely, let ¢(#) := n;/|ii| and set

®;i(2) = Ti(xe()(2) = Begiy,1)™ (Xeiy (2) — Begiy,2)™,
T = CDPAG A Bez — Be.) T,

where we arbitrarily fix a cubic root of 7;;. Thus defined, the function ®;(z) is rational on
S, (i) with the zero/pole divisor and the normalization given by

(25)

(26) n1ooM 4+ nyoo® — |r_i|oo(o) and ‘I’;O)(Z)CDS)(Z)@(;)(Z) =1

(to see that ®;(z) is normalized this way is enough to observe that the product of all
three branches is necessarily an entire function that assumes value 1 at infinity by (12)).
Equivalently, it holds that

27 D;(z) = exp {|fi (Jﬁ hc(ﬁ)(m)dx ~3 Lﬂ he iy (:L')dx) } ,

where ﬁgl) € 65,]()%) with 7 ( gl)) = f3,, since the right-hand side of (27) is a well-defined
rational function on & ;;) with the divisor and normalization given by (26) due to (18). Let
us point out that it is not hard to argue using (20), see [27, Proposition 2.1], that
(28)

V@@t (Z) + (b + lia)/3, 2 €GO

c(@)’

V@i (z) + (€3 i — 267.1)/3, ze@ | ie{1,2}.

(i)’

log |®;(2)| = [7]

1.6. Main Results. Given Szegd functions S.(z) as well as functions ®;(z) and I1.(2)
introduced in (25) and (15), respectively, we are ready to state our main results. Recall (8).
We start by describing the asymptotic behavior of type II polynomials.

Theorem 1.1. Let u; and py be as in (6), where pi(x) and py(x) are the restrictions to
Ay and Ny, respectively, of non-vanishing functions analytic in some neighborhood of the
corresponding interval. Set

Pii(2) = vii/ (e @) (@), lim Pri(e)a™ =1,
where c(ii) = ni/|ii| and 5 ; are the normalizing constants, i € {1,2}. Let P;(z) be the
type Il multiple orthogonal polynomial defined via (1). Then for all g;; small enough we
can write Pj(z) = Py 1(2)Pj 2(z) with the monic polynomials Py, ;(z) satisfying
@9) {Pﬁ,i(z) = (1+0(1))P5,(2),

Pii(x) = (1+0(1)Ps4(x) + (1 +0(1))P7,-(x),

uniformly for dist(z, A.y,;) = d, z € C, and dist(x, E @iy,i) = d, x € Aciy i, respectively,
for any d > 0 fixed, i € {1,2}. The error terms in the above formulae depend on d and
satisfy

either o(1) =0 (8;/3) or o(l) = O(e;)

uniformly for all &;; sufficiently small, where the second estimate holds if we additionally
assume that ¢(i) is uniformly separated from c*, c**.



8 MAXIM L. YATTSELEV

Remark. 1t easily follows from (29) that each polynomial Pj ;(z) has exactly n; zeros and
they all belong to dist(z, A.(),;) < d for any d > 0 and all &; small enough. Of course, if
the measures 41 and y» are arbitrary positive, it is straightforward to show that each Pj; ; (x)
has exactly n; zeros and they all belong to A;, as initially has been observed in [1].

Remark. It readily follows from (25) that the constants y;; ; can be expressed as

Yii = Ti Acl(n) l( c(i),i — Bc(ﬁ),3—l)m lSi()n)( )’ i€ {1’2}
Remark. Since the products of all the branches of S.(z) as well as ®;(z) are identically
equal to 1, we immediately deduce from (29) that

{Pa(Z) = (1 +0(1)P5(2),
Pi(x) = (1+0(1)Pis(x) + (1 + o(1)P5—(x),

uniformly for dist(z, A.y) = d, z € C, and dist(x, E.@iy) = d, x € A (i), respectively, for
any d > 0 fixed, where

(30) Pi(z) == = Pi.1(2)P52(2)-

Remark. It might seem that asymptotic formulae (29) do not significantly reduce complexity
as the functions on both sides of the equalities depend on 7. In this regard we would like to
stress that the Szegd functions only depend on one-dimensional parameter c (i) = ny/|i|
rather than two-dimensional multi-index 7, while the geometric factors must depend on 7
to properly match the behavior at infinity of Pj ;(z) and Pj »(z), yet their absolute values
satisfy (28), where the measures w,(j),; and w_j,» again depend only on c(7i).

Theorem 1.2. Under the conditions of Theorem 1.1, let Ag) (z) and Aéz) (z) be the type I
multiple orthogonal polynomials defined via (2) and (3). Define

T\ @
i (0) c ()
Az i(z) == 1757, oy
34(0) 1= 5380 (o0 (s )

Understanding the error terms o(1) exactly as in Theorem 1.1, we have that
1 (1 (2
AL = (14 28) Aaa@. AP @ = (1+ 72 ) Asa (),

31) "
AV () = (1+0(1) Az iy (1) + (1 + 0(1) Az, (x),

uniformly for dist(z, Ac(7),1) = d, z € C, dist(z,Aciy ) = d, z € C, and dist(x, Ec(7,i) =
d, x € Ay i» 1 € {1,2}, respectively, for any d > 0 fixed.

Remark. 1t is known, see (39) further below, that the length of Aj; | is proportional to ¢ (i)
while the length of Aj; ; is proportional to 1 — ¢(7i). Therefore, the bottom formula in (€20
is meaningful only when ¢(7i) is separated from both 0 and 1 and thus there is no need to
divide the error factors by ¢ (i) or 1 — ¢(n).

Remark. 1t readily follows from the top formulae in (31) that Ag) (z) has exactly n; zeros

which belong to dist(z, A.¢;),;) < d for all &; small enough and c(ii) separated from 0
and 1.
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Remark. Recall that we denoted by 1/hj;_z, ; the leading coefficient of Ag) (z),i€{1,2}.
We readily get from the sentence after (15), (25), and (31) that

o(1)\ -1 m (1) 0)
hii—&.1 = (1 + c(ﬁ)) Ay (Begi.1 = Beiy.2) Sy (/S iy ()
and an analogous formula holds for 4j;_z, ». In fact, we can deduce that these constants are
non-zero for all £; small regardless of ¢(7i) being close to 0 or 1 because hj; ; = § P; P; ;dy;
by (4), which must be non-zero by Theorem 1.1 (deg P;; = |ii| for all £ small means there
are no extra orthogonality conditions and hence A; ; # 0).

Theorem 1.3. In the setting of Theorem 1.1, let the coefficients aj; ;, by ; be as in (5) and
the numbers A iy is Be(y,i as in (12). Then it holds that

(32) az; = Ac(ﬁ),i +o(l) and by = B iven,i + o(1),
i € {1,2}, where the error terms o(1) should be understood exactly as in Theorem 1.1.

The map y.(z) takes A, onto two Jordan curves. It was shown in [11, Lemma 4.1.2]
that these curves can be parametrized as

Acl AcZ
(33) Xe (A —{XEC: - + - =1;.
( ) |X - Bc,1|2 |X - BC,2‘2

It follows from (17) and (19) that y (2. ) must belong to y.(A.) when ¢ € (0, c*] U [c**, 1).
It must also hold that y(z.) = (1 — ¢)Be¢,1 + ¢Bc,2 as one can see from (15), (16), and
(17). Therefore, it necessarily holds that

(34) ¢ 2Acy+ (1 —c¢)2A., = B,

¢ €(0,c*]u[c**, 1), where we set B, := B, — Bc1. In particular, relations (34) together
with (14) yield that

. _ 2
{hmcﬁoc 2Aci =[(B2 — @) /4] + ¥3(1),

. _ 2

llmcﬁl(l — C) 2Ac’2 = [(ﬂl — aq)/4] + (,0%([32)

The recurrence coeflicients aj; ;, by ; must satisfy what is known as compatibility con-
ditions, which are a system of discrete difference equations, see [25, Theorem 3.2]. This
suggests that A. ;, B, ;, as functions of the parameter c, must satisty a system of differential
equation. This was conditionally confirmed in [7]. The conditional part came from the
requirement on the speed of convergence of the recurrence coefficients to their limits which
is beyond of what is currently has been demonstrated including Theorem 1.3 above. As

it happens, we are able to show the validity of these differential equation using only our
asymptotic analysis.

(35)

Theorem 1.4. Set R(c) := (c¢/(1 — ¢))*(Ac.2/Ac.1), which is a continuous function on
[0, 1]. Ir holds that

, 6R(c)(1 + R(c
(36) Ric) = 1—02(—2(5‘(;— 2)2(0)

on (0,c*) U (c**,1). Moreover, we have that

B! B c A/C,l - 17CA2-32 7 1 —c—cR(c)
(37) B. l—cA.; c Acp  1—=c2+c(2-0)R(c)
B, +(1—¢)B.,=0 < B,,=cB, < B, =—(1-¢)B,

on (0,c*) U (c**,1), where ' indicates the derivative with respect to the parameter c.



10 MAXIM L. YATTSELEV

Remark. Equation (36) together with the initial conditions coming from (14) and (35)
allows us to reconstruct R(c) uniquely on [0, c¢*] U [¢**,1]. Since R(c) > 0, (36) also
shows that R(c) is infinitely differentiable on (0,c*) U (¢**,1) and all the derivatives
extend continuously to [0, ¢*] U [¢**, 1]. The first line of (37) now allows one to recover
Ac.1, Ac 2 (to remove singularities, it is better two rewrite these equations for c_zAC,l and
(1—c)"2A..,), and B, as well as to draw the same conclusions about infinite differentiability
and continuity; B. 1 and B, » are then recovered via the second line of (37).

To prove Theorems 1.1-1.4 we use the extension to multiple orthogonal polynomials
[16] of by now classical approach of Fokas, Its, and Kitaev [13, 14] connecting orthogonal
polynomials to matrix Riemann-Hilbert problems. The RH problem is then analyzed via
the non-linear steepest descent method of Deift and Zhou [10].

2. MobEeL LocAL PARAMETRICES

In this section we formulate several Riemann-Hilbert problems with constant jumps for
2 x 2 matrices that will be used in the main part of the proof. In what follows, the symbol
I stands for the identity matrix of any size, o3 := diag(1, —1) is the third Pauli matrix, and
we let

—o3/A
(38) ko= (i 1),

where the root is principal, i.e., arg() € (—n, 7) (a convention we follow for all the power
functions unless explicitly specified otherwise). Further, for brevity, we denote the rays
{arg(z) = +27/3} by I and orient them towards the origin.

2.1. Hard Edge. Let ¥({) be a matrix-valued function such that

(a) ¥() is holomorphic in C\ (14 U I_ U (—0,0]);
(b) ¥(¢) has continuous traces on I, U I_ U (—0, 0) that satisfy

<_°1 é) £ (~0,0),

1 0
(1 1>, Jely;

(c) ¥(¢) = O(log?) as ¢ — 0, where O(-) is understood entrywise;
(d) it holds uniformly for |/| large that

¥() = K(0) (I n 0((1/2)) exp {241/203} .

The solution of RHP-¥ was constructed explicitly in [21, Section 6] with the help of
the modified Bessel and Hankel functions. Since the jump matrices in RHP-¥(b) have
determinant one, det W (¢) is analytic in C\{0}. It then follows from RHP-¥(c,d) and (38)
that det ¥ () = v/2.

Set ¥, (¢) := 03¥({)os. Then Y. ({) solves the following Riemann-Hilbert problem:

(a—d) W (¢) satisfies RHP-W(a—d), but with the reverse orientation of the rays in RHP-
¥ (b) and K ({) replaced by 03K ({)os in RHP-W(d).

2.2. Sliding Soft Edge. Let 7 € [y, o] for some 7, > 1 to be fixed later. If T < o,
define U, to be the disk of unit radius centered at T and orient U, clockwise. Denote by
O(Z; 1) the solution, if it exists, of the following Riemann-Hilbert problem (RHP-©):

Y () =Y-(0)
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(a) ©(Z;7) is holomorphic in C\ (1 v I_ U (—0,7]);
(b) O(¢; 1) has continuous traces on I U I_ U (—00,0) U (0, 7) that satisfy RHP-¥(b)
and
1 1
0. -0y 1), ¢eOm;
(©) O(¢;t)=0(1)as ¢ — 0and O(¢;7) = O(log |{ —7|) as ¢ — 7 when 7 is finite;
(d) it holds uniformly for T > 74 and || large and such that ¢ U, that

1 2
07)=K I+0| ——— exp{ —=7203 b .
) <4>< ' (mmin{r,m)) r{-seof

The solution @ 4;({) := O({; ) of RHP-O for 7 = o0 is well known [9] and is explicitly
constructed using Airy functions. As in the previous subsection, det @(£;7) = /2.
To show that RHP-® is also solvable for finite 7 > 7, and some 7, > 1, define

— 3/2 11 1
0.(0) := K({)e 3¢ 03 (O 755)) 1 (0) = ﬁlog(g — 1),
for £ € U, \(r — 1,7), where we take the principal branch of the logarithm. Since U,
belongs to the right half-plane, the matrix @, (¢) is analytic in the domain of its definition
and satisfies

00 =0.0) g 1) €10

That is, @, () solves RHP-O locally in U,. Consider the following Riemann-Hilbert
problem: find a matrix function R({; 1) such that

(a) R(¢;7) is holomorphic in C\(0U; U (7 + 1,0)) and R({;7) = I + O({7") as
¢ — 05

(b) R(Z;7) has continuous and bounded traces on U \{r + 1} and (7 + 1, 0) that
satisfy

0:(0)0,/(2).  LedUN{r+1},

04— (0)0,),(0), Le(r+1,2).

By using the definition of @,(¢) as well as RHP-O(d) with 7 = oo, one can readily
check that the jump of R({;7) on 0U, can be estimated as

_ 3/2
(k@ () O ) k@) a0 10,

R, ({7) —R({;T){

where the error term is uniform in 7. Similarly, by using RHP-@(b,d) with 7 = o0 we get
that the jump of R({;7) on (7 + 1, o0) can be estimated as

=00 0§ §)03L@~1+0(Ve ) < 1v0( ),

where again the estimate is uniform in 7. Therefore, we can conclude from [12, Theo-
rem 8.1] that R({; 7) exists for all T > 7, and some 7, > 1 and satisfies

R(it)=T+0(x'(1+Z)7")

uniformly for all € C and 7 > Ty, that is, including the boundary values (uniformity of
the estimate in ¢ is achieved by varying the jump contour slightly, which is possible due to
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analyticity of the jump matrices). Now, it only remains to observe that RHP-® is solved by

®T (g)’ { € UT’
04:(), (eC\Us.
2.3. Critical Soft Edge. Given s € (—0, o), let ®({; s) be such that

(a—c) ®(;s) satisfies RHP-¥(a—c);
(d) it holds uniformly for |£| large and locally uniformly in s that

D(L55) = K(£) (I + 0(4—‘/2)) exp {—%(4 + 8)3/203} :

The solvability of this problem was obtained in [26]. The fact that O(-) is locally uniform
in s was pointed out in [19]. Again, observe that det ®(Z;s) = /2.
Further, given s < 0, consider a similar Riemann-Hilbert problem (RHP-®):

(a—) (B(g“; s) satisfies RHP-¥(a—c);
(d) it holds uniformly for all s < 0 and locally uniformly for /(1 — s) € C\{0} that

®(2;5) = K(0) (T+0 ((1-5)7'72) ) exp {_§ (72 4+ 512) (,3} |

It was observed in [27] that solvability of RHP-® for s < 0 is equivalent to solvability of
RHP-® for s < 0. It was also stated in [27, Equation (4.3)] that the error term in RHP—&)(d)
behaves like O ((l — )2V 2) uniformly for all s < 0. Below, we show how the bound
from [27, Equation (4.3)] can be improved to the one stated in RHP—(f(d).

It has been already mentioned that the desired bound in RHP—&)(d) must hold locally
uniformly for s < 0, see [19]. Therefore, we are only interested in what happens for —s
large enough. To this end, let

9(5;7)=R(§;T){

8(8) = (2/3)(6 — 1)¢'?
be the principal branch holomorphic in C\(—o0,0]. Given k > k¢ > 0 for some & large
enough, consider the following Riemann-Hilbert problem:
(a—c) D(¢; ) satisfies RHP-W(a—c);
(d) it holds uniformly for x > ko and locally uniformly for & € C\{0} that

O (&) = K(&) (I +0 (K71 71/2)) e *8(&)os,

We shall show that there exists ko > 0 such that RHP-® is uniquely solvable. In this
case it can be readily verified that the solution of RHP-® yields the solution of RHP-® via

®(7:s) = (—s)_”3/4&)(—§/s;/<), k= (—s)¥2
Let Uy be a disk centered at the origin of any radius ro < 1 small enough so that g2(¢)

is conformal in it. Set I* := (g?) “'(I4) A Uy and orient these arcs towards the origin.
Notice that the principal square root branch of g2(¢) is equal to —g(&) and that

—g(I+ nUp) = {x/)?(zx +1£430)/3:x> o},

which are arcs that lie within the sector |arg(¢)| < /3. As g?(£) preserves the negative
and positive reals, the curve I* lies between the rays /. and (—o0, 0) (since g*(I*) = I
lies between g2(1, ) and the negative reals) and the curve I* lies between the rays I_ and
(=0,0).
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Let ¥(¢) be the solution of RHP-W. For & € Uy, define

1 O .
B (6:0) = K(6) (K¥) ((k(6)/2)°) (il 1)’ T

I, otherwise,

where S* and S* are the sectors within Uy delimited by 7, and 77 in the second quadrant,
and /_ and I* in the third quadrant, respectively (notice that the sectors S do not depend
on & because the preimages of I under g2(¢) and (kg(£)/2)* must coincide). One can
readily verify that the matrix (f)o(f ; k) satisfies RHP—&)(a—c) within Uy. Moreover, since
the domains —«xg (S )/2 lie with the sector |arg(¢)| < /3, it holds that

! <
2c[Reg(&)] ~ kgl

gy (1 0Y _ (7 1 —kg(£) oy
eom (1) = (o () ) e

uniformly for ¢ € S% and all k > 0. Since |g(¢)| is uniformly bounded away from O on
0Uy, the last estimate and RHP-W(d) yield that

’ezkg(f)‘ — o~ 2IReg(£)] - £e st

and therefore

Bo(¢:x) = K(&) (I +0(x 1)) e *s@)n

uniformly for & € dUj.
Orient U clockwise. Consider the following Riemann-Hilbert problem: find ﬁ(f 3 K)
such that
(@) ﬁ(f;K) is holomorphic in C away from Uy U ((Iy u I_)\Up) and ﬁ(f;/() =
I+0(E Yasé — oo
(b) 1%(5; «) has continuous and bounded traces on dUp\(Iy u I_) and (I; U I_)\Up
that satisfy

By (£ 1) EOTK ), £edUg\(I+ v L),

A8 = B0 e <82K;§) ?) K'(€)., éc (I, v L)\Do.

As we have already observed, 3Re (g(¢)) = —2|£|32 — |£|'/? for £ € I... Thus,
R.(&x) =R_(&0)(I+0 (")

uniformly on dUp L ((1+ v 1-)\Up) (with respect to both ¢ and k). Hence, as in the previous
subsection, we can ConCAlude on the basis of [12, Theorem 8.1] and the deformation of the
contour technique that R(&; ) does indeed uniquely exist for all ¥ > k and some « large
enough and satisfies

R(&x) =T+0 (x'(1+1]e)7")
uniformly for all £ € C and « > k. It remains to observe that the solution of RHP-® is
given by

N (&5 1), £ e Uy,
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3. CoNFORMAL MaAPs

The framework of the Riemann-Hilbert analysis, which we use, consists in formulating
a multiplicative Riemann-Hilbert problem for 3 x 3 matrices, whose jump relations are
then factorized and partially moved into the complex plane onto the so-called “lens”. The
construction of this lens depends on the value of the parameter ¢ via properties of local
conformal maps around each point in E.. In this section we define these maps and discuss
some of their properties.

In what follows, it will be sometimes useful for us to recall that

|Ac,l| |AC,2|

(39) lim =4{wy(ay)| and lim

c—0 ¢ c—»11—c¢

= 4jwi(B2)],

which was shown in [5, Equation (4.8)], where the roots w; (z) were introduced in (13). We
shall also use the following well known fact: according to Koebe’s 1/4 theorem, if {(z) is
conformal in {|z — e| < ry} with £(e) = 0, then

(40) (/A1) <L) [z—el=r r<rs

3.1. Conformal Maps. The material of this section is taken from [5, Section 7.4]. We
work only with the interval A, j, the maps around A. > are constructed similarly. Given
€ (0, 1), define

z 2
(41) Lo (2) = (H (n® —n) (s)ds) . Rez<fi,

where h.(z) was defined in (16). Then the following lemma holds, see [5, Lemma 7.4].

Lemma 3.1. For each ¢ € (0,1), the map .. q,(2) is positive on (—0, 1) and negative
on (ay,Be1) with a simple zero at «y. Moreover, there exist constants 6o, > 0 and
Aqa, > 0, independent of ¢, such that (. a,(2) is conformal in {|z — a|| < §q4,c} and
satisfies 4cAq, < |7 o, (a1)].

As already apparent from (4 1), the function &, (z) plays the central role in this subsection.
Recall the special point z., see (17), and its relation to 3. 1, see (10) and (19). Hence,
while constructing conformal maps at 3. 1, we need to consider several cases.

Given c¢ € (0, ¢*], in which case 3.,] = z. and h.(Bc,;) is finite, define

2/3
3 Z
(42) 5., (2) = f—f (h§0> _ hg”) (s)ds| , a1 <Rez<an,
' 4 ﬁc,]

where the choice of the root is made so that {g_,(z) is positive for x > . 1. Then the
following lemma holds, see [5, Lemma 7.5].

Lemma 3.2. For each c € (0, c*], the map {p_,(z) is positive on (8.1, @2) and negative
on (a1, Bc,1) with a simple zero at Bc.;. Moreover, there exist constants 6p, > 0 and
Ag, > 0, independent of c, such that {g_,(z) is conformal in {|z — Bc1| < 6p,c} and
satisfies 4¢3 Ag, < &g (Ber).

When ¢ > ¢*, we can and do define a conformal around 3; similarly to (41), see (44).
However, the radii of conformality of these maps necessarily shrink as ¢ — c¢** since
he(z.) = 0 and z. approaches (3; in this situation. Hence, we use a special construction
when ¢ close to and larger than ¢*. The next lemma was shown in [5, Lemma 7.6].
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Lemma 3.3. The constant 5g, from Lemma 3.2 can be adjusted so that there exist ¢’ > c*
and functions {c g, (z), ¢ € [c¢*, '], conformal in {|z — B1| < dp,c}, satisfying
£1/2

3 (* p 4
@ g | () s = 250 s 0

for some €. > 0. Each conformal map {. g, (z) is positive on (B1,a2) and negative on
(a1, B1) with a simple zero at By. Moreover, they form a continuous family in parameter

ce[c* 'l and {ox g, (2) = Lp (2) (recall that Box | = Bi).
Similarly to (41), given ¢ € (¢*, 1), define

4 2
(44) lep (2) = (%J (hﬁ,(’) — hgl)) (s)ds) , a1 <Rez< .

Then the following lemma holds, see [5, Lemma 7.7].

Lemma 3.4. There exists a continuous and non-vanishing function g, (c) > 0 on (c*, 1]
such that {. g, () is conformal in {z : |z— B1| < 6p,(c)}, has a simple zero at By, is positive
on (B1,az) and negative on (a1, B1). The constant Ag, in Lemma 3.2 can be adjusted so
that 47, (ze — P1) <125, (B)]-

For any ¢ € (0, 1), define

Z
(45) H.(z) :=Re (J (hgo) _ héU) (s)ds) , a <Rez<ay,

Bc,l
(please, note the change in notation as compared to [5, Lemma 7.8], see [5, Equa-
tion (7.30)]).

Lemma 3.5. The constant §g, can be made smaller, if necessary, so that forany § € (0, 6g, ]
it holds that

H,(x +iy) < —B&>*c, x € [Be +6c,an —bc], y e [—6¢/2,6¢/2],

for any ¢ € (0, c*) and some constant B > 0 independent of § and c. Moreover, for any
fixed r > 0 small enough there exist ¢, > 0 and €(r) > 0 such that

H(x +iy) < —€(r), x€lay+r,aa—r], ye[-r/2,r/2],
forall ¢ € (0, c,). Furthermore, it holds that
H.(x +idc) = B6%c, x¢€lar,Bea], ce(0,1).

3.2. Additional Properties. Two questions were left unanswered in [5, Section 7.4],
namely, the behavior of the constants €. in Lemma 3.3 and of the function 6g, (c) in
Lemma 3.4 as ¢ — ¢**.

Lemma 3.6. The limit im,_, .+ €./+/Zc — B1 exists and is non-zero. Moreover, 5g,(c) >
C+\/zc — B1, ¢ > ¢*, for some constant C independent of c.

Proof. Because h.(z) has a simple pole at 3; when ¢ > ¢*, we can write
0
0 _
B () = D (@) = 2w = B1) 7+ Y dure o — )M,
k=0
where (x — 81)'/? is a branch positive for x > ;. Then it holds that

1 3 (" (0, _ S k1
m (ZLI (l’lc *hc )(s)ds) = *31/[0* 2 2k+3(_x—ﬁl) + .

k=0
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Thus, we get from (43) and the last claim of Lemma 3.3 that

“3u = ~Lep (B +€)8l g, (812 = —(1+0(1)) (5, (8) e + O(€))

as ¢ — ¢*T, where ¢ 'g,] (B1) > 0 by Lemma 3.2. The first claim of the lemma now follows

from the fact that u. /+/z. — B has a limit as ¢ — ¢**, which has been shown in the proof
of [5, Lemma 7.7].

The function &g, (¢) in Lemma 3.4 was defined simply as the largest radius of confor-
mality of (. g, (z) from (44) (times a fixed constant less than 1 to ensure conformality in
the closed disk). Combining (43) and (44) we can see that

e (Z) = Zc,ﬁl (Z) (anﬁl (Z) - ZC»,BI (ﬁl + EC))2 =: (Z - ﬁl)(Z - p1— Ec’)ch (Z)’
where the functions F,(z) are analytic and non-vanishing in {|z — 81| < &g, c*}, continu-
ously depend on the parameter ¢ (this is a property of the functions %.(z)), and converge
there uniformly to Fox(z) := (g,(2)/(z — B1))° as ¢ — ¢*T. Observe that F.x (81) > 0
by Lemma 3.2 and therefore the values F.(8;) are uniformly separated away from zero.
Similarly, there exists a constant K, independent of ¢, such that

[Fe(@)], [Fe@) [((z = B)Fe(2))| < K

for z in {|z — B1] < 6p,c*} and any ¢ € [c*,¢’]. To simplify the notation slightly, let
Gc(z) = Fe(z+ B1). Let A be such that 0 < A < mings <. <. G¢(0)/(20K). For further
simplicity, assume that ¢ is sufficiently close to ¢* so that €. < 1 and Ae. < g, c*.
Trivially, it holds that

_ala— €)*Ge(21) — 22(22 — €)*Ge(22)

D(z1,22) : = EEGC 0)+
(21 22) 21— 22 (©)
(z1 — GC)ZGC(Q) - GgGC(O) (z1 — GC)ZGC(ZI) — (22— EC)zGC(ZZ)
21 + 22 .
21 i1 — X2

Let z1,z2 bein {|z| < Ae.}. Since €., A < 1, we get that

(Zl - EC)ZGC(ZI) - EgGC(O)
21

Ge(z1) = Gc(0)
4|

’ < |21Ge(21)|+2€c|Ge(z1)|+€]

‘<4K€C.

Similarly, we obtain that

(21 — €)*Ge(21) = (22 — €)*Ge(22)
71 — X2

GC(ZI) - GC(ZZ)
71— 22
Ge(z1) — Ge(z2)
i1 — 22

< |z1+22]|Ge(z1)| + |22

21Gc(z1) — 22G ¢ (22)
1 — 22

2
€

+ 2€.

< 6Ke,..

Hence, we can conclude that
|D(z1,22)| = €2G.(0) — 10AK€> > €2G(0)/2 > 0.

That is, we have shown that z(z — €.)>G.(z) is conformal in {|z| < A€.}. Thus, £ g, (2)
is conformal in {|z — 81| < A€} and therefore 6g, (c) > Ae.. In view of the first claim of
the lemma, the second one follows. |

Notice that we can assume that 6, (c) is an increasing function of ¢ € (c¢*, 1]. Indeed,
this always can be achieved by replacing dg, (¢) with minye[¢ 1] 6, (x). The corresponding
bound of Lemma 3.6 will not change since

min]élg1 (x) = 6p,(xc) = Cr\/2x, — B1 = Cr\/2c — Bi

x€[c,1
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for some x. € [c, 1], where the last inequality holds since z.. is an increasing function of c.

3.3. Polygons of Conformality. In this section we describe domains of conformality that
we shall use to define the “lens”. The construction is not deep but somewhat technical.

Let constants 0o, , dg, be as in the preceding lemmas of this section and constants 6 o,, 9,
be defined similarly but with respect to A,. It follows from (39) that

. ) — ) Ac1 Aco
46) 6= mln{l,a(,l,aﬁl,éaz,aﬁz, 2 3'[3‘,6%1){' 3 |ﬁ}} > 0.

Because the conformal maps Zc,ﬁ, (z) from Lemma 3.3 form a continuous family in the
parameter ¢ € [c*, ¢'], it follows from Lemma 3.6 that there exists a constant K; > 0 such

that
Z\C,ﬁl (IBI + EC) < K V ¢ _,Bl'

On the other hand, the same continuity in the parameter ¢ and (40) imply that there exists
a constant K, > 0 such that for every ¢ € (0,6,) and ¢ € [¢*, ¢/] it holds that

47) min {|Ze5,(5)] : |s = 1] = 6c*/V2} = Kas.

Since z. is an increasing function of ¢, given § € (0, 5 ), there exists a unique ¢’(6) > c¢*
such that z./(sy — B1 = (K2/K) )262, where we adjust the constants Ky, K5 so that ¢/ (5,) <
¢’. Then

48)  Lep(Br+e) <min{|lop ()] |s — Bil = 8e/V2}, celer (9]
a technical inequality that will be important to us later. Another consequence of this
definition of ¢/(6) and Lemma 3.6 is that

K’ := min {1, inf > 0.

0<d<dp

9B (2’(5))}

Denote by U(z, r) the interior of the square with vertices z+r, ztir. Forany é € (0,64),
set

1/3, ¢ <c'(8), B1—PBea >26¢/3,
(49) K=K(6,¢c): =<1, c<c'(6), Bi—Pe1 <26¢/3,
K', ¢=c(9).

Since dg, (c) is an increasing function of 6, it therefore holds that dg, (¢) = 6, (¢'(6)) = K6
when ¢ € [¢/(6), 1). Define

(50) Uee:=U(e,Kéc), ec€{ai,Bec1}
This definition achieves the following:

e the map ¢, q,(z) from Lemma 3.1 is conformal in U, 4,;

e since 81 — Be.1 is a decreasing function of ¢ while 26¢/3 is clearly increasing, the
squares U, g, , start out (as ¢ increases from 0) with K = 1/3 and in these cases
the point B does not belong to the interior of the squares and lies distance at least
6¢/3 from their boundary;

e when the parameter ¢ reaches the value for which 81 — 8.1 = 28¢/3, the value
of K changes to 1 and from that point on §; belongs to the interior of the squares
Uc p.., and lies distance at least 5c/ 3+/2 from their boundary;

e when g belongs to the interior of the square U, g,_, it is not at its center unless

c>=c*;
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e the map {p_, (z) from Lemma 3.2 is conformal within U, g_, for each ¢ < ¢*;

o when ¢ € (c*,¢’(8)) the point 81 + €. belongs to the interior of the square U g,
by (48) and the map fc,ﬁl (z) from Lemma 3.3 is conformal in this square;

e when ¢ € [¢/(5), 1), the map . g, (z) from Lemma 3.4 is conformal within the
square U, g, whose size is proportional to dc as in all the other cases, which was
the motivating reason behind the definition of ¢’(&).

(a) (b)

FIGURE 2. Polygons oU. g, ; panel (a) ¢ € [c;, ¢*); panel (b) ¢ € (0,¢;).

When S does not belong to the interior of the square U, g_,, we need to define
a polygon U, g, containing B in its interior. For reasons that have to do with future
asymptotic analysis, the definition of this polygon is rather technical as well. Let r > 0 be
small enough (in particular, 3r/2 < 8; — @;) and ¢, be as in Lemma 3.5. When ¢ € (0, ¢*)
and B1 ¢ Uc g, ,, we set

(51) Uep, i= U U(x,5¢/6) U U  utnr),

X€E[Be1+6¢/2,61] x€la;+3r/2,31]

where the second union is present only if ¢ < ¢, and always stays within the rectangle of
the second estimate of Lemma 3.5, see Figure 2 (we always can decrease c, if necessary
so that B, 1 + ¢,/2 < @y + 3r/2). Notice that the domains Uc 4,, Uc g, ;> and U, g, are
disjoint, however, 0U, g, , and dU, g, share a common point when both sets are distinct
and non-empty.

The domains U¢, q,, Uc,a,,» and U, g, can be defined similarly. We use domains with
polygonal boundary rather then disks for a not very deep reason that in this case it is
easier to explain uniform boundedness of Cauchy operators on our variable lenses, see [5,
Lemma 7.9].

4. ORTHOGONAL PoLYNOMIALS AND RIEMANN-HILBERT PROBLEMS

To slightly simplify the notation we agree that from now on all the quantities that depend
on the parameter ¢ will simply be labeled by 7 when referred to with ¢ = ¢(#i) = n; /|#].

We let [A]; ; stand for (i, j)-th entry of a matrix A and E; ; be the matrix with all zero
entries except for [E; ;]; j = 1. Also, we set o7 (ii) := diag (|7i|, —ny, —na), i = (ny,ny).

4.1. Initial RH Problem. Consider the following Riemann-Hilbert problem (RHP-Y'):
find a 2 x 2 matrix function Y (z) such that

(a) Y(z) is analytic in C\(A; U A;) and linc}C Y(2)z7 @ =,
Z—0
(b) Y'(z) has continuous traces on each A? that satisfy
Yi(x) = Yo() (I + pi(0)Erit), i€ {1,2):
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(c) the entries of the (i + 1)-st column of Y (z) behave like O (log |z — e|) while the
remaining entries stay bounded as z — e € {«;, B;}, i € {1,2}.

Let R(ﬁi) (z), i € {1,2}, be the i-th function of the second kind associated with Pj(x).
That is,

@ . L [ Palx)pi(x)dx  hi 1 —
6D RV g [ Do), zeBi
where the estimate follows from (1) and (4) and holds as z — o0. Assume that the
multi-index 7 is such that

(53) deg(P;,) = |ﬁ| and hﬁ,gl,lhﬁ,gz’z # 0.
The following lemma holds, see [27, Proposition 3.1].

Lemma 4.1. If P;(z) satisfying (1) and Rg) (2), i € {1,2}, given by (52), satisfy (53), then
RHP-Y is solved by

Pi(2) RV (2) R% ()
- 1) —1 (2)
210522, (2) h?z—él,lRﬁ—El (z)

549 Y@= bl Paad) byl R
-1 —1 (1 —1 (2)
b e, Pi-a (@) G5 2R (2 hy g oR 6, (0)
Conversely, if a solution of RHP-Y exists, then it is unique and is given by (54) with P;;(z)
and Rg) (2), i € {1,2}, necessarily satisfying (53).
4.2. Opening of the Lenses. The next step in the Riemann-Hilbert analysis consists in
factorizing the jump matrix and moving some of the jump relations into the complex plane,

the so-called “opening of the lenses”. In constructing this lens we rely heavily on the
material of Section 3.3.

+
Fﬁ,l

-
U,

Fﬁ,l

FIGURE 3. The boundaries 0U;

7.a, and 8Uﬁ"3ﬁ’] , arcs F;il, and domains Qr{l (shaded).

Given 6 € (0,64], see (46), let Uj ., e € {a1,Bj.1, B1}, be the squares defined in (50)
and (51) (and via similar formulae at {@2, @ 5, 82}). Recall the definition of the rays 7+
after (38) and the conformal maps constructed in (41)—(44). Let 7, be as in Section 2.2, ¢*
as in (10), and ¢’(6) as defined before (48). Set i q, (2) 1= Lc(ii),a (2), s€€ (41),

g (2)s c(it) < c*, I, (Br) > Tl 727,

G () = Gpa (B, (i) < *s Ly (Br) < il 722,
where £p. | (z) is given by (42) (notice that {g,_,(81) = 0 when ¢ < ¢*), and

(55 Gip(z):= {

fc(ﬁ)’ﬁ] (), c* <c(t) <c(6), see (43),

(56) Gip (2) = {
g Leiyp (2), () <c(ii), see (44)
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(let us emphasize that the choice whether (43) or (44) is used does depend on the value of
0; in the first line of (56) we also slightly departed from our labeling convention, hopefully
without much ambiguity). The maps j; ,(z) and j g, (z) can be defined similarly.

We now select open Jordan arcs F?i connecting aj; ; to B;; ; so that

(57) Gip(Tr, 0 Uig,,) © 1oy Loy, (T3, 0 Uiay,) © It
and that consist of stralght line segments 0uts1de of Uy ., e € Ej, see Figure 3 These arcs
are oriented from aj ; to B5 ;. We denote by Q= the domains dehmlted by I'> . and Aj ;.

As p;(x) is a restriction of an analytic functlon that we keep denoting by 0i(z), we
can decrease the constant §,, if necessary, so that p;(z) is analytic and non-vanishing in a
simply connected neighborhood of the connected component intersecting A; of the above
constructed lens for any value of § < da.

4.3. Factorized Riemann-Hilbert Problem. For compactness of notation, we introduce
transformations T;, i € {1, 2}, that act on 2 x 2 matrices in the following way:

¢ e ey epp O e e enn 0 en
T1< 1 ]2>— €21 €22 0 and T2< 1 12)— 0 1 0

€21 €22 0 0 1 ex] e e 0 e
Given Y (z), the solution of RHP-Y, set
1 0
Ti | _ , ZE€ Qgi,
(58) X(z):=Y(2) Fl/pi(z) 1 ’
I, otherwise.

Then X (z) solves the following Riemann-Hilbert problem (RHP-X):
(2) X (z) is analytic in C\ u7_, (A; u T}, VT ) and Jlim X(2)z77 =1,
(b) X (z) has continuous traces on U?_ (AO U F+ V) F ) that satisfy

T 0 Pils)) (e Ajin
—1/pi(s) 0
X (s)=X_(s)1 T ! 0 sellt urs
= — i s - Ul o,
: Upi(s) 1
1 .
T, pils) , s € A\A; 4
0 1 13 )

(c) the entries of the first and (i + 1)-st columns of X (z) behave like O (log |z — e|)
while the remaining entries stay bounded as z — e € {a;, Bi}.

The following lemma is a combination of [27, Lemma 8.1] and [8, Lemma 6.4].
Lemma4.2. RHP-X and RHP-Y are simultaneously solvable and the solutions are unique
and connected by (58).

5. GLOBAL PARAMETRIX

As will become apparent later, away from the intervals Az | and Aj; , we expect X (z)
to behave like the solution of the following Riemann-Hilbert problem (RHP-INV):
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(a) N(z) is analytic in C\(A;1 U A;i) and lim N(z)z~ 7™ = I;
Z—)

(b) NN (z) has continuous traces on each A . that satisfy

N (s) = N_(s)T; (_l/gi(s) pi(gs>> :

(c) itholds that N(z) = O(|z —e|~V/*) asz — e € Ej.

Let @;(z), wj ;(z), and Sj;(z) be the functions given by (25), (21), and (22), respectively.
Recall also the definition of y;(z) in (11) as well as (12). Set

(59) Yii(2) = Aus(xa(2) — Biy) ' ie{1,2).

It follows from (12) that Y5 ;(2) is a conformal map of &; onto C that maps o into oo
and 0 into 0. More precisely, it holds that

YO () =z+0(1) and Y)(z) = Az,27" +0(:72)

i,i
as z — 0. Put §(z) := diag(SéO) (2), S(ﬁl)(z), S;Z) (z)) and define

1 1/wii(2) 1/wi2(2)
60)  M(z):=5"(0) [ Y1) Y{)@/waix) Y (@)/waale) |S(2).

n,

)
1
YO ) YW @mwii) Yo/ wia(2)

n,

Then it can be readily verified using (23) that RHP-IN is solved by N (z) := C(M D)(z),
see [5, Section 7.3], where C' is a diagonal matrix of constants such that

(61) ZlirrolC CD(z)z 7" =1 and D(z):= diag (CI)(%O) (z),é(ﬁl)(z),Qg)(z)) )

Since the jump matrices in RHP-/N (b) have determinant 1, it follows from the second
identity in (23) and the normalization at infinity that det IN(z) is holomorphic in the entire
extended complex plane except for at most square root singularities at the elements of E;;.
As those singularities are isolated, they are removable and det N (z) = 1. In fact, it holds
that det M (z) = det D(z) = detC = 1.

Lemma 5.1. It holds that> M(z) = O(6~/2) uniformly for z such that éc(ii) <
dist(z, Ez,1) and 6(1 — c(n)) < dist(z, E;; »), where the constants in O(-) are indepen-
dent of ¢(it) and 5. Moreover, it holds that

614 514 1 — (i)
|M(z)] ~ 5 5 c(i)(1 = c(n))
(1 —c@@)s=* (1 —c(i))s—1/* 1
uniformly on |z — a1| = 6¢(ii) and |z — Bz, | = 6c(ii) and a similar formula holds on

|z—aji 2| = 6(1—c(ii)) and |z — B2| = 6(1 —c(ii)), where the constants of proportionality
are independent of ¢(i1) and .

Proof. This is [5, Lemma 7.3]. There it was stated that M (z) = Os(1). However, the
actual proof shows that M (z) = O (6*1/ 2) , see also the forthcoming Lemma 5.2. O

2We write |A(z)| ~ |B(z)| if C™1A(z)] < |B(z)] < C|A(z)| for some C > 1 and |A(z)| ~ |B(z)] if
[[Ali,j(z)| ~ |[B]i,j(z)]| for each pair i, j € {1,2,3}.
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Let IT; () be the rational function defined in (15). Furthermore, let IT; ;(2), i € {1,2},
be the rational functions on &; with the zero/pole divisors and the normalizations given by

; 1 1
62) 0@ 4+ 0@ 420006~ _ oy — Bii — sa— B2 and Hg’)i(z) = +0 (z—z)

as z — o0. It was shown in [5, Equation (7.7)] that
63) M~'(2) = §7'(2) | waa (N (2) wan (IS () waa ()TIE)(2) | S(e0).

Then the following lemma takes place.

Lemma 5.2. It holds that M~'(z) = 0(6_1/2) uniformly for z satisfying 6c(it) <
dist(z, Ej1) and 5(1 — c(i1)) < dist(z, E; »), where the constants in O(-) are independent
of ¢(n) and 8. Moreover, it holds that
5 1/4 5 1/4 (1 _ C(ﬁ))6_1/4
M7'(z)=0| ¢ s (1—c@@)s "4
I1—c@) 1—c(n) 1

uniformly on |z — ai| = 6¢c(ii) and |z — Bs,1| = 6c(ii) and a similar formula holds on
|z — @ja| = 6(1 — (i) and |z — Ba2| = 6(1 — c(71)), where O(-) is independent of c(i)
and 6.

Proof. It was shown in [5, Lemma 7.3] that
(64)

{S(OO) ~ diag (c(1) 713 (1 = c(i) 713, (@) (1 — (i) 713, e ()73 (1 = c()*3),
1S(z)]  ~ S(o0)diag (614,64, 1),

uniformly on [z—a| = §c(it) and |[z— 5, 1| = 6c(7i), where the constants of proportionality
are independent of ¢(7i) and §. It was further shown in [5, Lemma 5.3] that

@y ©

(Yﬁ,i - Yﬁ,i) (z), z€6;7,

65) (=1 waiwan)(@Masi(z) = (Y YD) (), zeel,
M _ 4O @

(Yﬁ,i - Yﬁ,i) (), ze&;,

fori € {1,2} and

)M M~ )
(Yﬂ,ZYﬁ,l - Yﬁ,zYﬁ,l) (z), ze&,
0 2 2 0 1
(66) (wiwi ) (@Ma(2) = (YO = Y2Y) (), zeel,
(1)~-(0) 0)-(1) ()
(Yﬁ,zYﬁ,l - Yﬁ,zYﬁJ) (2), ze€;

Next, it was proven, see [5, Equation (5.23)], that

(67) 3(az = B1) < [wi,1(2)|/(c( ) <3VB—a
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on |z —ay| = dc(it) and |z — Bj.1| = 6c(ii). Finally, it was deduced in [5, Lemma 5.2] that

>\ 0 >\ 1 >\ 2
e~ Y (@), @) Y @) @) 2T )] ~ 1,

(68)
S\ — 0 >\ — 1

(1= c(@) 2P )] (1= @)Y ()
on {z : dist(z,Ac;1) < by} for all 0 < 64 < (@2 — Bi1)/2, where the constants of
proportionality depend only on 6. Then it follows from (63) and (65)—(68) that

6_]/2 C(ﬁ)_lé_]/z 6—]/2
(69) M~ (z) = 87 !(z)0 c(i) 1 c(@) |S(0)
(1—c@@)* (1—c(@)e@=" 1

uniformly on |z — 1| = §c(in) and |z — B 1| = dc (i), where O(-) is independent of ¢ (i)
and ¢ and one needs to observe that the functions in the third row of the middle matrix
in (63) are holomorphic at @; and S5 ; and therefore their estimates, stated in (69), can
be obtained via (65)—(68) and the maximum modulus principle for holomorphic functions.
The second claim of the lemma now follows from (64) and (69). To see the validity of the

first claim, one needs to combine (68)—(69) with the maximum modulus principle as well
as the estimate

1S4 (x)| 7" < S (o0)diag (1,674, 571/4),
x € (a1 + 8c(ii). Br.1 — 6¢(R)) U (a2 + 6c(i). Bz — Sc(ii)),
that follows from [5, Lemma 5.4]. O

2
Yﬁ’z(z)| ~1,

)

6. LocAL PARAMETRICES

To describe the behavior of X (z) within the domains Uy, ., we are seeking solutions of
the following Riemann-Hilbert problems (RHP-P,,):
(a—c) P,(z) satisfies RHP-X (a—c) within Uj; .;
(d) Po(s) = M(s)(I + 0(6*3/25;/3))D(s) uniformly on 0Uj .

The asymptotic formula in RHP- P, (d) will hold as long as 6 >/?gj; < b for some b > 0
fixed and small enough, which is of course the only asymptotically interesting case, and
constants in O(-) will depend on b, but will be independent of § and 7i. We solve RHP- P,
only for e € {@1, Bj;,1, 81} with the understanding that solutions for e € {a2, a; 5, B2} are
constructed similarly.

6.1. Local Parametrix at «;. Observe that the principal branch {;l/ (211 (z) is positive on
(—o0,a1), see Lemma 3.1. Since ®;;(z) has a pole at c0(®) and a zero at oo(!) it follows

from (27) and (41) that
(70) exp {4712 (1)} = o (2)/@ (), z€ Uja.

n,aj

According to (50), the square U, contains a disk of radius at least K&c(ii)/+/2 centered
at ;. Then Lemma 3.1 and (40) yield that

(1) A% (0n]) < i min |G g, ()

SEQU;,VQ,l

where A”(‘h = Ay K/\/E Then RHP-Y . (a—c) and (70) imply that

(72) Pay(2) i= Eay ()Tt |Wa (iP5, () exp { 20l 2, () } oy 72 (2)| D(2)
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satisfies RHP-P ,, (a—c) for any holomorphic prefactor E,, (z). Using RHP-IN(b) and the
definition of N (z) in terms of M(z) after (60), which implies that these matrices obey
exactly the same jump relations, one can readily check that

(73) Eo (2) i= M@T [(03Kos) ([P (2) py 72 (0)|

is holomorphic in Uj ,, \{@1}. Since the first and second columns of M (z) have at most
quarter root singularities at & and the third one is bounded, see Lemma 5.1, Ey, (z) is in
fact holomorphic in Uj; ,,. Therefore, it follows from RHP-'¥.(d) and (71) that

(74) P, (s) = M(s) (I +0 (6_1/2111_1)) D(s), s€0Uj qa»

where O(-) is independent of 7 and &, but does depend on b, which needs to be small
enough so that RHP-W . (d) is applicable. Recall also that det M (z) = det D(z) = 1 as
explained between (61) and (63). Hence, it holds that det E, (z) = 1/ /2 and respectively
det Py, (z) = 1.

6.2. Local Parametrix at 8; when ¢’(6) < c(ii). In this case j g, (z) is given by the
second line in (56), i.e., by (44). Lemma 3.4 yields that the principal square root branch of
this map is positive for x > B (within the domain of conformality). Thus, we can deduce
from continuity in the parameter c as well as (43) that this branch is given by the expression
within the parenthesis in (44). Hence, it follows from (27) that

xp {4fil¢};, ()} = 0P (/@ (@), 2 e Uagy:

Recall that \/z. — B1 = (K2/K1)6 for ¢ = ¢’(6) by the very definition of ¢’(§) just before
(48). Since c* < c(i1), the square Uy 5, contains a disk of radius at least Kc*/ /2 centered
at 81 = B;.1, see (50). Then it follows from Lemma 3.4 and (40) that

(75) AR (O1F) < Al _min |25, (5)]

where A;l := c*Ap K(K2/K1)?/v/2. Similarly to (72)=(73), a solution of RHP-Pp, is
given by
(76)

Po(2) = Ep (2)T1 | (1l 5, () exp {20612 ()} oy 2 (2)| DL,

By ()= M [K (i) o7 )]

It again holds that det Pg, (z) = 1. We also get from RHP-¥(d) and (75) that the error
term in RHP-P, (d) is of order O (6%/2ii|~!) with constants independent of & and 7i but
dependent on b, which needs to be small enough so that RHP-¥(d) is applicable.

6.3. Local Parametrix at 8; when c* < c(ii) < ¢'(6). In this case g, (z) is defined by
the first line of (56), i.e., (43). Hence, it follows from (27) and (43) that

3/2

4
(77) exp {—g (41;1,,81 (2) = G (Br + )43 (Z))} = o (2)/0)(2), z€Ujp.

In the considered region of the parameter c(ii) each square Uj g, is defined in (50) with
K = 1. Thus, it follows directly from (47) and (48) that

{|ﬁ|2/3§ﬁ,ﬁ1 (ﬁl + Eﬁ) = =S5,

(78) [i*3 min |z (s)| =
e Ka6|i23.

s€dUy
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Then, as in the previous two subsections, one can verify using (77)—(78), RHP—&), and
RHP-N (b) that RHP-Pg, is solved by
(79

~ 0) (D)~ | o2
P (2) 1= B (T |® (G (2050) (0 /28") ™" o 0| DG
~1
5 —03/2

Ep, (2) i= My | K (i, (2) 0, ()|
where Eg (z) is holomorphic in Uj 5 and the error term in RHP-P(d) is of order
o (5 —1/2|7) =1/ 3) with constants independent of ¢ and 7 but dependent on b, which needs
to be small enough so that RHP-®(d) is applicable. Observe that if ¢(7i)’s are separated

away from c*, then s; ~ —|ii|/* and the error term can be improved to O (6~ '/2|ii|~1).
As before, det Pg, (z) = 1.

6.4. Local Parametrix at ;| when (i) < ¢* and (g,  (B1) < 74ii| 7%/, Recall also

that we set {5 g,(z) = ¢g;,(2) — L, (B1) in (55). We get from Lemma 3.2 that the
principal branch (;{ 21 (z) is positive on (B¢, @2). It can be readily inferred from (45)
and the first estimate of Lemma 3.5 that this branch is equal to the expression within the
parenthesis in (42). Thus, it follows from (27) that

4030 0 1
(50) exp { - SIG2 0)} = P @/@V (@) e Ui,
Define s7 := |ii|*3¢g, ,(B1) € [0, 7], where the last conclusion is the restriction placed

on s; in this subsection. This restriction, Lemma 3.2, and (40) imply that
s — B < () A5 w2

In particular, as S, is a continuous increasing function of ¢ € [0, ¢*] with B.x ; = B,
recall (10), it must necessarily hold that ¢(7i)) — c¢*. Thus, by recalling (50), we see
that uniformly for all |72| large enough the square Uj; . contains a disk of radius at least

oc*/ 24/2 centered at 8 (the factor 1 /2 is there to move the center from f3; ; to B1). Then
Lemma 3.2 and (40) yield that

(81) Ap, (71) < [A[*?  min  |Z5.p,(s)

SE@Uﬁyﬁﬂ 1

il

where Ag, 1= (c*)*3Ag, /24/2. As before, one can check using RHP-®(a—) and RHP-
N (b) that
(82)

Py, (2) i= Eg, (2)T1 | @ (238 6, (2):53) exp { 31l () f o, 72(2) | D2),

Ep,,(2) = M()Ty [K (i35, () oy @)

satisfies RHP-Pp_ | (a—c) and that the prefactor Ejg, , (z) is holomorphic in U; g | (itis by
design that {j; g, (z) is used as the argument of ®({) and {g, | (z) is used everywhere else).
Since

»()8?1.1 (S)
Gipi (s)

{Bﬁ,l (ﬁl)
gfl,ﬁ] (S)

(r+/Ap,)
5|ﬁ|2/3 ’

<1+

it holds that
K ([P ¢g,,(2)) K (1365, (2)) = T+0 (67" [fl )
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where O(-) is independent of & and 7i as long as 6]i|*® > 7./2As,. Assume further that
6ii|*/3 is large enough so that RHP-@(d) takes place. Then (80), (81), and RHP-®(d) that
imply that RHP-Pp_ (d) holds with the error term of order O (6~!|ii|~1/?). As in the
previous subsections, we point out that det Py  (z) = 1.

6.5. Local Parametrix at ;| when c(ii) < c¢* and g, , (B1) > 7 [il| =%, It follows
from (42) that (80) still holds with {; g (z) “replaced” by g, , (2) as these symbols denote
the same function in the considered case, see (55). Definition of Uj;_ Bi in (50) implies that
this square contains a disk of radius at least §c(ii)/3v/2. Therefore, Lemma 3.2 and (40)
yield that

2/3 =12/3 . .
(83) AR (0n") < AP _min |G (s)

k)

where Ag = Apg, /3V2. Let Eg, (z) be the same as in (82), where once again we must
keep in mind the relabeling of (g,  (2) as 5 g, (). Define

o [ B Usg,,.
. 2/3§ﬁ,51(51), otherwise.

|7t
Under the conditions considered in this subsection it holds that 1; > 7.

The following paragraph is applicable only if g1 € Uy g. |, i.e., when 7 is finite. It
follows from (49) that 81 — B;.; < 26c¢(i1)/3 < 2¢(ii)/3 in this case. Since B — fc.1 is
a strictly decreasing function of ¢ while 2¢/3 is obviously strictly increasing, there exists
a unique ¢ < ¢* such that 8y — Bz1 = 2¢/3 (so, c(7i) > ¢ when 7j; is finite). Each map
g, (z) is conformal in U (B, 1, 6c) for ¢ € [¢, c*] and as a family they continuously depend
on the parameter c. As S is separated from Uy, 55, Dy adistance of at least 6¢ /31/2 when
Bi1 € Uz g, ,» it follows from a compactness argument that

Gig (B1) — Gip () =d >0, s€Usg. ,

where d is independent of n (but does depend on ). Since |ii|*3d > 1 for all |ii| large
enough, we get that [7i|*3{; g, (Us 5. ) contains {|¢ — 75| < 1} in its interior.

We now get from (83) and RHP-O that RHP-Pg | is solved by
(84)

_ 2 oy
Pis, () = By IT1 |0 (1765 i) exp {31163, ) | o7 )| D)

where the error termin RHP- P R (d)is of order O (6 —1/ 2n1_ 1/ 3) with constants independent

of & and 7i, which can be improved to O (6~'/n[") if ¢(ii)’s are separated from c*. As in
all the previous subsections, we have that det Pg_  (z) = 1.

6.6. Local Parametrix at 8; when 3, ¢ U; . . Observe that it necessarily holds in the
considered case that ¢(7) < c¢*. Let

ey - [ B _pre)

X —z 2mi 27 log(z —a1), z¢(—0,pB1],

where we use the principal branch of the logarithm (log(x — @) > 0 for x > aj).
I(z) is analytic in the domain of its definition, has continuous traces on A] that satisfy
(Ii+ —I1-)(x) = p1(x) according to Plemelj-Sokhotski formulae, see [15, Section 1.4.2], it
has alogarithmic singularity at 8 and is bounded in the vicinity of a1, see [15, Section 1.8.2].
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Due to the construction of Uj g, in (51), 0Uj g, never approaches 81 and hence, |I;(s)] is
uniformly bounded on 0Uj; 5, with the bound dependent on the chosen value of r.

Now, it follows from (45), the first and second claims of Lemma 3.5, and the definition
of U; g, in (51) that

(85) |d)'(70) (z)/dbg)(z)\ — lHi(2) < 673(5/3)3/2;11 -0 (673/2n1*1) . ze Uﬁ,ﬁ]

(here we are using the facts that the second estimate of Lemma 3.5 is needed only when
c(i) < ¢, and we always can make c, small enough so that Bc, < 3%%¢(r)). Hence, a
solution of RHP-Pp, in this case is given by

Pg(z) =M()(I+1I;1(z)E 2)D(z),
Lii(z) = L)oo (@) ),

Indeed, as matrices M (z) and D(z) are holomorphic in Uj g, and I;(z) is holomorphic
in Uy g, \A1, the above matrix satisfies RHP-Ppg (a). Requirement RHP-Ppg, (b) easily
follows from the form of the additive jump of I;(z). Since I;(z) appears only in the second
column of Pp, (z) and has a logarithmic singularity at 81, RHP-Ppg, (c) is fulfilled. Finally,
RHP-Ppg, (d) is a consequence of (85).

(86) 2€ Uz g \AlL

7. SMALL NorM PROBLEM

In this section we make the last preparatory step before solving RHP-X. Recall (57).
Set
Xis = oU; v (Ffl\ﬁﬁ), U; = U, Tj:= U?:I(F;ti U l—;’i),
see Figure 4. The parts of X s that belong to I';; inherit their orientation from the original
arcs and the individual polygons in 0Uj; are oriented clockwise. We shall further denote
by X5 5.1 and Zj s - the left and right, respectively, connected components of % s and by
Z;’ o the subset of points around which X5 s is locally a Jordan arc.

L=
I, \Ui

6U;WZ> < U5 gy

7,1 FVZZ\UV;

-
r; \Us 0Us 4,

O0U; N Fr{l\Uﬁ oUj g

FIGURE 4. Lens X s consisting of two connected components X 5 | (the left
one) and £ 5 5 (the right one).

Given the global parametrix N (z) = C(M D)(z) solving RHP-IV, see (60) and (61),
and local parametrices P, (z) solving RHP-P, and constructed in the previous section,
consider the following Riemann-Hilbert Problem (RHP-Z):

(a) Z(z) is a holomorphic matrix function in C\Zj; 5 and Z(o0) = I;
(b) Z(z) has continuous and bounded traces on X2 . that satisfy

(MD)(s)(I + p; ' (5)Byix1)(MD)™(s), seT;\Us,
P,(s)(MD)™'(s), s € 0U5 ¢,

where e € {a1 ,ﬁﬁ’l,ﬁ], s, (Yﬁ’z,ﬂQ}.

Then the following lemma takes place.

Z,(s) = Z_(s) {
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Lemma 7.1. For each 6 € (0,65/2), there exists €5 > 0 such that RHP-Z is solvable
for all ; < &5. Moreover, for each r > 0 small enough there exists a constant Ca .,
independent of 5 and i, such that?

1/3 -
& lz —ai] = 2r, c(i1) < c*¥,
87) 1Zi k()] < Cop—5-, R
0 |z — Ba| = 2r, c(il) = c*,

i,k €{0, 1,2}, where, for the ease of the future use, we let Z; . (z) := [Z(2)]i+1.k+1 — Oiks
Sik is the Kronecker symbol, and Z; i (z) needs to be replaced by Z; i+ (z) for z € 5 5. The
exponent 1/3 of €5 can be replaced by 1 if we additionally require that |c(i) — c*|, |c(#) —
c**| = € > 0, where the constants € 5 and Cy,, will depend on € in this case.

Proof. Let us more generally consider RHP-Z on X; , 5, where v € [1/2,2] and we also
scale the parameter r by v, see (51). Put

I+V(s):=(Z'Z,)(s), se DIESE

to be the jump of Z(z) on Xj , 5. It can be readily seen from analyticity of M (z), D(z),
P,(z), and RHP-Z(b) that V' (s) can be analytically continued off each Jordan subarc
of X; ,s5. Thus, the solutions of RHP-Z for different values of v, if exist, are analytic
continuations of each other.

Let us now estimate the size of V'(s) in the supremum norm. We shall do it only on
2 vs.1, understanding that the estimates on X , 5 » can be carried out in a similar fashion.
For s € 0Uj; ., e € {ay, Bs.1, B1}, it holds that

V(s) = Pe(s)(MD)~'(s) = I = M(s)O (6—3/28;/3) M~'(s)=0 (5—28;/3)

by RHP-P,(d) and Lemmas 5.1-5.2 (since v > 1/2, there is no need to explicitly include
it in the estimates). Notice also that the power 1/3 of &; comes only from the local
problems discussed in Sections 6.4-6.5. When |c(7) — ¢*|,|c(i) — ¢**| = € > 0, the
material of Section 6.4 is no longer relevant and the estimate in Section 6.5 is of order €5
as remarked after (84). For s € F;f 1\U71’ it follows from the third inequality in Lemma 3.5
and Lemmas 5.1-5.2 that ’

V(s) = (MD)(s)(T +p; (5)B12)(MD) ™\ (s) ~ T
07 () (@) (5)/@ (5)) M(5) By M~ (5) = 0 (6725 .

Altogether, we have shown that |V |z, . = O(6 _48’17/ %), where O(-) is independent of &
and 7i, and that | V||, , = O (6*&;) when [c(ii) — c*|, |c(il) — c*¥| > €.

It was explained in [5, Lemma 7.9] that the norms of Cauchy operators (functions
are mapped into traces of their Cauchy integrals) as operators from L2(Zﬁ’w;) into itself
are uniformly bounded above independently of 7 and v§. Then, as in Section 2, [12,
Theorem 8.1] allows us to conclude that RHP-Z is solvable for all &5 < &,6'% and

(88) 1Z 2, < C574e” or [ Zilzgs,,,) < Co™'es
where C’, C. are independent of 7i and ¢ and the second estimate holds when |c(n) —
c*|, le(it) — c**| = e.

Recall now that the squares Uy o, and Uj; g. | have diameters that are at most 2vée (i)

and at least min{1/3, K"}dc(7i) long, see (50), while the narrowest part of Uj; g, is similarly
proportioned, see (51). Moreover, analogous claims hold for U; ,, and Uj; o ,, and Uj g,

3in particular, the estimate holds in C when ¢* < ¢ (i) < ¢*%*.
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with ¢(#) replaced by 1 — ¢(7i). Hence, one can choose a finite collection of values for the
parameter v (the values 1/2, 1,2 should do the job) to make sure that there exists a constant
¥ € (0,1) such that every z is at least distance yd¢y away from one of the lenses Zj , s,
where ¢; = min{c(7), 1 — c(i)}. Since the arclengths of X , s are uniformly bounded
above, it readily follows from the Cauchy integral formula, a straightforward estimate, and
the Holder inequality that

(89) 122 (I < C" (124 ] 2x

for all dist(z, 25 ,,5) = ysi6 and i, k € {0, 1,2}, and some constant C”, independent of 7
and &, where the superscript v signifies that these functions come from Z(z) with jump on
%;.vs- As matrices Z(z) for different values of v are analytic continuations of each other,
inequality (89) can be improved to

(90) Zik(2)] < C"max (|2 s, ) + 121235 ,0)) / (vS30)

forallz € Candi, k € {0,1,2}, where Z; x(z) needs to be replaced by Z; x4 (z) forz € Z; 5.

To prove (87), assume that c(71) < ¢** (the cases ¢* < ¢(i1) can be handled similarly).
Recall the definition of the polygon dUj; g, in (51), see also Figure 2(b). If we only consider
indices 7 such that ¢ (i) = ¢, then (88) and (90) clearly yield (87). When ¢(#) < c,, the
part of £; , 51 that lies in {|z — a1| > 2vr} only depends on vr (this must be a part of the
boundary of the second union in (51)) and every point of {|z — a| = 2r} lies distance at
least y6 from one of the sets X 52, v € [1/2, 1] (perhaps at expense of decreasing ).
Thus, similarly to (89), it holds that

1Z @) < G124 2500 T 12 2255,0)) / (76)

for dist(z, 25 ,5) = y6 and |z — @] = 2vr, and i, k € {0,1,2}. We now get (87) from
(88) and the appropriate analog of (90) that is obtained from the above estimate by varying
v € [1/2,1] over a finite set of values. i

y 122y, 0)/ (v56),

n,ve 7,V

8. Proors orF THEOREMS 1.1 AND 1.2

The proofs of all the main results are based on the following lemma, which is an
immediate consequence of Lemma 7.1.

Lemma 8.1. A solution of RHP-X exists for all j; small enough and is given by
(MD)(z), zeC\Uz,
P.(z), z€Uje, ec€{al,Bi,pi,az a2, P2},

where Z(z) solves RHP-Z, N(z) = C(M D)(z) solves RHP-N, and P,(z) solve RHP-
P,.

8.1. Proof of Theorem 1.1. Let K; 4 := {z € C : dist(z,A;) > d}. We can choose
parameter ¢ in the definition of the contour X; s so that K ; does not intersect the
closures of those connected components of the complement of X s that intersect each
fo’i, i € {1,2}, see Figures 3 and 4, and recall (51). However, K5 4 can intersect Uy g,
or Uj o, when 8 ¢ Ui g;., or az ¢ Uy, s, Tespectively (these two things cannot happen
simultaneously). We also assume that 2r < d in (87).

Recall the definition of 7;; ;(z) in (86). We define these functions to be non-zero only in
U; g, and only when B, ¢ U, ii.ps,- The functions /, #.2(2) are defined similarly in Uj ,, and
only when @ ¢ Uj o ,- Then

(92) Y(z) =C(ZM)(z) (I + i (2)Eip + Iﬁ’z(Z)Elg)D(Z), z€ K5 4,

Ol X(z):=CZ(2) {
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by (58), (86), and Lemma 8.1. To be more precise, we need to write Y (z) and I;; ;1 (2)
for z € A\A; when this set is non-empty as well as Z.(z) for z € Kj 4 n Uj g or
Z € K 4 N U; o, When B ¢ Ui g;, or @z ¢ Ui, a; 5> respectively. With the notation of
Lemma 7.1, we get from (54), (92), the definition of M (z) in (60) and of C, D(z) in (61)
that

Pi(2) = [Y ()11 = [Clia[(ZM)(2)]1.1[D(2)]1.1

(93) = (1 + Z0,0(2) + 5.1 Y51 (2)Z0,1(2) + 572X 55 (2) Z0 (2 )) Pi(2),

where one needs to recall (30) and we set s5 ; 1= S(ﬁo)(oo)/Sg)(oo), i € {1,2}, as well as
observe that [C];,1 = 1/71;, see (25). Estimates (68) imply that

(94) Q) @] <1 and (1-e(@) YY) (0] <1

for x € Ay, |, where the constants in < are independent of 7i. It essentially follows from
symmetry and was rigorously shown in [5, Lemma 5.2] that

>\ — 0 0
(95) @YY W1 and (1—c(@) Y, () <1

for x € Aj; ». Moreover, we get from the first estimate in (64) that
(96) sig ~ e and  sip~ (1—c(i) 7,

where the constants in ~ are independent of 7. Hence, we deduce from the maximum
modulus principle that

0 0
97) 571 Y5 (@) [sa2 X)) < 1

uniformly for all 77 and z in the extended complex plane, including the traces on A;. Plugging
(97) and (87) into (93) yields

Pi(z) = (1 +0(1))Pi(z)
uniformly on Kj; ;, where the error terms are exactly as described in the statement of the
theorem. Recall now that P;(z) = Pj.1(2)Pi2(z). Let Iy 4, := {z : dist(z, Az ;) = d},
i € {1,2}. Assume that d is small enough so that these two curves have disjoint interiors. It
is easy to see from their very definitions that #; ;(z) has winding number n; on I'; 4 ; (it is
analytic and non-vanishing in the exterior of I';; ; ; with a pole of order n; at infinity) while
%5 5—i(z) has winding number O (it is analytic and non-vanishing in the interior of I';; 4 ;).
Hence, #5(z) has winding number n; on I';; 4 ; and so does Pj(z) for all 5 sufficiently
small. For all such 71, let P ;(z) be the monic subfactor of P;;(z) of degree n; that has zeros
only in the interior of I'; ; ;. Then Pj ;(z)/%;.:(z) is a holomorphic and non-vanishing
function in the exterior of I';; ; ; that assumes value 1 at infinity. As this exterior is simply

connected, we have that
fﬂ,i( ) IOg( ( )/Pnl( ))

admits a holomorphic branch in the exterior of I';; 4; that vanishes at infinity. Moreover,
fi1(2) + fiz(z) =log(l +0(1)) = o(1) uniformly in Kj; ;. Of course, this is true for any
d > 0. Thus, we deduce from the Cauchy integral formula that

o) :J Jiii(s) ds :J o(1) = fiz—i(s) ds :J o(1) ds
" Tiapi © 7S 2mi Dia/2.i =S 2mi Tiani €75 2ni

for z in the exterior of I'; 4/, ;, where we used analyticity of fj; 3_;(z) in the interior of
[ji.a/2,; on the last step. A trivial estimate now yields that f; ;(z) = o(1) in the exterior of
I';; 4.i» which is equivalent to the first claim of (29).
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Letnow Fj; 4 < A be such that dist(Fj; 4, E;) > d. Again, we can adjust ¢ so that Fj; 4
does not intersect the closure of Uj;. Hence,

(98) Yi(x) = C(ZM+D+)(x)(I £ p; ' (x)Eig11), X € Fign Ay,
for i € {1,2}, again by (58) and Lemma 8.1. Then we get for x € F; ; N A ; that

O,
P;(x) = % (1 + Zo,o(x) + s;,,l(Yff)liZo,l)( ) + i z(Y( ) +Zo 2)(x )) *

1 (800 ()
SO (a0)7; (Piwi i) ()

(1 + Z(),()(x) + i1 (Yé )1+Z(),1)(x) + Sﬁ’z(Y;)2+Z0’2) (x)) .

Since G(O)( ) = GY )( ) on A ; for any rational function G (z) on &, it follows from the
definition of Fj(z), (23) (87), and (97) that

Pi(x) = (1 4+ 0(1))P4 (x) + (1 + o(1))P5 (x)
uniformly on Fj; ;. From this we immediately deduce that
Piiz—i(x)
Pj3i(x)

uniformly on Fj 4 n Ay ;, i € {1,2}. The second asymptotic formula of (29) now easily
follows from the first.

Py i(x) = [(1 4 0(1))Priv(x) + (1 + 0(1))Ps— (x)]

8.2. Proof of Theorem 1.2. We retain the notation introduced in the previous subsection.
Similarly to the matrix Y (z) defined in (54), set

Li(2) W) -AY(2)
(99) V(@) = | —hsiLiss, 2) ,,IA“’ (@) hiaall, () |,

1 2
—hipLiiye, (2) ha,zA;jgz(@ hiaAS), (2)
where L;(z) := {(z — x)7'Q5(x). It was shown in [16, Theorem 4.1] that
(100) V(o) = (Y'(z) ",

where -' denotes the transpose. As before, let Kj; ; := {z € C: dist(z, Ap) = d}. We keep
all the restrictions on ¢ and r in the definition of X s and in (87), respectively, specified at
the beginning of the previous subsection. It follows from (92) and (100) that

Y(z)=C (27" (@)(M™) () (I - 1;,1(2) B2t — i (z)E3,1) D7\ (2),

z € K5, 4, where one needs to remember that the functions /; 1(z) and I; 5(z) are never
non-zero simultaneously and we need to make the same affidavits about boundary values
as after (92). The above equation and (99) yield that

aon AP =wm[(Z27)' QM) @], /9@, zeKia
where one needs to remember that [C, | = 1/75;, see (25) and (61). Let us rewrite (63) as
V) 506 P ()
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which also serves as a definition of the matrix II(z). Then it follows from (101) that
Tiwii(2)
©)
(s393) ")

Observe that all the jump matrices in RHP-Z(b) have determinant one. Since Z(0) = I,
we therefore get that det(Z(z)) = 1 in the entire extended complex plane. Hence,

1/3

(102) - a2 = [(27) @S()'()], ., € Kia.

109 12| <C &; |z —a1| = 2r, c(i) < c**, k012
j Z < 1n ? s s € s Ly s
sk T N e |
by (87) with perhaps modified constant Cs,, where Z; «(z) := [(Z")'(z)] it1ks1 — Ok

Moreover, as in (87), 8;/ 3 can be replaced by &; when the parameters ¢(#) are uniformly

separated from c*, ¢**. Notice also that 2 j.k(00) = 0. Thus, we can write

[(27) @SEM @], = 55 0) (1)) + 11 (2)Z0o(2)
5740 (2020, (2) +57 41105 (2)20.2(2))

z € Kj; 4, where, as before, 55 ; = é (0)/S 1)( o0). Now, observe that
i (2)/Mi(2) = —A7 Yi(2), Le{l.2},

which follows by comparing zero/pole divisors in (15), (62), and the sentence after (59) as
well as the normalizations at o), see the sentence after (15), (62), and the display after
(59). Therefore, (102) can be rewritten as

@) (@)
Yi1(2) Y50

0,1\<) —
Sii1 45,1 Sii245 2

104 AV(@) = [ 1+ Zoo(z) - Z02(2) | Asi(2).
Recall that A, ; are continuous and non-vanishing functions of the parameter ¢ € [0, 1]
except for Ag,; = Oand A}, = 0, see (14), which satisfy (35). Since YS)}JF( ) = Yé
for x € Aj ;, we get from (94), (95), and (96) that B

Y(’) (Z)

n,3—i
105 _—
( ) sn,37iAn,3fi

70

uniformly for all 7 and z in the whole extended complex plane by the maximum modulus
principle for holomorphic functions). On the other hand, because Yg)l. (z) has a simple pole
at infinity, the same line of arguments yields that

Y0 (2) .2

<
SpiAni | Bhi— Qi

- . + A; ;
7 — ﬁn,l n,i + Wﬁ’l(z)

(106) 5

uniformly for all 7 and z in the whole extended complex plane (the right-hand side above
is simply the absolute value of a conformal map that takes the complement of Aj; ; onto
the complement of the unit disk normalized to take infinity into itself). Since the functions
20,i(z) vanish at infinity, it then follows from (39), (96), (103), (105), and (106) that

A’({)(Z)/ﬂﬁ’i(Z) =1+ o(sii;)
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uniformly on Kj; 4, where o(1) has the same meaning as in Theorem 1.1. As the left-hand
sides above is analytic off A ;, this estimate, in fact, holds uniformly for dist(z, Aﬁ’l’) >d
by the maximum modulus principle. This finishes the proof of the top formulae in (31).
Let now Fj; 4; < Aj ; such that dist(Fj 4 ;, E; ;) = d. As usual, we can adjust 6 so that
F; 4. does not intersect the closure of Uj;. Relations (98) and (100) give us
Yi(x) = (27 (0) (M) )DL ) (I F p; (1) Erin1), x€ Fiag.

Similarly to the proof of the second formula in (29), observe that

| 0 0 [ [

Tor (ML) (1)/(530:) L) (x) = (wais 5L ) (0)/(8:@7) P (x),  x € Az,
by (23). Hence, analogously to (104), the above two formulae yield that

Y (x) Y (x)
(i) 5 i, 1+ 5 7,2+ 5
[&ﬁ X) = 1 -+ 25 X)) — —————————'ZZ X) — —————————'ZZ X le* i X
5 () 0,0(x) P 0,1(x) Py 0.2(%) | Az it (x)
0w, W,
+ | 1+ Zoo(x) — ———Z01(x) — ————Z02(x) | Aziz(x).
Si1 45,1 S7.245 2

Since the estimates in (105) and (106) do hold on Fj; ; ;, the bottom formula in (31) follows.

9. PrROOF oF THEOREMS 1.3 AND 1.4
We retain the notation from the previous section.

9.1. Asymptotics of a;; ;. In this subsection we prove the first two equalities of the top line
of (37) and the first asymptotic formula in (32). To this end, we need the formula

(107) hsi = ag ihi—z, is

which is obtained by multiplying the first recurrence relation in (5) by x ~!, integrating it
against du; (x), and recalling (4).
To extract asymptotics of h; ; we use (52). Formulae (54), (60), and (92) yield that

Rg)(z) = [Y()]1iv1 = [(ZM)()]1.i1[D(2)]is1.i41
[Cli (S:®@7) ()

(i) (i)
- 1 Z 2 =4 Ya Z n Y—> 2 Z 4’
( O,O( ) Sn,] n’l(z) 0,1 (Z) Sl’l,2 nvz( ) 0,2( )) (0)( ) Wﬁ’i (Z)

in a neighborhood of infinity. We get from (35), (39), (96), (105), and (106) that
- C S;®;) ")
Ré‘)(z) _ (] + O(Sﬁ’i)) [0 ]1,1 ( n n) (Z)
Sé V(o) Wiii(2)

in the vicinity of infinity, where o(1) is exactly the same as described in Theorem 1.1.
Hence, it follows from the second equality in (52) and the very definition of the matrix C'
in (61) that
1+o(si:) [Cl.
(108) hy; = : —.
w sii [Clivis

On the other hand, since 1/hj;_z, ; is the leading coefficient of A(ﬁi) (z), we get from the first
two formulae of (31), the limits stated right after (15), the definition of C, and (96) that

1 [Clit1.i+1
[Clia

(109) = (14 o(s5.)) 57, A5

hnfei,i
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Since sa A;, ; ~ 1, the first claim in (32) follows by plugging (108) and (109) into (107).

The above formulae also allow us to prove the validity of the first two equations in the
top line of (37). First of all, let us observe that the differentiability of A.; and B, ; as
functions of ¢ on (0, c*) U (¢**, 1) was established in [7, Section 4] based on an explicit
parametrization of the Riemann surfaces &, established in [6, 22, 23].

Fix ¢ € (0,c¢*) U (¢**, 1) and let N, be a sequence of multi-indices such that ¢(71) — ¢
as |ii| — oo, i € N,. Clearly, we also have ¢(ii — €;) — c as || —> o, 7i € N,. Notice
that the numbers s;; ; and s;;_z, ; are uniformly bounded along N and s ; /s _z,; — 1
as |ii| — oo, i € N, due to the continuous dependence of the Szegd functions on the
parameter. Hence, we get from (107)—(109) that

[Cilii [Ci-glisriv
[Cilitriv1 [Ciglia
as |ii| — oo, i1 € N, where we explicitly indicate the dependence of the matrices C on the
multi-index 7. Using (25) we then get that

A"‘ I’l,‘*l B* n3_;
- (35) (55
n—e;,i n—e;

as |ii| — oo, i1 € N, where B;; = Bj, — Bj,;. By taking logarithms of both sides and
using the mean-value theorem, we get that

(1+0(1)Az; = aji; = (1+0(1))

A B
ol1) = (c(@) ~ <l - &) (< iy ”3—1'3"(")>
£(#),i n(#)

as |7ii| — oo, it € N, for some & (i), n(7) that lie between c(7i) and ¢(ii — €;). Notice that

i—1 .
() — c(fi— &) = S M

Al (7] = 1) -
Since n3_;/|ii| approaches either ¢ or 1 — ¢ along AN, it therefore holds that
I /
0(1) _ n; — 1 Ag(ﬁ),i n3_; Bll(ﬁ)
il Acaye il Byay

as |ii| — oo, i € N,. Because £(77), n(7i) — c as |i| — oo, i € N, the first two differential
equation in the top line of (37) follow by taking the limit in the above equality.

9.2. Proof of (36). In this subsection we prove (36) and the last equality in the top line of
(37). Letus set Ry (c) := ¢ %A, and Ry(c) := (1 — ¢)~2A. 2, which are continuous non-
vanishing functions of the parameter ¢ € [0, 1], see (35), that are continuously differentiable
on (0, I)\{c*, ¢**}. It follows from (34) that

(110) R|(c) + Ry(c) = 2B.B..

On the other hand, expressing A’ ; through A, ;, B., and B/, by using the first two equalities
in the top line of (37) together w1th adding these expressions up gives

1—c c
(111) AL +A,, = —B—Z < . Ac1 + :Ac,z) = —c(1 — ¢)B.B.,
where we also used (34) for the last step. Combining equations (110) and (111) to eliminate
B.B.. as well as dividing by R;(c) yields

Ry(o) RO e
Rolc) +c(1+¢) = —4c +4(1 — c)R(c).

(112) (I =¢)(2—=c)R(c)
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On the other hand, the first two relations in top line of (37) can be rewritten as

2Ry(e) L Ri(c)
(113) (1-2¢) Ra(0) —c Rie) 2

Equations (112) and (113) form a two by two linear system whose solution is given by

R’ (c) B 2¢ + 1+ 2c¢R(c)
(114) Roc) T- e R
and
Ri(c) 2(1—¢)+(3—2¢c)R(c)
(115) Ri(c) =2 1—c2+c¢(2—c)R(c)

Equation (36) now follows by taking the difference between (114) and (115). Finally, the
last equality in the top line of (37) comes from (115) and the identity
B, ¢ AL 2 ¢ Ri(c)

B 1—cAc1 1—c 1—cRi(c)

9.3. Differentiability of y. and 3. ;. In this subsection, we establish several facts that
will be needed in the remainder of the proof of Theorems 1.3 and 1.4. We investigate only
the case ¢ € (0, ¢*) as the behavior for ¢ € (¢**, 1) can be deduced similarly.

Since the symmetric functions of the branches of y.(z) are necessarily polynomials,
we can use (11) and (12) to derive the cubic equation satisfied by y.. This equation, after
some straightforward algebraic simplifications, can be written as

Ac,l + Ac,2
Xc(z) = Be XC(Z)_Bc,Z'

(116) 2= xc(2) +

Given s € C, the above equation can be interpreted as
Ac,l AC,Z
+ .
s—B¢; s—B:»

(117) z(e,s) i=m (xo'(s)) =5+

In particular, we see from (36), the top line of (37), and the remark made after Theorem 1.4
that 0.z(c, s) exists and is locally uniformly bounded in s € C\{B,.1, B>} (this estimate
is also uniform in ¢ € (0, ¢*) if s stays away from {B.; : ¢ € [0, c*]}).

As pointed out right before (34), we have that y.(Bc.1) = (1 — ¢)Bc,1 + ¢Bc2 when
¢ € (0,c*). Thus, we get from (116) that

1 Ac,l Ac,2
Bei =(1=¢)B. +CBC’2+B_C < i l—c) .
This, of course, immediately shows that 3. 1 is a differentiable function of ¢ on (0, ¢*).
The above two observations will be sufficient for us to finish the proof of Theorem 1.4, that
is, to prove the bottom line of (37).
Now we deduce from (34) and the bottom line of (37) (the use of the bottom line of (37)
is not really necessary but allows us to get a more compact formula) that
AL B AL, ) B,

c 1_c _E(CRl(C)—(l—C)RZ(c))_

1

,B'C’] = (2c—1)B. + B_c (

Using the top line of (37), we obtain that

/ ’ ,
Ac,l . AC,Z Bc

- T—oc =B—C(CR2(C)—<1—C)R1(6‘)),
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Thus, using (34), (36), and (37) once more, we arrive at

B., = (2c—1)B. + (Ra(c) — R1(c))§—/§
/ c ’ 2
(118) - 2(eRe(e) — (1 - Ri(e) 35 = 67 (2

Formula (118) clearly shows that 8/ , is a bounded continuous function of ¢ € (0, c*) (it
also shows that . is an increasing function of ¢).

9.4. Differentiability of o-(c). Before we go back to the proof of Theorems 1.3 and 1.4,
we need to analyze the behavior of one more auxiliary quantity, namely o-(c), defined by

(119) $S9(z) = 59 (a0) (1 + # +0 (;2)) . 71— .

More precisely, we need to establish its differentiability with respect to ¢ and the bounded-
ness of o”’(c). Again, we only consider the case ¢ € (0, ¢*) as the behavior for ¢ € (¢**,1)
can be deduced similarly.

We shall utilize a representation of S, (z) different from (22). To this end, let S, (z) be
given by (24). Set pi(x) := p1(x)S,, (x) and define

Wc,l(Z)f log(p1we,14)(x)  dx
Ac,l

SC,I(Z) = eFC’l(Z)’ Fc,l(Z) = 21 Z—X We 1+(X)’

which is the standard Szegd function of (9w, 1+ )(x) considered as a weight on A, ;. That
is, it is a non-vanishing holomorphic function off A, ; (including at infinity) with continu-
ous traces on both sides of (@1, B¢,1) that satisfy S 14 (x)Sc.1-(x)(P1ja., We,14)(x) = 1
and quarter-root singularities at @y, B.,1. Next, recall that y.(A;) is a Jordan curve that
approaches the circle yo(Az) := {|z — Bo2|> = Ao2} as ¢ — 0, see (14) and (33). We
orient y.(Az) clockwise. The conformal map y.(z) maps 65.2)\A2 and GC\GEZ) onto the
interior and exterior domains of y.(A;) with o0 mapped into oo, see (11). Recall (117).
Set

Fc,l(ZC(S))ﬂ
s — xe(2) 2mi

Sca(z) :=exp \(f;
Xe (AZ)
which is a sectionally analytic and non-vanishing function in &.\A,, S, »(c0(®) = 1, and
Sco—(x) = Sc 24 (x)Sc,1(x) on A, (according to our chosen orientation of A,, the positive

approach to A is from 620)). The properties of S 1(z) and S, 2(z) readily yield that
Se1(2)Sea(z), ze8l,
Se(2) = ke { Sea(2)/Sea(2), ze6l,
Sc2(2), zZ€ ng),
where k. is a normalizing constant (one can readily check that the right-hand side above
satisfies (23) and k.. is there to achieve the normalization (SE.O) Sf.l ) SE.Z )) (z) = 1). Therefore,

1
S § Foi(z(c,s))ds,
x0(A2)

where we understand the derivative at infinity in local coordinates, that is, f(z) = f(o0) +
f'(00)/z + - - -, and we moved the curve of integration from y.(A;) to the circle xo(A2) by

(120) o(c) = Fé’l(oo)
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the analyticity of F. 1(z¢(s)) (if xo(A2) does not work for all ¢ € (0, ¢*), we can partition
(0, ¢*) into finitely many overlapping intervals and on each of them similarly replace y.(A;)
by a curve independent of c; this will not alter the forthcoming computations).

Let (. (y) = M (y + 1) + @ be the linear function with positive leading coefficient
that takes [—1, 1] onto A.;. Then,

Fe1(tc(2))

i log (b1 (L) VT=07)
- 2n Jfl y—z 1—y2

It can be readily verified that the above expression can be rewritten as

J~1 mlogﬁl(fc(y))dy+ 1 mlogmd)’llog(i(ﬁ_lal)>
aoy-zoom/i-y  la vz iy 22T

Notice that we do not need to worry about the logarithmic term as it is constant in z an will
disappear after integration on the circle yo(A;). The same reason allows us to subtract 1
from the kernel in the above integrals without altering the expression in (120). Hence, we
need to analyze integrals of the form

Idk(z)'_f V2T dlbe)k(y)dy
Sl y-s Ty

where either d(x) = logp(x) and k(y) = 1 ord(x) = 1 and k(y) = log+/1 — y2. Itis
not hard to see that I x(z) = O(z ") and I, , (z) = O(z™2), where O terms are uniform in
c. Moreover, it follows from (118) that the above expression is differentiable with respect
to ¢ and it holds that

(Oclai)(2) = Brylar(+1i2(2) = O (z7),
where O term is again uniform in c. Hence, we have that

24 —a
Petas (6@ = @ela) (@) + 1o (') a2 — o

where £, ! (z) is the inverse (not reciprocal) function of £.(z) and O term is again uniform
in ¢ and locally uniform in z. Hence, we have that

0Oc E‘)[; F.1(z(c,8))ds = O(0.z(c, s)) = O(1),
Xo(Az)
uniformly in ¢, where we used boundedness of d.z(c, ) to reach the last conclusion, see the

sentence after (117). Similarly, since integrals of odd functions on (—1, 1) are necessarily
zero, we have that

Bei —ai J : . ydy
F/ (0) = ——— 1 ¢ — .
L,l( ) 47_( . ogpl(C(y))m
Considerations virtually identical to the ones presented above show that F (o) is dif-
ferentiable with respect to ¢ and that 0. F | (c0) = O(1) uniformly in c. Hence, we now
deduce from (120) that o-(c) is differentiable and o~ (¢) is bounded for ¢ € (0, c¢*).
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9.5. Asymptotics of b;; ;. In this subsection we prove the bottom formula in (37) and the
second asymptotic formula in (32), thus, finishing the proof of Theorems 1.3 and 1.4. Both
proofs rely on the formula

P s
(121) by = lim (Z— ﬂ)

Z—0
which readily follows from the first relation in (5).

Consider (54) with 7i replaced by 7 + €;. It holds that hj; ;[Y (z)]i+1,1 = Pji(z). Hence,
similarly to (93), we have that

[Clitrit
P;i(2) = hii i Piiva (Z)—[Cj]l 1+ x
Zi P 1+ Zis P e Zis i
l,O(Z)+Sn+ei,z ﬁ+gi,,~(z)( + l,l<z))+sn+e,~,3—z ﬁ+gi’3_i(z) t,3—l(Z)

for z in a neighborhood of infinity. Recall that the functions Z; x (z) and Yj;, 5, x(z) vanish

at infinity and
Az, B-.> - 1
(0) _ “in+teii n+e;j,i
Viveid) = — <1 t— +0 (;))

as z — o0, see (59). Since Pj;(z) is a monic polynomial, it therefore follows from (87) and
(97) that

1 SiteiAite,iBitve, +0o(1) 1 ( 1 ))
122 Pi(z) = ( = + oA TR, —+0(=)) Pisalz
(122) i(2) (Z Siiveifiive,i to(l) 22 2 e (2)

in the vicinity of infinity, where o(1) term in the denominator above is the constant next
1/z term of Z; o(z). Of course, it also holds that

(123) Piig(2) = (1 +0(1)Pjg,(2)
for z around infinity. Plugging (122) and (123) into (121) gives
Sii+é;.iAité.iBive.i +o(1)

+o(1).
SivaiAnve.i +o(1) M

The above formula is insufficient to prove the second formula of (32) as s, 5, ;Aji1z,.; ~
¢(i) as c¢(i) — 0 by (35) and (96). However, if ¢ € (0,c*) U (¢**,1) and N, is as in the
second paragraph after (109), then

by, =

(124) bﬁ,i = Bﬁ+gi,i + 0(1) as |ﬁ| — o, neN..
On the other hand, (121), (123), and (123) with 7 + €; replaced by 7, give us that
(125) bii = (Pi)1 — (Pire )1 +o(1)

for all &; small enough, where the error term is as in Theorem 1.1 and we write P;(z) =
2 4+ (P;)1211=1 4 .. .. According to (25) and (30), it holds that

0 ™ 0 (0 0
Pilz) = (0" () = Bar) (6(2) = Baa) S(2)/85" ().
Then we get from (11), (12), and (125) that
(126) bj; = Biyz.i+ni(Biyz,1 — Bay) + n2(Biiz, 2 — Baa) + 05 — 0gg, + o(1),

where o; = o-(c(n)), see (119), and the error term is as in Theorem 1.1. When ¢(72), c(i +
€;) € [¢*,c**], &; = &4 and therefore (126) simply reduces to the second formula in
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(32). To deal with the remaining cases, recall that o(c) is a differentiable function of ¢ on
(0,c*) U (c**,1) with bounded derivative there. Since

S o o (=D
c(n+é)—cn) = -—F——,
7| (7] + 1)
it follows from (126) and the mean-value theorem that
127) .
(=D)""n3i (. . o’ (£ (i)
b?l,i — B;H_giJ + 0(1) = W C(I’l)Blg(ﬂ)’l + (1 - C(I’l))Bln(ﬁ)’z + T >

-

where the error term is as in Theorem 1.1 and £(72), (#), £ (7i) lie between ¢ (i) and ¢(7i+€; ).
To finish the proof of Theorem 1.4, let ¢ and N, be as (124). The last relation in (37)
now follows from (124) and (127) since £(7i), (i), £ (i) — ¢ as |ii| — ©, 71 € N,.
As pointed out right after Theorem 1.4, (36) and the top line of (37) imply infinite
differentiability and boundedness of all the derivatives. Thus, we get from the mean-value
theorem that

B’ B ..

B n@).2 ~ “c(i).2

/

£(i),1 T Pe(i)l
with a constant independent of 7. Hence, we get from the bottom relation in (37) and (127)
that

8 < il ™!

s

biii — Biiva,i +o(1) = O([ii| ")
uniformly in 77 when at least one of the numbers c(i1), c(i + €;) belong to (0, c*] U [¢**,1)
(notice that if for example c(7i + €1) < ¢* < c(ii), then Bj;; = Box ;, 03 = o(c*) and
therefore (126) still yields (127) with £(#), n(i?), £ (i) € (c(i + €}), ¢*)). This finishes the
proof of Theorem 1.3.
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