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Abstract. We investigate asymptotic behavior of polynomials @, (z) sat-
isfying non-Hermitian orthogonality relations

/A s*Qu(s)p(s)ds =0, ke{0,...,n—1},

where A := [—a,a]U[—ib,ib], a,b > 0, and p(s) is a Jacobi-type weight.
The primary motivation for this work is study of the convergence prop-
erties of the Padé approximants to functions of the form

f(z) =(z=a)" (2 =ib)** (2 + )™ (2 +ib)™*,
where the exponents «; € Z add up to an integer.
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1. Introduction
Let a,b > 0 be fixed. Set
A :=[-a,a]U[—ib,ib] and A°:=A\{0,a1,az2,a3,a4}, (1.1)

where we put a; = —a3 = a and as = —a4 = ib. Denote by A;, i € {1,2, 3,4},
the segment joining the origin and a;, which we orient towards the origin.
In this work we are interested in strong asymptotics of polynomials Q,(2),
deg(Q,) < n, satisfying orthogonality relations

/A s*Qu(s)p(s)ds =0, ke{0,...,n—1}, (1.2)

where A inherits its orientation from the segments A; and p(s) is a certain
weight function on A. Orthogonality relations (1.2) are non-Hermitian and
therefore there are no a priori reasons to assume that deg(Q,,) = n. In what
follows, we shall understand that @, (z) stands for the monic polynomial of
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minimal degree satisfying (1.2). The weight functions we are interested in are
holomorphic perturbations of the power functions. More precisely, we define
the following nested sequence of classes of weights.

Definition. Let ¢ be a positive integer or infinity. We shall say that a function
p(s) on A belongs to the class W if
(i) pi(s) == pja,(s) factors as a product p;(s) = p;(s)(s — a;)**, where the
function pf(z) is non-vanishing and holomorphic in some neighborhood
of A;, a; > —1, and (z — a;)* is a branch holomorphic across A\ {a;},
i€ {1,2,3,4};
(i) the ratio (p1p3)(2)/(p2p4s)(z) is constant in some neighborhood of the
origin;
(i) it holds that p1(0) 4 p2(0) + p3(0) + p4(0) = 0;
(iv) the quantities pgl)(O)/p,-(O), 0 <1<, donot depend on i € {1,2,3,4}.

Observe that conditions (ii) and (iii) say that one of the functions p;(z)
is fully determined by the other three. In particular, it must hold that

pa(z) = —(p1 + p2 + p3)(0)(p2/p1p3)(0)(p1p3/p2)(2).

Notice also that Wy, C W,, whenever ¢ < ¢; and that p(s) € Wy if and
only if there exists a function F(z), holomorphic in some neighborhood of
A\ {a1,az,a3,a4}, such that p;(s) = ¢;F|a,(s) for some constants ¢; that
add up to zero.

Holomorphy of the weights p;(z) allows one to deform A in (1.2) to any
cross-like contour consisting of four arcs connecting the points a; to the origin
(some central point if the weight add up to zero in a neighborhood of the
origin). Hence, the following question arises: which contour do we expect to
attract the zeros of the polynomials Q,(z) as n — oo ? This fundamental ques-
tion in the theory of non-Hermitian orthogonal polynomials was answered by
Herbert Stahl in [11, 12, 13]. It turns out that the attracting contour is es-
sentially characterized by having the smallest logarithmic capacity among all
continua containing {a, as, az,as}. It is also known from the works [8, 10]
that this contour must consist of the orthogonal critical trajectories of the
quadratic differential

(2 —b1)(z — by)dz?

(7= )2+ )
for some uniquely determined constants by, by. It can be readily verified that
A is the desired contour and by = by = 0.

Strong asymptotics of the polynomials @,,(z) was considered as part of
a study in [14] under much more restrictive assumption p(s) = h(s)/w(s),
where h(z) is a holomorphic and non-vanishing function is some neighborhood
of A and w(z) is defined in (2.1) further below. It is also worth pointing out
that if the points {a1, ag, az,as} do not form a cross with two symmetries,
then the points by,bs in (1.3) are distinct and the corresponding minimal
capacity contour consists of five arcs: one joining b; and by, two connecting
by to two points in {a1,as,as, a4}, and two connecting be to the other two

(1.3)



Jacobi-type Polynomials on a Cross 3

points in {a1,as, as,as}. Non-Hermitian orthogonal polynomials on such a
contour for a class of weights defined similarly to W), is a particular example
of polynomials studied in [1].

2. Statement of Results

The functions describing the asymptotic behavior of the polynomials @, (z)
are constructed in three steps, carried out in Sections 2.2-2.4, and naturally
defined on a Riemann surface corresponding to A that is introduced in Sec-
tion 2.1. The main results of this work are stated in Sections 2.5 and 2.6.

2.1. Riemann Surface
Let A = U}, A; be given by (1.1). Set

w(z) == /(22 —a?)(22 + b?2), z€C\A, (2.1)
to be the branch normalized so that w(z) = 22 + O(z) as z — oo. Denote by
MR the Riemann surface of w(z) realized as a two-sheeted ramified cover of C
constructed in the following manner. Two copies of C are cut along each arc
A;. These copies are glued together along the cuts in such a manner that the
right (resp. left) side of the arc A; belonging to the first copy, say RO s
joined with the left (resp. right) side of the same arc A; only belonging to the
second copy, M. We denote by 7 the canonical projection 7 : )8 — C and

FIGURE 1. The arcs A; together with their orientation (solid
lines), a schematic representation of the arcs A; = W_I(Ai)
(dashed lines) as viewed from SR(?, and the chosen homology
basis {o, B} projected down from 9.

define A := 77 1(A), A; := 7 1(A;), i € {1,2,3,4}. Then A is a curve on R
that intersects itself exactly twice (once at each point on top of the origin),
see Figures 1 and 2. We orient A so that R remains on the left when A
is traversed in the positive direction. We shall denote by z(®), k € {0,1},
the point on M® with canonical projection z and designate the symbol -*
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to stand for the conformal involution that sends 2(*) into 2= &k € {0,1}.
We use bold lower case letters such as z,t,s to indicate points on R with
canonical projections z, ¢, s. Since fR is elliptic (genus 1), any homology basis
on R consists of only two cycles. In what follows, we choose cycles «, 3 to
be involution-symmetric and such that 7(&), 7(p) are rectifiable Jordan arcs
joining a1, a2 and ay4, a1, respectively, oriented as on Figures 1 and 2.

a o4 0;4 X ai
A Ay
B A B
0 3 e
Ay as
an e » Ao
A A
RO 3 2
B B
Ay 0 Ay
a; a a, a a;

FIGURE 2. Schematic representation of the surface SR (shaded
region represents ,‘R(l)), which topologically is a torus, the arcs
A1, Az, Az, Ay, and the homology basis «, 3.

2.2. Geometric Term
With a slight abuse of notation, let us set
w(z) = (=) w(z), zeR®\ A, ke{0,1},
which we then extend by continuity to A. One can readily verify that

o) = (f, wi;)_l e (22)

is the holomorphic differential on YR normalized to have unit period on «. In
this case it is known that the constant

B = ﬁ Q (2.3)

has positive purely imaginary part. It also readily follows from the properties
of the quadratic differential (1.3) that

is a meromorphic differential on R having two simple poles at co(t) and oo(®)
with respective residues 1 and —1, whose period on any cycle on R is purely
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imaginary. Define

1 1
W= ——_j{ G and T:= —j{ G, (2.4)
27l Jg 27 [

which are necessarily real constants. By deforming « (resp. ) into —A; —Ay
(resp. A1 + As) and using the symmetry G(z*) = —G(z), one gets that
1 zdz 1
S == 2.5
TT i fwk) 2 (25)
where I' is any positively oriented rectifiable Jordan curve encircling A. Let

®(z) :=exp {/:G}, z € NRap =R\ {«, B}, (2.6)

3

w =

where the path of integration lies entirely in P4 g. The function ®(z) is
holomorphic and non-vanishing on M4 g except for a simple pole at oo
and a simple zero at co”). Furthermore, it possesses continuous traces on
both sides of each cycle of the canonical basis that satisfy!

Di(s)=—-D_(s), s€aUpP, (2.7)

by (2.4)—(2.5). It is not a difficult computation to verify that ®(z)®(z*) =1
and

[N)

|<I>(z)| = exp {(—l)kgA(z; oo)} , z€ m(k),

k € {0,1}, where ga(z;00) is the Green function for C\ A with pole at oo
In fact, the above properties allow us to verify that

(I)Q(Z(k)) _ 2 <Z2 + b? — a2 n (_1)kw(z)) , (2.8)

a? + b2 2
k € {0,1}. In particular, this implies that the logarithmic capacity of A is

equal to va? + b?/2 since
—2z
B(z0)= ———_1+0(1) as z— 2.9
(the sign in (2.9) is determined by the fact that ®(a3) = 1 and ®(z) is
non-vanishing on 7=1((—o0, —a))).

2.3. Szego Function

Let p(s) € Wy. For each i € {1,2,3,4}, fix log p;(s) to be a branch continuous
on A; \ {a;}, selected so that

4
1 ; 11
= — —1)" 1 ; satisfies ——,=- 2.1
V=g ;:1( ) log p;(0) satisfies Re(v) € ( 5 2} (2.10)

1Here and in what follows we state jump relations understanding that they hold outside
the points of self-intersection of the considered arcs.

2ga(2;00) is equal to zero on A, is positive and harmonic in C\ A, and satisfies g(z;c0) =
log |z| + O(1) as z — oo.
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Further, it can be readily verified that we can set

;T
log .. (s) = log .. () + (~1)' T,
where w4 (s) is the trace of (2.1) on the positive side of AY according to the
chosen orientation. We also let log(p;w.)(s) to stand for log p;(s) +log w (s)

with the just selected branches. Put

$,(2) = exp d — = ¢ log(pw) ()%, (s) |, (212)
A |

ENS Af = A \ {O,G,i}, (211)

4

where ), ,~(s) is the meromorphic differential with two simple poles at z
and z* with respective residues 1 and —1 normalized to have zero period
on . When z does not lie on top of the point at infinity, it can be readily
verified that

0 () = W) ds (ﬁ “’(z)dt> Q(s), (2.13)

s —zw(s) t—zw(t)

where (2(s) is the holomorphic differential (2.2).

Proposition 2.1. Let p(s) € Wi and S,(z) be given by (2.12). Then S,(z) is
a holomorphic and non-vanishing function in |\ {A U a} with continuous
traces on (AU x) \ {a1, aq,as,a4,0,0"} that satisfy

exp {27ricp}, s € «,

Sp+(8) = Sp*(s) { 1/(pw+)(3)’ sEA,

where ¢, == 7= $5 log(pw4)Q. It also holds that S,(z)S,(z*) =1 and *

15, () ~ {

fori,j €{1,2,3,4}, where Q; is the j-th quadrant and v is given by (2.10).

2.4. Theta Function

Let Jac(R) := C/{Z + BZ} be the Jacobi variety of 2R, where B is given by
(2.3). We shall represented elements of Jac(9R) as equivalence classes [s] =
{s+1+Bm:Il,m e Z}, where s € C. Since R is elliptic, Abel’s map

zZER— [/:Q} € Jac(R)

3

(2.14)

|z — a;| "Gt/ g5 2 ay,

. 2.15
(=1)7Re(v) ( )

2| as Q; 2z —0,

is a holomorphic bijection. Hence, given any s € C, there exists a unique
2[5 € M such that [f;” Q} = [s].
Denote by 6(¢) the Riemann theta function associated to B, i.e.,
0(¢) := Z exp {miBn® + 2min(} .

neE”Z

3In what follows we write |g1(2)| ~ |g2(2)| as 2z — z¢ if there exists a constant C' > 1 such
that C~1)g1(2)| < |g2(2)| < C|g1(2)] for all z close to 2.
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As shown by Riemann, 6(¢) is an entire, even function that satisfies
0(C +1+mB) = 0(¢) exp{—mim?B — 2rim(} (2.16)

for any integers I,m. Moreover, its zeros are simple and 6 (¢) = 0 if and
only if [¢] = [(1 + B)/2]. The constant (1 + B)/2, known as the Riemann
constant, will appear often in our computations. So, we choose to abbreviate
the representatives of its “half”-classes by

Ki:=(14B)/4 and K_:=(1-B)/4, (2.17)
i.e., [2K,] = [2K_]. The symmetries of Q(2z) (Q(—2z) = —Q(z) = Q(z*)) yield

that
oo(® 1 oo(®
/ Q=3 / Q=2K, = / = (—1)FK,, (2.18)
oo(1) S as

k € {0,1}, where § = 7! ((—00, —a] U [a,00)) is a cycle on R oriented from
oo to col® (on Figure 2, § would be represented by the anti-diagonal),
which is clearly is homologous to « + f3.

With ¢, as in Proposition 2.1, define

B o F O, e — (DK
Tk(z) := exp {mk/a Q} 9(]:3 Q=K (2.19)

for k € {0,1} and z € M« g, where the path of integration lies entirely within
NRu,p- Tk (2) is a meromorphic function that is finite and non-vanishing except

3

for a simple pole at ooV, see (2.18), and a simple zero at zj, := Z(e,—(~1)FK4]>
where z; € R is uniquely characterized by

73

/ Q=rc, — (—1)"Ky + Ix +muB, (2.20)
as

k € {0,1}, for some ly,mo,l1,m1 € Z. Furthermore, it follows from the
normalization in (2.2), the definition of B in (2.3), and (2.16) that
exp {27ri(k/2 - cp)}7 s € «,

exp {ﬂik}, s €. (2.21)

T (s) = Ti_(s) {
2.5. Asymptotics
Given p(s) € Wi, let ¢, be as in Proposition 2.1. Set

{0,1} 3¢(n) :==n mod 2, n€Z,

to be the parity function. Then it follows from (2.7), (2.14), and (2.21) that
the function

U, (2) = ("S5, Ty(n))(2), zE€R\A, (2.22)
is meromorphic in SR\ A with a pole of order n at 009 a zero of multiplicity

n—1 at oo, a simple zero at Z,(n), and otherwise non-vanishing and finite,
whose traces on A satisfy

Uni(s) = Un(s)/(pwi)(s), se€A, (2.23)
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and whose behavior around the ramification points of R as well as 0%, 0 is
governed by (2.15).

In what follows, we have to restrict the subsequence of indices n. To
this end, set oy, := (—1)Tmetk ke {0,1}, see (2.20) . Put A,,, := 0 when
Re(v) = 0, and otherwise set

Apn = 0yn) Al L ®(2,3)) 22"V (s), (2.24)

where s = 0 when Re(v) > 0 and s = 0" when Re(v) < 0, and

67rig,(c,,+1/4) v a? +b? F(]' — §1,V)
P 2 V2w

Sy b 1/2—¢,v
X lim |z|2”S§(z(0))} (a) ,

X

A=A

z—0,arg(z)=57/4 %
where ¢, := 1 when Re(v) > 0 and ¢, := —1 when Re(v) < 0, and
. 0 1 0
A, = €™ 5 (0) (P2 +p3)(0) A= (p3 + p4)(0)

p2(0) (ab)? (p3p4)(0)

depending on whether Re(v) > 0 or Re(r) < 0. Observe also that a calculus
level computation tells us that

®(0) = ¢(0%) = exp {iarctan (%)} . (2.25)

Proposition 2.2. For every e € (0,1/2), let

N, = {n EN: 2y # 009 and |1 — A, | > 5} .
It holds that
2N when [c,] = [0],
S o)) =0
N\ 2N when [c,] =[(1+B)/2].
Otherwise, N, . = N, := N when Re(v) € (—1/2,1/2) and it is an infinite

subsequence when Re(v) = 1/2. In particular, dependence on € is significant
only when Re(v) =1/2 and [¢,] ¢ {[0], [(1+ B)/2]}.

Indeed, it readily follows from (2.20) and (2.18) that
[co] =[k(1+B)/2] & =z1= o® o zy=o00R

for k € {0,1} (in which case ®(z,(,)) = ®(c0o®)) =0 = A, ). On the other
hand, because Abel’s map is a bijection, we also get that |7(z1)| < 0o &
|T(20)| < oo. Since A,, — 0 as n — oo when Re(v) € (—1/2,1/2), this
proves the first three claims of the proposition. As arctan(a/b) € (0,7/2),
the last claim follows from the arithmetic properties of numbers.

Theorem 2.3. Let p(s) € Wy, where € is a positive integer or infinity and
U, (2) be given by (2.22). Assume in addition that

0(3 — 2|Re(v)]) > 2|Re(v)[(3 + 2|Re(v))).
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Given € > 0, it holds for all n € N, . large enough that

Qn(2) = Y (1 +v01(2)) ¥ (20) + 7 002(2) o1 (2V) (2.26)
locally uniformly in C\ A, where 7, = lim,_, z”\Il,’Ll(z(O)) is the normal-
izing constant, vn;(00) =0,

Uni(2) = 27 Ly + O (n_d“”f) , Ly = O(n‘Re(”)l_l/g), (2.27)
locally uniformly in C\ {0} (uniformly in C when £ = 0o) with

(zHRe)D(E=2[Re(M))  ; ~ 4Re()|(1+|Re(v)])
£+1+2|Re(v)| ’ = 1—2|Re(v)] ’

Dt =9 s aiRew)) 2IRe(w)) (3 42IRe(r)) herwi (2.28)
S-E3+2Re(v)]) , otheruwnse,
(du,oc = 1/2 + |Re(1/)|), and
A ST, \"F (Ty/T,
Ly = (1)1 L (_ (n) ) s M (2.29)
1- Ap,n Tz(n—l) (TO/Tl) (8)

for i € {1,2}, where s = 0 when Re(v) > 0 and s = 0* when Re(v) < 0
when |m(zg)| < oo (when |7(zg)| = oo, the expression for L,; is even more
cumbersome and therefore is omitted here). In particular, the polynomials
Qn(2) have degree n for all n € N, . large enough.

The condition on the index ¢ amounts to saying that it can be any
when |Re(v)| € [0, —1 ++/7/2), it must be at least 2, when |[Re(v)| € [-1 +
V7/2,1/2), and it must be at least 3 when [Re(v)| = 1/2.

Notice that the behavior of the orthogonal polynomials is qualitatively
different for Re(v) € (—1/2,1/2) and Re(r) = 1/2 as the first summand in
(2.27) is decaying with n in the former case, but not in the latter.

2.6. Padé Approximation
For an integrable weight p(s) on A define

A(z) = /Ap(s)ds, e T\A. (2.30)

2mi s—z

In particular, it can be readily verified that the functions

4 4
Z Cilog(z —a;) and H(z —a;)",
i=1 =1

where the constants C; add up to zero and the exponents —1 < «; € Z
add up to an integer, possess branches holomorphic off A that can be rep-
resented by (2.30) for certain weight functions in W, (the second function
can represented by (2.30) up to an addition of a polynomial).

Given p(z) as in (2.30), it follows from the orthogonality relations (1.2)
that there exists a polynomial P, (z) of degree at most n — 1 such that

Ry(2) == (Qnp)(2) — Pu(2) =O0(z7" ') as z— . (2.31)

The rational function [n/n];(2) := P,(2)/Qn(2) is called the n-th diagonal
Padé approximant to p(z).
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Theorem 2.4. Let p(z) be given by (2.30) and R,(z) be defined by (2.31). In
the setting of Theorem 2.3, it holds for all n € N, . large enough that

(WR)(2) = Yn (1 +vn1(2)) U (21) + Ynvn2(2) U1 (21V) (2.32)

locally uniformly in C\ A, where v,;(z) are the same as in Theorem 2.3.

3. Examples

In this section, we illustrate Theorem 2.3 by three examples. In them, we
shall not compute S,(z) and ¢, via their integral representations, see (2.12),
but rather construct a candidate S,(z) with the desired jump over A and
the singular behavior as in (2.15). This construction will also determine a
candidate constant ¢,. It is simple to argue that

z

S,(2) :Sp(z)exp{27rim Q}, ¢, = ¢, —mB,

as
for some integer m. Using ¢, in (2.19), we then construct ﬁ(n)(z) for which
it holds that

Tyny(2) = ﬁ(n)(z) exp {—QWim/ Q — mim?B + 27ri(—1)’(")K+}
as

with the same integer m. This means that

(SoTim) (2)/ (S Timy) (00©) = (8,Tim)) (2)/ (S Tomy) (00©)
and therefore (2.26) and (2.32) remain valid with S,(2), T)(,)(2) replaced by
§p(z), ﬁ(n)(z). Furthermore, the value of 4, ,, in (2.24) will not change either
as the limit in the definition of A}, ,, will be augmented by emm(1-B) ‘see (4.1),
that will be offset by the change in ¢, and oy, (6 = (—1)"0). Thus, with a
slight abuse of notation, we shall keep on writing S,(2), T;(n)(2) below.

3.1. Chebyshév-type case
Let 2p(z) = 1/w(z), in which case it holds that

p(s) = 1/ws(s), s €A,
where p(z) and w(z) were defined in (2.30) and (2.1), respectively, and the
implication follows from Plemelj-Sokhotski formulae and Privalov’s theorem.
Using analytic continuations of w(z) one can easily see that p(s) € Wy
and v = 0. Since (pw)(s) = 1, we get that S,(z) = 1 and necessarily
¢, =0. Thus, N, . = 2N and z¢ = co™ (21 = 0o(?)). Moreover, we get that
To(z) = 1 and T1(z) = 1/P(z), see (4.2). Hence, it follows from (2.8) and
(2.26) that

2 2
Qutey = g (P

n
> )

where it holds that o(1) is geometrically small on closed subsets of C\ A (see
[14] for the error rate in this case). To show that the above result is in a way
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best possible, assume that a = b = 1. Recall that the n-th monic Chebyshév
polynomial of the first kind is defined by

27T ( :<z+\/7) ( 22—1)n

and is orthogonal to #7, j € {0,...,n — 1}, on (—1,1) with respect to the

weight 1/4/1 — z2. Hence,
i/ s"T, (s?) p(s)ds =
A

(/ /) 1—:c4 (/ /) anl—m?dx'

Clearly, the above expression is zero for all even k. Assume now that k& =
2j+1,5€{0,...,n—1}. Then we can continue the above chain of equalities
by
LT, 2T, (x)dx 1)+ L i T, ( _ LI T, (x)da _
o V1—22 \/1—1‘2 1 V1 —22 ’
where the last equality follows from the orthogonality properties of the Chebyshév
polynomials. Thus, it holds that

Q2n+1(z) = QQn(Z) =T, (Z2)

in this case, which justifies the exclusion of odd indices from N, = N, . as
for such indices polynomials can and do degenerate.

3.2. Legendre-type case
Let p(z) = 5= (log(z* — 1) —log(z? + 1)), in which case it holds that

p(s) = (=1, s€A,

i € {1,2,3,4}, where the justification for the implication is the same as
before. As in the previous case, it holds that v = 0. Let \/w(z) be the branch
holomorphic in C \ A such that v/w(z) = z + O(1) as z — oo. Further, let

2 p2 _ g2 1/2
®,(2) ;,/M(Zu - +w(z)> ,

be the branch holomorphic in C\ A such that ®.(z) = z + O(1) as z —
oo. It easily follows from (2.7), (2.8), and (2.9) that ®.(z) is an analytic
continuation of —@(z(o)) across m(a) U m(B). It is now straightforward to
check that

Sp(z1) = e ™1, (2) [Vw(z)
and thus ¢, = 0. Hence, as in the previous subsection, N, . = 2N and Ty(2) =
1 while Ty (2) = 1/®(z). Therefore, we again deduce from (2.8) and (2.26)

that
14+ 0mM2) [, B —a? n+1/2
@2n(2) = 12 Jiw(z) \© T 2 +w(z) :
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uniformly on closed subsets of C \ A. Again, to show that the above result
is best possible, assume that a = b = 1. Then we can check exactly as in the
previous subsection that

Q2n+1(z) = an(Z) =Ly ('22)7
where L, (x) is the n-th monic Legendre polynomial, that is, degree n poly-
nomial orthogonal to z7, j € {0,...,n — 1}, on (—1,1) with respect to a
constant weight.

3.3. Jacobi-1/4 case
Let v2p(z) = 1/y/w(z), in which case it holds that

p(s) = —i*"/|Vw(s)|, s€A;, i€{l,2,3,4},
where /w(z) is the branch defined in the previous subsection. Observe that

(pw4)(s) =i Wa(s)l, s € A,
and that v = 1/2. In particular, the constant A, appearing in the definition
of A, in (2.24) is equal to A, = \/?6‘”“4/\/%.
To construct a Szegd function of p(s), let
RO K 0(f5 0 k)
z z )

9(fa3 Q- Ki) 9(fa3 Q+ K+)
where the path of integration lies entirely in Ry g. It follows from (2.18) and
(4.1) further below that ©%(2) is a meromorphic function in Ry, with two
simple poles, namely, co(?), 0, and two simple zeros co(!), 0*. Moreover, ©%(z)
is continuous across B and satisfies ©% (s) = ©2 (s)e™2™8 on « by (2.16) and
©2(2)02(z*) = 1 by the symmetries of #(¢) and Q(2). Since each individual
fraction in the definition of ©2(z) is injective, we can define a branch ©(z)
such that

0%(z) : z € Rap,

6. (s) = 6_(s) e~™B sea
FEEEEN L seAyun((—o0, —d]),

and O(z)O(z*) = 1. Further, let w'/4(z) be the branch holomorphic in C \
(AU (—o0, a)) that is positive for z > a. Now, one can verify that ¢, = —B/2

and
2k

S,(2*)) = (9(2'(1“))111771(,2)7 ke {0,1}.
Let us now compute A, , appearing in (2.24). Since y/w(z) — e84\ ab
as Qs 3 z — 0, we get that
—mi/2

R T 2(,(0)

Vai o207 (=)

; 2
emB/Q \/% (I)(O),

va? + b2

where the second equality follows from (4.1), (4.5), (4.9), and (4.10) further
below. Therefore, it holds that AJ,, = ®(0). It is easy to see from (4.1) that

li S2(z0) =
z—)O,arg?gl):57r/4|Z| p(Z )
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z0=0,1lp = 0,mp = 1, and 21 = 0%, I} = m; = 0. Therefore, o,,,) = —1
and the condition defining N, . in Proposition 2.2 specializes to

|14 exp {2i(n — +(n)) arctan(a/b) }| > ¢

by (2.25) and since ®(z1)®(zg) = 1, see (4.4) further below. As Tp(0) = 0
and respectively L1 = 0, we then get that Q,(z), n € N, ., is equal to

(5,07 (0 { D)+ O(7), n € 2N,

z
Tn e (T: (z(o)) + 27 Lo (Ty /@) (z(o)) +0.(n7Y), n¢2N,
uniformly on closed subsets of C \ A, where
-1 CI)Qn—l(O)

(To/T1)'(0) 1 + ©2(»=1)(0)

for all odd n. When a = b, we further get that L, = —e™/4/[2(Ty/T1)"(0)]
for n € N, . and

Ln2 =

Ny ={n=4k,4k+1: ke N}
Assume further that a = b = 1 and let P, 1(x) be the n-th degree monic
polynomial orthogonal on [0,1] to 27, j € {0,...,n — 1}, with respect to the
weight function z=%/4(1 — z)~/%. Then

4 — 1 1 4 dy
J P atonas = (1) [0 P 00 =Y

-1
which is equal to zero for all k£ odd by symmetry and for all £ = 45 + 2 due

to the factor 14i*. When k = 47, j € {0,...,n — 1}, we can further continue
the above equality by

L 1 dx
. dy j =
45 aH_ I JP, 3741 _ Ni/4
4/0 Y Pn,1(y )(1 y4)1/4 /0 x n,l(x)x3/4(1fz)1/4 0,

where the last equality now holds by the very choice of P, ;(z). Hence, it
holds that

Qun(2) = Pp1(z*) and  Qunt1(2) = Quns2(2) = Qunys(z) = 2P 2(2%),

where the second set of relations can be shown similarly with P, »(x) being
the n-th degree monic polynomial orthogonal on [0, 1] to 27, j € {0,...,n—1},
with respect to the weight function x1/4(1 — x)*1/4. That is, the restriction
to the sequence of indices {n = 4k,4k+1: k € N} is not superfluous and the
main term of the asymptotics of the polynomials does depend on the parity
of n.

4. Auxiliary Identities

In this section we state a number of identities, some of which we have already
used and some of which we shall use later.
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Lemma 4.1. Recall (2.17). It holds that

0 0"
/ Q=-K_ and / Q=K_, (4.1)
as as

where the path of integration lies entirely in Mu. .

Proof. Exactly as in the case of (2.18), the symmetries of Q(z) imply that

0 0~
,/ Q:/ Q:l/ Qzl/ Q.
as as 2 Az 4 Az—A;

The claim now follows from the fact that A3 — A is homologous to x—f3. [

Lemma 4.2. It holds that

®(z) = exp {—Wi /c: Q} m (4.2)

Proof. Tt follows from (2.18) and (2.16) that the right hand side of (4.2) is a
meromorphic functions with a simple pole at co(?), a simple zero at co(*), and
otherwise non-vanishing and finite that satisfies (2.7). As only holomorphic
functions on PR are constants, the normalization at as yields (4.2). O

Lemma 4.3. Let ly,l1,mo, m1 be given by (2.20). Then it holds that

{ Blz) = (e e, LA 0e),
®(z1) = (-1)hFmermTDG(c,) /0(c, + 2K,
In particular, when |r(zy)| < oo, it holds that
D(20)P(21) = —(—1)lo-lrFmo=ma (4.4)
Moreover, we have that
®(0) = ™-6(1/2)/6(B/2). (4.5)

Proof. Since —2K, = 2K_ — 1, we get from (4.2) that

8(c, + 2K_ 4+ moB)

) — (K4 —cp—lo—moB)
(o) = 0(c, + moB)

The first relation in (4.3) now follows from (2.16). Similarly, we have that

0(c, +m1B)
0(c, + 2K, + mB)’

(I)(Zl) — eTFi(—K+—Cp—ll—m1 B)

which yields the second relation in (4.3), again by (2.16). To get (4.4), observe
that

0(c, +2K_) = 0(c, + 2K} — B) = —e*™0(c, + 2K)
by (2.16). Finally, (4.5) follows from (4.2) and (4.1). O
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Lemma 4.4. Let
X, = lim 2720, (2) @, _; (:W). (4.6)

Z— 00

When |r(zy)| < oo, it holds that

4 2 -1 2(n)
a2 + 02 02(0) B2 (z,)
Proof. Since ®(z)®(z*) =1 and S,(2)S,(2*) = 1, the desired limit is equal
to

4 .
2 2 Lalm) (00(®) lim. ®(zO) Ty (21),

where we also used (2.9). Since —2K, = 2K_ — 1, it follows from (2.19) and
(2.18) that
. 0(c, + 2u(n)K_)
0 mir(n)K P
Ty (00®) = &7 e
We further deduce from (2.19) and (4.2) that

Y O(SE Qe (1)K,
(@T00) ) = exp { ria) [} o[z 0+ K)

3

Therefore, it follows from (2.18) that

miv(n)K4 H(Cp + 2Z(H)K+)

(VT 1)) (o) = ¢ o

Hence, we get from (4.3) that

_ A ) (ot 20\
" a2+ b2 62(0) '

The claim of the lemma now follows from (4.4). O

Lemma 4.5. It holds that

d [ ac0C+K)Y) . xic 0(C =K )O(C+K-)

ic ("G o R 0y
Proof. See [4, Eq. (20.7.25)] (observe that 6(¢) = 03(w(|B) in the notation of
[4, Chapter 20]). O

Lemma 4.6. It holds that
VaZ 112 e ™K 02(0) 0( [, Q- Ko)O( [, Q+K-)
> 012082 8( |7, 2~ K)o, 2+ Ke)
Proof. Tt follows from (2.16), (2.18), and (4.1) that
07,0~ K)o 2+ K)
z2=0—"2F =
o[ =Ko [ 0 K)

(4.9)

z=—
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for some normalizing constant C. It further follows from (2.9), (4.2), and
(2.18) that

Va? + b2 : 1/2)0(B/2
_ a’+b — lim Z(I)—l(z(O)) — C«eﬂ'lK+ 9( / )9( / ),
2 200 62(0)
which yields the desired result. (I

Lemma 4.7. It holds that

) 2 2 a 2

Proof. To prove (4.10), evaluate (4.9) at ag to get

6(1/2)0(B/2) Va2 + b? =ik 62(K_)

62(0) - 2a 62(K,)
Since Az — A is homologous to & — 3, one can easily deduce from Figure 1
that it also holds that

a2 0* ai a2

1 1
A VAR A A KR NN
as as * a 2 Az—Ai1+B 2

where the initial path of integration (except for as) belongs to PR«,g. Thus,
evaluating (4.9) at ag gives us

01/20(B/2) _ VETTE . 0°(Ky)

62(0) 2ib 62(K-)’
where we used (2.16). Multiplying two expressions for 6(1/2)6(B/2)/6%(0)
yields the desired result. (I

Lemma 4.8. It holds that

ds 2mi K
= e™"+0(1/2)6(B/2). 4.11
§ ot = T 0120082 (@.11)
Proof. We can deduce from (4.2), (4.8), and the evenness of the theta function
that

i ds \ 7' @(2) 0( s, 2+ K)O( 5, 2 —K)
¥(2) = —int*0) (. 15) oA A

Since ®'(z) = 2®(z)/w(z) by (2.6), (4.11) follows from (4.9). O

Lemma 4.9. Let

Yo = (Tl o)/ ® = Ty (Ton—1)/®)') (0). (4.12)

When |7(zy)| = oo, it holds that Y,, = 0, otherwise, we have that
2e™  P(z0) 6%(c,)
VaZ 12 ®2(0) 6%(0)

where the integers ly, mo were defined in (2.20).

Y, = (_l)lo+mo+l(n) (4.13)
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Proof. Since ®'(z) = 2®(z)/w(z) by (2.6), ®'(0) = 0. Therefore,
Yo = (T0-1)/2) (0) (T Tin—1)) ' (0)-

Assume that |7(zy)| < co. Then it follows from (2.19), (4.8), and (4.11) that

(7 >/<Z>— (YR T 5 (e )
(/2
(

Tn-1) 2w(z) 60(1/2)0 B/2 T(n 1)
(f Q—c, +K_)0 K-)
9( —cp+Ky) f Q*CP*K+)
We further deduce from (2.19), (4.1), and ( 5) that
1 0(c, — B/2)6(c, + 1/2)
Tyin-1)Tyn))(0) = % £ .
(LT (0) ®(0)  0(1/2)0(B/2)
Since w(0) = iab, we therefore get from (4.1) that
Va2 +2i(=1)"" e 04(0)  0(c,)0(c, +2K_)
2ab 2(0) 62(1/2)62(B/2) 6%(0) ’
(4.13) now follows from (4.10) and the first formula in (4.3).
Let now zo = co(!), in which case [c,] = [0]. Since ®(c0™)) = 0, we get

that Y;, = 0. Finally, let z; = co!). Then we have that —c, = —(—1)¥2K +
), + miB and therefore

Ti(z) _ eXp{wi/:Q} (e(f;3Q+mlB+3K+)

To(2) 5 6 f:3Q+(m1+1)B*3K+)

exp {Wi/zg} 0(JZ Q+ (my +1)B—Ky)

9([;3 Q+m1B+ K+)

Yn:

3

— e27ri(2m1+1)K,(I)(Z)

by (2.16) and (4.2). As ®(0) = 0, it also holds that Y;, = 0. O
Lemma 4.10. Let
When |r(zy)| = oo, it holds that Z,, = 0, otherwise, we have that
2, — (_pyomahio 2e~™%  P(zg) 92(cp). (4.15)
Va? + b2 2 (0*) 62(0)
Proof. The proof is the same as in the previous lemma. O

Lemma 4.11. Let 0g,01 be as in (2.24). When |7T(Zk)| < 00, it holds that

-1 _
Yo X, = oyme 5 4)2 (O) (4.16)
and
. A/a? 2 o
ZnX;1 = Jl(n)67WICP a” + b (zz(n)) , (417)
2 2(0%)
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where X,,, Yo, and Z,, are given by (4.6), (4.12), and (4.14), respectively.

Proof. The claim follows immediately from (4.7), (4.13), (4.15), and (4.4). O

5. Proof of Proposition 2.1

It follows from (2.13) that Q. .+ = —Q,- , for all z € 9 such that 7(z) € C
and therefore S,(2)S,(2*) = 1 for such z. Clearly, this relation extends to
the points on top of infinity by continuity. It is also immediate from (2.12)
and (2.13) that

1 w(z log(p;w4) (s ds
5:0) o { - S [ bl e

i=1 WA+

x exp {2mi(wH)(2)c, }, (5.1)

where, for emphasis, we write w|a, 4 (s) for wy(s) on s € Af and

1 dt
H(z) = — —. 5.2

(@)= 35 /ﬁ(“) (t— 2)w(?) (5:2)
Relations (2.14) now easily follow from (5.1), (5.2), and Plemelj-Sokhotski
formulae [7, equations (4.9)]. As for the behavior near a;, note that by [7,
equation (8.8)], the function (wH)(z) is bounded as z — a;. Furthermore, [7,
equations (8.8) and (8.35)] yield that

w(2) log(piw)(s)  ds 1 i+1/2
- =—-1 —a;)" 1).
2mi /A s—z wia,+(5) 2 og(z — ai) +0()

Since the above integral is the only one with singular contribution around
a;, the validity of the top line in (2.15) follows. As for the behavior near the
origin, note that limg, e, o w(z) = (—1)7"tiab, where, as before, Q; stands
for the j-th quadrant. Recall that each segment A; is oriented towards the
origin, see Figure 1. Hence, it follows from [7, equation (8.2)] that

~w(z) log(piwi)(s) ds  w(z) log(piw)(0) og(s
2mi /Al §—Zz ’UJAH_(S) - 27 w|A1+(O) 1 g( ) + 0(1)
(—1)i+

=5 log(piw4)(0)log(2) + O(1), =z€ Q;.

Thus, summing over ¢ yields

~w(z) [ log(piwi)(s) ds i lon( s . |
27r1/A s_ 2 w+(s)—( 1)?vlog(z) +O(1), =z € Qj,

where v was defined in (2.10) and we used (2.11). Since (wH)(z) is holomor-
phic around the origin, the second line in (2.15) follows.
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6. Proofs of Theorems 2.3 and 2.4

6.1. Initial RH problem
Just as was first done by Fokas, Its, and Kitaev [5, 6], we connect the orthog-
onal polynomials @, (z) to a 2 x 2 matrix Riemann-Hilbert problem. To this
end, suppose that the index n is such that
deg@Qn=n and R,_1(2)~z™" as z— o0, (6.1)
where R, (z) is given by (2.31). Furthermore, let
Y (z):= ,
(Z) (kn—lQn—l(z) kn—an—l(z)
where k,_1 is a constant such that k,_1 R,,—1(2) = 27" (1+0(1)) near infinity.
Then Y (z) solves the following Riemann-Hilbert problem (RHP-Y):
(a) Y (z) is analytic in C\ A and lim,_,o, Y (2)27"% =T *.
(b) Y (2) has continuous traces on A° that satisfy

(6.2)

Y. (s)=Y_(s) <(1) p(13>> . seAC.

(¢) Y (z) is bounded around the origin and

11 .
O(l 1> lfai>0,

B 1 logl|z — a4 e
Y(z) = O(l log|z—ai> if a; =0,

(9(1 |2 — ail > if —1<a; <0,

1 |z — ag|™

as z — a; for each i € {1,2,3,4}.
Indeed, property RHP-Y (a) is an immediate consequence of (6.1). The jump
relations in RHP-Y (b) follow from (2.30), (2.31), and an application of the
Plemelj-Sokhotski formulae. Behavior of Cauchy integrals around the con-
tours of integration, see [7, Section 8|, and an integral representation

R, (z) = i Mds, z€C\ A,
2 o s—%

which easily follows from Cauchy integral formula and (2.30), yield RHP-
Y (c) (to deduce boundedness around the origin one needs to utilize the third
condition in the definition of the class W).

On the other hand, it also can shown that if a solution of RHP-Y exists,
then it must be of the form (6.2) with the diagonal entries satisfying (6.1)
(see, for example, [1, Lemma 1]).

In what follows we prove solvability of RHP-Y for all n € N, . large
enough via the matrix steepest descent method developed by Deift and
Zhou [3].

1
4Hereafter, we set o3 := (0 701) and I to be the identity matrix.
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6.2. Opening of the Lenses

Let dp > 0 be small enough so that all the functions p;(z) are holomorphic
in some neighborhood of {|z| < do}. Define A; and A% to be the closed
and open segments connecting the origin and dpe>*~D7/4 4 ¢ {1,2,3, 4},
that are oriented towards the origin. Further, let I';_,I';; be open smooth

a2
[P Loy
Qo |y
T r,_
Q3 A, A -
as ay
Q3 A 3 A 4 Q14
Is- iy
Qur |04
Tur Ty
Gy

FIGURE 3. The arcs A;, A; and T+, and domains Q;-+.

arcs that lie within the domain of holomorphy of p;(z) and connect a; to
SoeZi—Dmi/4 5 o(2i=3)mi/4 respectively. We orient I';1 away from a; and as-
sume that no open arcs A9, A2, I';1 intersect, see Figure 3. We denote by

Q;+ the domain partially bounded by A; and T';4. Let
1 0

Y(2) (/e 1) 7%

I, z Q ﬁi+ U ﬁi_ .
Then X (z) satisfies the following Riemann-Hilbert problem (RHP-X):

X(z):

(6.3)

(a) X (z) is analytic in C\ U;(A; UA; UT,2) and lim X (2)2 "% =T,
Z—00
(b) X (z) has continuous traces on each A%, A% and Ty that satisfy

( > S€F+UF_
i 7 i—>

(i “57) sear
1 0
1 1

n , 86527
pi(s) ~ pit1(s)

1
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where i € {1,2,3,4} and p5 := p;.
(¢) X (z) is bounded around the origin and behaves like

11 .
O(l 1) if a; > 0,

_ 1 logl|z — ay] e
X(z) = (’)(1 log |2 — aj] ifa; =0,

(’)G Z_a?a:> if —1<a; <0,

as z — a; from outside the lens while from inside the lens,

_ i_ai 1
0('Z @l 1) if a; > 0,

|z —a;|~*
_ 1 logl|z — ai]
X(Z)— O<1 10g|27(11‘ lfaz— ’

o

The following observation can be easily checked: RHP-X is solvable if
and only if RHP-Y is solvable. When solutions of RHP-X and RHP-Y exist,
they are unique and connected by (6.3).

if —1<a; <0.

6.3. Global Parametrix
Let ¥,,(2) be given by (2.22). For each n € N, ., define

—(m 0 T, (20 U, (21) Jw(z)
N(z):= (70 7;_1) (\I,n_f(z(o))) \I/n_f(z(l)))/w(z)>7 (6.4)

where the constants v, and v,;_; are defined by the relations
zlggo ’ynzfnllln(z(o)) =1 and ZILHC}O ’y:;_lz"\I/n_l(z(l))/w(z) =1. (6.5)

Such constants do exist, see the explanation after Proposition 2.2. The prod-
uct v,y _; assumes only two necessarily finite and non-zero Values depending
on the parity of n (when |m(2x)| < oo, it is equal to X, 1, see (4.6)). The

n

matrix IN(z) solves the following Riemann-Hilbert problem (RHP-IV):
(a) N(z) is analyticin C\ A and lim N(z)z" "% =I;
Z—00
(b) N(z) has continuous traces on A° that satisfy
_ 0 p(s) o,
N =N (g W) s

(¢) N(z) satisfies

N _o |z—a2| (2a;4+1)/4 |Z—ai|(2ai_1)/4
(z)_ |z—az| (205;+1)/4 |Z_ai|(2a,;—1)/4 as  z— ai,
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i€{1,2,3,4}, and

|2| D Re() | 5|(=1) Re(v)
S |GV Re) 5|0 Re) | =0

where j € {1,2,3,4} is the number of the quadrant from which z — 0
an v is given by (2.10).

Indeed, RHP-N(a) holds by construction, while RHP-N(b,c) follow from
(2.23) and (2.15), respectively (notice that the actual rate of behavior in
RHP-N (c) can be different if the considered point happens to coincide with
Zy(n) O Zy(n—1))- Notice also that det(IN(z)) = 1 since this is an entire function
(it clearly has no jumps and it can have at most square root singularities at
the points a;) that converges to 1 at infinity.

For later calculations it will be convenient to set

sy (S Tuw) () (Sp Ty ) (D) fw(2)
M@ = (st o) (s ) 6
and M (z) := (I + L, /z) M*(z), where L, is a certain constant matrix with

zero trace and determinant defined further below in (6.26). Observe that
N(z) = CM*(2)D(z), where

C = <70" 7*0_1> and D(z):= ®"73 (2(0)). (6.7)

When Re(v) € (—=1/2,1/2), it is possible to take L, to be the zero matrix,
but this would worsen the error rates in (2.26) and (2.32). When Re(v) =
1/2, our analysis necessitates introduction of L,. Notice that neither the

normalization of M (z) at infinity not its determinate do not depend on L, .
In fact, it holds that det(M(z)) = det(M*(2)) = (vov:_1) L

6.4. Local Parametrix around a;

Let U; be a disk around a; of small enough radius so that p;(z) is holomorphic
around U;, ¢ € {1,2,3,4}. In this section we construct solution of RHP-X
locally in each U;. More precisely, we seeking a solution of the following local
Riemann-Hilbert problem (RHP-P,,):

(a,b,c) P,,(z) satisfies RHP-X (a,b,c) within U;;

(d) Py, (s) = M{(s)(I + O(1/n))D(s) uniformly for s € U;.

We shall only construct a solution of RHP-P,, as other constructions
are almost identical.

6.4.1. Model Problem. Below, we always assume that the real line as well as
its subintervals are oriented from left to right. Further, we set

L = {z: arg(¢) = £2n/3},

where the rays I are oriented towards the origin. Given « > —1, let ¥, (¢)
be a matrix-valued function such that

(a) W, () is analytic in C\ (I3 U - U (—o0,0]);
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(b) ¥,(¢) has continuous traces on I UI_ U (—o00,0) that satisfy

(5 0) m o

1 0
(e:tﬂ'ia 1) on Iy;
(c) as ¢ — 0 it holds that

o (1cer |c|a/2> B <1og|<| 1og|<|>
‘P““)‘O(W/Q icjorz) and al =0 {10016 10g ]

when a < 0 and a = 0, respectively, and

‘I’a+ = ‘I’a,

N |<a/2) ) (ma/? |<a/2)
(0 =0 (e [(ws) it w©=0({{ e (G0

when a > 0, for |arg(¢)| < 27/3 and 27/3 < |arg(¢)| < 7, respectively;
(d) it holds uniformly in C\ (I UI_ U (—00,0]) that

() = S(O) (I+0(¢712) ) exp {21203}

—o3/4 .
where S({) := ¢ 7 (} i) and we take the principal branch of ¢1/4.

Explicit construction of this matrix can be found in [9] (it uses modified
Bessel and Hankel functions). Observe that

s.0=5-0( % ). (65)

since the principal branch of ¢1/* satisfies Ci/ 4= i(i/ % Also notice that the
matrix o3W,({)os satisfies RHP-¥, only with the reversed orientation of
(—00,0] and Ii.

6.4.2. Conformal Map. Since w(z) has a square root singularity and a7 and
satisfies wi(s) = —w_(s), s € A, the function

Car(2) 1= (; / ;"?;)2, cet, (6.9)

is holomorphic in U; with a simple zero at a;. Thus, the radius of U; can be
made small enough so that ¢, (2) is conformal on U;. Observe that sds/w-(s)
is purely imaginary on A{ and therefore (,, (2) maps A;NU; into the negative
reals. It is also rather obvious that (,, () maps the interval (a;, c0) NU; into
the positive reals. As we have had some freedom in choosing the arcs I'14,
we shall choose them within U; so that I'y_ is mapped into I and I'j is
mapped into I_. Notice that the orientation of the images of Ay, T'14,T'1—
under (,, (z) are opposite from the ones of (—o0,0],1_, ;.

In what follows, we understand that C;l/ 2 (2) stands for the branch given
by the expression in the parenthesis in (6.9).
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6.4.3. Matrix P,,. According to the definition of the class W, it holds that
p(z) = pu(2)(a1 — 2)™, =z €Uy,

where p.(z) is non-vanishing and holomorphic in U; and (a; — 2)®! is the
branch holomorphic in Uy \ [a1,00) and positive on A;. Define

Tay(2) = V/pu(2)(z — a1) /2, 2z €Uy \ Ay,

where (z — a;)®1/?

is the principle branch. It clearly holds that
(z —a))™ = et (g — 2)*, 2z e UL,

where U := U; N {£Im(z) > 0}. Then

7‘al-i-(s)rth—( ) - /J(S), s€ A NU,

r2 (z) = p(z)etmion, z € UE.
The above relations and RHP-W,(a,b,c) imply that

P, (2):=E, (2)03P,, (n2§a1 (2)) 037,72 (2) (6.10)

satisfies RHP-P,, (a,b,c) for any holomorphic matrix E,, (2).
6.4.4. Matrix E,,. Now we choose E,, (z) so that RHP-P,,, (d) is fulfilled. To
this end, denote by V7, V5, V3 the sectors within U; delimited by 7(x)Un (),
m(B)UA;, and Ay Un(«), respectively, see Figure 1. Let v C C\ A be a path
from ag to a; that does not intersect 7(), 7(f). Further, let v := 7= 1(7) be
a cycle oriented so that v(©) := v N RO proceeds from as to aj. Define

exp { fyw) G} =exp{mi(r —w)} =1, z €V,
th (Z) = exXp { f.y(o)_“G} = eXp{—TFi(T +w>} = _1a S Vv27
exp{ [o_pg G} =exp{mi(t +w)} =-1, z€Vs,

where we used the symmetry G(z*) = —G(z), the fact that « is homologous
to & + B, see Figure 2, and (2.4)—(2.5). Recalling the definition of ®(z) in
(2.6) (the path of integration must lie in SR« ), one can see that

@(z(o)): exp{2§1/2 )}, z€e ViUV U Vs,
Clearly, |K,, (2)| = 1. It now follows from RHP-¥,(d) that
P, (s)= Ea1(s)ags(nQ(al(s))agra_l"?’(s)K;""B(s) (I+0(1/n))D(s)
for s € QU;. Thus, if the matrix
Eq,(2) = M(2)K}7 (2)re? (2)038 7 (n°Cay (2)) 03

is holomorphic in Uy, RHP-P,, (d) is clearly fulfilled. The fact that it has
no jumps on Ay, 7(a), 7(B) follows from RHP-N(b), (6.8), (2.7), and the
definition of K, (z). Thus, it is holomorphic in Uj \ {a;}. Since |rq, (z)| ~
|z — ay|*/?, 871 (n%Ca, (2)) ~ |z — a1]73/4, and M(z) satisfies RHP-IN (c)
around ai, the desired claim follows.
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6.5. Approximate Local Parametrix around the Origin
Let 0 < 0 < &g, see Section 6.2. We can assume that the closure of Us :=
{]z| < ¢} is disjoint from 7 (), (). In this section we construct an approxi-
mate solution of RHP-X in Us when ¢ < oo and an exact solution of RHP-X
in Us when £ = oo.

To this end, let the functions b;(2), i € {1,2,3,4}, be defined in Us, by

S R P Tl NP s SN W S SR B
P2 P4 P2 P4
which are holomorphic and non-vanishing on Us. It follows from item (iv) in
the definition of class W, that
bi(0)

bi(z)
Notice that b;(z) = b;(0) when ¢ = co. Observe also that b;(0) = b3(0) and
b2(0) = b4(0) by item (ii) in the definition of class W,. We seeking a solution
of the following local Riemann-Hilbert problem (RHP-Py):

(a) Po(z) satisfies RHP-X (a) within Us;

(b) Po(z) satisfies RHP-X (b) within Us, where the jump matrix on each
A? needs to be replaced by

b;(0) 1 1 ;
bi(s) (Pz‘(s) " Pi+1(3)> !

(c) Po(s) = M(s)(I + O((né*)~1/2=Re())) D(s) uniformly for s € 9Us
and § < dg.

bli

—1=0(z") as z—0, ie{l1,23,4} (6.12)

6.5.1. Model Problem. Let si,s5 € C be independent parameters and let
v e C, Re(v) € (-3, 3] be given by

e = 1 — g8 (6.13)
(we slightly abuse the notation here as the parameter v has already been
fixed in (2.10); however, we shall use the construction below with parameters
81, 82 such that (6.13) holds with v from (2.10)). Define constants dy, ds by
I'(l1+4v) L1 —v)
——— and dy:= —spe™——F

V2T 2 2 V2

where I'(z) is the standard Gamma function. It follows from the well-known
Gamma function identities that

dl = =51 5 (614)

d1d2 = iv. (615)

Denote by D, (¢) the parabolic cylinder function in Whittaker’s notations,
see [4, Section 12.2]. Tt is an entire function with the asymptotic expansion

= (=DF T(u+1) 1

~ e An
Du(¢) ~e ¢ /¢ ’;)r(k+1)r(u+1f2k)(262)k

valid uniformly in each |arg(¢)| < 37/4 — ¢, € > 0, see [4, Equation (12.9.1)].

(6.16)
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Let the matrix function ¥y, 4,(¢) be given by

diD_,_1(—2i0)\ (1 0 )
Dy 2C D_,(-2i() > (0 e—mp)v arg(¢) € (0,%),

diD_,_1(—2i() emiv 0 )
(d 20) D, (-2i¢) )(0 emu/z>’ arg(¢) € (5, 7),

—dyD_,_1(2i e~ 0
1 1( O) ( eﬂiu/2> , arg(¢) € (—%,—TF),

~dDy_1(~20)  D_,(2iC) 0

D,(2¢)  —diD_,1(2iQ)\ (1 0O )
(dszl(ZC) D_,(2i¢) )(o e”i”/2>7 arg(¢) € (0,-%) .

Then, ¥y, s, (C) satisfies the following RH problem (RHP-¥,, ,):

o)
(s )

FIGURE 4. Matrices ‘1’511527'1’51,5# on the corresponding rays.

(a) W, 4,(C) is analytic in C\ (R UIR);

(b) \1151752(() has continuous traces on R U iR outside of the origin that
satisfy the jump relations shown in Figure 4;

(c) W, .5, (C) has the following asymptotic expansion as ¢ — oo:

1 /0 id viv—1) (-1 0 1 vos —C2oy
(2 ) 2 ) o2

which holds uniformly in C.
Indeed, RHP-W¥, ,(a) follows from the fact that D, () is entire, while RHP-
W, ,,(c) is a consequence of (6.16). The jump relations RHP-¥,, . (b) can
be verified using the identities I'(—v)I'(1 + v) = —n/sin(nv), (6.13), and

D, (28) = e "™ D, (-2¢) + F(@e*ﬂ“)ﬂﬂp_“_l(zig),
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suitably applied with parameter values 4 = —v,v — 1 and ¢ = (, —(,iC. For
later, it will be important for us to make the following observation. Define

da, Re(v) >0, <(1) 8) , Re(v) >0,
d, = 0, Re(v) =0, and A, :=
0 1
idl, RG(V) <0 (0 0) ) RQ(V) < Oa

(6.17)
Recall that we set ¢, = 1,0, —1 depending on whether Re(v) > 0, Re(v) =0,
or Re(v) < 0. Observe that

(I - (QC)_ldVAV)‘Ilshsz (C)
= (20) (I (2072 d_, AL, + O (g—l—l<v\)) e=¢*os. (6.18)

6.5.2. Conformal Map. Let, as before, Q; stand for the j-th quadrant, j €
{1,2,3,4}. Set

Colz) = ((-1)]’1 /0 sds )1/2, 2€UsNQ;. (6.19)

w(s)

Since w(z) is bounded at 0 and satisfies wy (s) = —w_(s), s € A, the branch
of the square root can be chosen so that the function (y(z) is in fact holo-
morphic in Us with a simple zero at the origin. Without loss of generality we
can assume that § is small enough for (y(z) to be conformal on Us.

Since the integrand (—1)7~1sds/w(s) becomes negative purely imagi-
nary on A;UAg3, the square root in (6.19) can be chosen so that arg ((o(z)) =
—7n/4, z € A§. As we have had some freedom in selecting the arcs A;, we
shall choose them so that Ag and A‘f are mapped by (o(z) into positive and
negative reals, respectively, while AZ and Ag are mapped into positive and
negative purely imaginary numbers.

6.5.3. Matrix P(. Define the function r(z) :=r;(2), z € Q;, where we let

Ty = —ie_”i”\/pT
(6.20)

: miv . —riv P2 i —miv P4

ry = ie p1, To = le , T3 = —ie ,
VPl vV P1

for a fixed determination of 1/p1(z). Furthermore, let

6271-11/(73’ argz € (_gv 0) )
(()1 (1)) e2mvos  argz € (0, %) J

0 1 T T us
(5 o) wwse (U5,

I, argze (%77'().

Finally, recalling (6.11), put
S1 ‘= bl(O) = b3(0) and Sg = bQ(O) = b4(0) (622)
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Notice that since (p; + p2 + p3 + p4)(0) = 0, the parameters s1, sy satisfy
(6.13) with v given by (2.10). Then

Py(z) := Eo(2)Ps, s, (nl/ZCO(z))J_l(z)r_”3 (2) (6.23)

satisfies RHP- P (a,b) for any matrix Eq(z) holomorphic in Us. Indeed, RHP-
Py(a) is an immediate consequence of RHP-W, . (a). It further follows from
RHP-®,, ., (b) that the jumps of Py(z) are as on Figure 5. To verify RHP-

1 0 0 —T1T9 1 O
sa/r3 1 1/ryre 0 —s1e2™V [r2 1

0 T9Ts3 0 174
—1/7“27"3 0 —1/T1T4 0

1 0 (2mivos 0 —T3ry 1 0
s1/r3 1 1/r3ry 0 —sge 2™V [y ]

FIGURE 5. The jump matrices of Py(z).

Py(b), it remains to observe that

—27iv 2riv

T1T4 = P1, —T1T2 = P2, T2T3 =€ P2P4/Pl = p3, —T3rse = P4,
= (p1p3)/(p2p4), and that

: b1(0 b1(0 1 1
—62771”2 _ 1( ) 1( ) < + )7

b\ e

since e~ 27

i p1 by

52 2miv P1 P4 bQ(O) < 1 1 )

B2 vy )L — _py(0 - i),

T3 2 )P% 2 )Pzﬂs bo \p2  ps3

51 2miv p1 P2 bs(0) < 1 1 )

S v )2 = py(0) -2 = —+—),

r3 ol )pi 3 )P3P4 bs \ps  pa
_e—zmusj _ b4(0) _ b4(0) (1 n 1)

3 p1 b \p1 ps)

Thus, it remains to choose Eq(z) so that RHP-Py(c) is fulfilled.

6.5.4. Matrix E,. Let v be the part of A3 that proceeds from as to 0%, see
Figures 1 and 2. Define

Ko(2) ::{ exp{_f.,G}:q)(O)7 z€ QiU Qs,

exp { f,y G} =®(0%), z€ QxUQy. (6:24)
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(2.25) immediately yields that |Ky(z)| = 1. Define
Efj(z) := M™(2)r7(2)K(7* (2)J (2){, 7% (2), (6.25)

see (6.6). From RHP-IN(b), the definition of J(z), and the fact that (o(z)
maps A? to the negative reals, it follows that E}(z) is holomorphic in Uz \ {0}.
Furthermore, RHP-IN(c) combined with the fact that {y(z) possesses a simple
zero at z = 0 imply that Ef(z) is holomorphic in Us. Observe also that the
absolute values of the entries of E*(z) depend on only the parity of n.

Put for brevity €,, = (471)9"’_1/27 where, as before, ¢, is equal to
1,0, —1 depending on whether Re(v) is positive, zero, or negative. Set
dye
L, = ——~"" E*(0)A,E*1(0), 6.26
B (0) A 0) (6.26)
where d,, A, were defined in (6.17) and we assume that
0% Dy i=1—dye,n(G(0) B, (6.27)

with
._{ [E*'(0)E*(0)],, if Re(r)>0,

[E*'(0)E*(0)],, if Re(r)<O0.
Notice that L, is the zero matrix when Re(v) =0 as d, = 0 by (6.17). Let
Eo(2) := (I + L, /2)E}(2)(4n) "3/ (I — d,,(2n"/%¢o(2)) ' A,).  (6.28)

Let us show that thus defined matrix E¢(z) is holomorphic at the origin.
Indeed, it has at most double pole there. It is quite simple to see that the
coefficient next to 272 is equal to

—dyy €y n(4n) 12 (C(0)) T L EL(0)A,,

which is equal to the zero matrix since Alz, is equal to the zero matrix. Using
this observation we also get the coefficient next to 2! is equal to

L,E}(0)(4n)777%/% — dye,, ,(4n)~"/? (43(0))*1 (E5(0) + L,EF(0) A,,
which simplifies to

dyé€yn(dn)—v/? ( L Beun
¢6(0)Dn ¢o(0)

that is equal to the zero matrix by the very definition of D,,.
Now, recalling the definition of ®(z) in (2.6) and of (p(z) in (6.19), one

can see that
(M), z€Q1UQ;
2 — _f'vG ’ ’
exp{ Co(z)} =e€ { q)(z(o)), z € QU Q4.

In particular, since D(z) = ®"%%(2(9) and ® ()@ (V) = 1, it follows
that

E, — Dn> E;(0)A,

(6.29)

exp {—ncg(z)ag} J_l(z) = J_l(z)K()_"”3 (2)D(z2).
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For brevity, let H(z) := r?8(z)K)"*(z)J(z). Then we get from (6.18) and
the previous identity that
Eo(s)®s,,5, (n'2C0o(9)) T (s)r™7(s) =
M(s)H(s) (1 +0 ((ngg(s))‘”z"Re‘”)‘)) H'(s)D(s) =
M(s) (I+ o ((ms?)*l/z*‘f‘e(”)')) D(s).

It remains to show that (6.27) holds for all n € N, .. It follows from
(2.24) that it is enough to show that

Ap,n = dyev,n (C(/)(O))ilEu (630)

6.6. Existence of L,
Assume that Re(r) > 0. It can be readily verified that

Ey = v 1 ([E (0)]12[E5(0)]22 — [E5 (0)]22[E5(0)]12),

where we used the fact that det(Ef(2)) = det(M*(2)) = (va7_1) ' Notice
that dy # 0 by (6.15). Using (6.25), (6.21), and (6.24) gives us that [Ej(2)]:2
is equal to

e 2™ (2)[M™*(2)]i1, arg(z) € (0,7/4),
r1(2)[M*(2)]i1, arg(z) € (w/4,7/2)
G ()@ (0) [M*(2)]i2/r2(2), arg(z) € (7/2,m),
r3(2)[M*(2)]i1, arg(z) € (m,37/2),
e~ 2™ [M*(2))ia/ra(2), arg(z) € (37/2,2m)
Define
e 2™y (2)8,(217),  arg(z) € (0,7/4),
r1(z)S (2(0 ), arg(z) € (n/4,7/2),
S(z) = ¢ (2) (z(l))/ (row)(2), arg(z) € (7/2,7),
r3(2)S,(2©), arg(2) € (m,37/2),
e‘Q’TWSp (z(l))/(mw)(z), arg(z) € (3n/2,2m),

which is a holomorphic and non-vanishing function around the origin. Then
we obtain from (6.6), (4.6), and (4.12) that

E, = 5%(0)®*"(0)Y, X, . (6.31)

When |7(z})| = oo, the first condition in the definition of N, . implies
that we are looking only at those indices n for which z,(,,) = oo, In this case
A, = 0 by its very definition in (2.24) and it also follows from Lemma 4.9
that Y,, = 0 in this case. Hence, (6.30) does hold in this case.

Let now |7(zy)| < oo and therefore the first condition in the definition
of N, . is void. It follows from (6.19) and (2.1) as well as the fact that (o(2)
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maps {arg(z) = 5m/4} into positive reals that

1/¢5(0) = €>™/4V/2ab. (6.32)
Since e 2™ = (p1p3)(0)/(p2p4)(0) by (2.10), we get from (6.20) that
52(0) = —(pspa/p2)(0)(2ab) ™ lim |z|2"SZ (Z(O)). (6.33)

z—0, arg(z)=5m/4
Observe also that
xiv (P2 +3)(0) (1 —v)
p4(0) Ver
by (6.14), (6.22), and (6.11). Then it follows from (4.16) and the very defini-
tions of A, , in (2.24) that (6.31)-(6.34) yield (6.30). The proof of (6.30) in
the case Re(v) < 0 is similar.
Assume now that |7(zy)| < co. Then the quantities Y,, and Z,, in (4.12)
and (4.14) are non-zero and equal to

T2 .\ (8) Ty (2)
o (8) =T () =
@@ gt Mo T G
where s = 0 when Re(r) > 0 and s = 0 when Re(r) < 0. Hence, it follows

from (6.26), (6.30), (6.31), and a computation similar to the one carried out
at the beginning of this subsection that

d2:6

(6.34)

L e 1 (W) (W)
1A W (8) \ 1/0(s)  —Wym(s) )
Moreover, since Wi (z) = 1/Wy(2z) we can rewrite the first row of L, as
Wy Apn Wo(s
(1 0)L, = (—1)"M =2 0(s) (1 —@(s)Wym)(8)) (6.35)

1= Ay n We(s)
where, as before, s = 0 when Re(v) > 0 and s = 0* when Re(v) < 0.

6.7. Final Riemann-Hilbert Problem

In what follows, we assume that 6 = d,, < dp in Section 6.5 when ¢ < oo
and shall specify the exact dependence on n later on in this section. When
¢ = oo, we simply take § = §y. Set U := U}_,U,, and define

¥, = (0U U dU;, ) U (u;‘:l (Tim UTiy UA,) \U) ,
see Figure 6. We are looking for a solution of the following Riemann-Hilbert
problem (RHP-Z):

(a) Z(z) is analytic in C\ X, and lim, . Z(2) = I;
(b) Z(z) has continuous traces outside of non-smooth points of ¥, that

satisfy
P, (MD)™ on 9U,,,
-1
Z.-7 Po(MD)™ 1, on QUy,
1 0 — o o TT
MD (1//% 1) (MD)™!, on (I‘i+UFi_)\U,
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FIGURE 6. Contour %,, for RHP-Z (dashed circle represents

{lz] = do})-

and
1 0 —1 AO\ TT
MD | pitpisa 1 (MD)™*, on A?\Us,,
Z+ _ Z_ ﬂ¢;i+1 0
Py (Pi+Pi+1 1) PO_-i{? on A;) N Uén
PiPi+1

(notice that the second set of jumps is not present when ¢ = oo as
dn = 6o and Py(z) is an exact parametrix).

It follows from RHP-P,, (d) that the jump of Z on OU,, can be written
as

M(s)(I+0O(1/n)M " (s) =1+ 0.(1/n)
since the matrix M (z) is invertible (its determinant is equal to the reciprocal
of v,7% 1), the matrix M*(z) depends only on the parity of n, see (6.6), and
the matrix L, has trace and determinant zero as well as bounded entries

for all n € N,. and each fixed ¢ > 0, see (6.26). Similarly, we get from
RHP-Py(c) that the jump of Z on OU;, can be written as

M(s) (I e, ((nag)‘l/Q"Re"’)‘)) M~ (s)
= I (4 L/5)0 ((n2) PN (1 L)),
where O(-) does not depend on n. Since L, = O, (nl®®I=1/2) by its very

definition in (6.26), we get that the jump of Z on 9Us, can further written
as

I+0, ((néi)_l/Q—\Reﬂ maX{l,TlQ'RC(U)l/(n(S%)}) .
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One can easily check with the help of (6.4) and (6.6) that the jump of
Z on (I'y, UTS_)\ U is equal to

(0, %,_1)(sV) —02 (s)
) (wde)) T
=I+0.(e")

VnVn—1 5
Mz ) (

for some constant ¢ > 0 by (2.22) and since the maximum of |®(s™")| on
T';1\U is less than 1. The estimate of the jump of Z on A?\Us, is analogous
and yields

I+0, (efm‘si max {1, nQ‘RC(”H/(néi)})

for an adjusted constant ¢ > 0, where the rate estimate follows from (6.29)
as

|<I’(s(1))| =exp {(—1)'Re((5(s)) } = (’)(efc‘si), se A\ Us,,
since (o(2) is real on A; U Az and is purely imaginary on Ay U Ay.
Finally, it holds on A? N Us, that the jump of Z is equal to

I+ (1 B Z(@) (pi + piv1)(s) Po. (s) <(1) 8> Pyl(s) =

'(Z) (pipi+1)(5)
T [T )
O(s¢ s J Lis
T+ 00 Eols) < o (5)2, —[‘I'+(s)hj[‘I'+(s)]zj> Fo (o)

by (6.12) and (6.23), where j = 1 for s € Ay UAz and j = 2 for s €
Ay UAy, and we set for brevity ¥(z) := Wy, , (n'/2¢o(2)) (observe also that
det(¥(z)) = 1). It follows from the asymptotic expansion (6.16) that D,,(z)
is bounded for z > 0. Thus, we deduce from the definition of ¥(z) that the
above jump matrix can be estimated as

I+ 084 Eo(s)O()E; () = I + O. (nIRC<V>I5ﬁ) :

where the last equality follows from (6.25) and (6.28) as Eq(z) is equal to
a bounded matrix that depends only on ¢, , multiplied by (4n)”‘73/ 2 on the
right.

When ¢ > 4|Re(v)|(1 4 |[Re(v)])/(1 — 2|Re(v)]), choose

1 1+44[Re(v)| lnn
2041+ 2|Re(v)|

Then it holds that n2Re®)l/(n§2) = O(1) and

6, = 0o exp{

ane(V)l((;n/(SO)l _ (n(én/60)2>—|Re(V)\—1/2 — e
with d, ¢ defined in (2.28). Otherwise, take

1 3

G0 =6 L _lnnb.
Oexp{ 27+ 3+ 2[Re(v)] n”}
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In this case n?ReM/(né?) — oo as n — oo and
n\Re(u)|(6n/6o)€ — p2IRe(v)] (n((sn/éo)z)—\Re(v)|—3/2 — e,

Since d, ¢ < 1, it holds that the jumps of Z on 3, are of order I +
O.(n=%t), where O.(-) does not depend on n. Then, by arguing as in [2,
Theorem 7.103 and Corollary 7.108] we obtain that the matrix Z exists for
all n € N, . large enough and that

||Zj: — I||272n = OE (’I’L_d"’z).

Since the jumps of Z on ¥, are restrictions of holomorphic matrix functions,
the standard deformation of the contour technique and the above estimate
yield that

Z=I+0.(n""%) (6.36)

locally uniformly in C \ {0}.

6.8. Proofs of Theorems 2.3-2.4
Given Z(z), a solution of RHP-Z, P,,(z) and Pgy(z), defined in (6.10) and
(6.23), respectively, and C(M D)(z) from (6.6) and (6.7), it can be readily
verified that
P, (z), zeU;, i€{1,2,3,4},
X(z):=CZ(2)q Po(z), z € Us,
(MD)(z), otherwise,

solves RHP-X. Given a closed set K C C\ A, the contour ¥,, can always
be adjusted so that K lies in the exterior domain of ¥,. Then it follows
from (6.3) that Y (2) = X (z) on K. Formulae (2.26) and (2.32) now follow
immediately from (6.2), (6.4), (6.6), and (6.7) since

wH2)[(ZMD)(2)]1: = (1 + v,1(2))¥,, (z(i_l)) + Un2(2)Wp1 (z(i_l)),

where v,,1(2),vn2(2) are the first row entries of Z(z)(I + L, /z). Estimates
(2.27) are direct consequence of (6.26) and (6.36). Relations (2.29) follow
from (6.35).
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