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Abstract

The Mahler measure of a polynomial is a measure of complexity formed by taking
the modulus of the leading coefficient times the modulus of the product of its roots
outside the unit circle. The roots of a real degree N polynomial chosen uniformly from
the set of polynomials of Mahler measure at most 1 yields a Pfaffian point process on
the complex plane. When N is large, with probability tending to 1, the roots tend to the
unit circle, and we investigate the asymptotics of the scaled kernel in a neighborhood
of a point on the unit circle. When this point is away from the real axis (on which
there is a positive probability of finding a root) the scaled process degenerates to a
determinantal point process with the same local statistics (i.e. scalar kernel) as the
limiting process formed from the roots of complex polynomials chosen uniformly from
the set of polynomials of Mahler measure at most 1. Three new matrix kernels appear
in a neighborhood of £1 which encode information about the correlations between
real roots, between complex roots and between real and complex roots. Away from
the unit circle, the kernels converge to new limiting kernels, which imply among other
things that the expected number of roots in any open subset of C disjoint from the unit
circle converges to a positive number. We also give ensembles with identical statistics
drawn from two-dimensional electrostatics with potential theoretic weights, and normal
matrices chosen with regard to their topological entropy as actions on Euclidean space.

Keywords: Pfaffian point process, Mahler measure, random polynomial, eigenvalue statis-
tics, skew-orthogonal polynomials, matrix kernel.
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1 Introduction

The study of roots of random polynomials is an old subject extending back at least as
far as the early 1930s. Several early results revolve around estimating, as a function of
degree N, the number of real roots of polynomials with variously proscribed integer or
real coeflicients. These begin with Bloch and Pélya, who gave bounds for the maximum
number of real roots of polynomials with coefficients in {—1,0,1} (their lower bound for
this maximum being O(N'/*/,/log N)) and showed that the expected number of real roots
does not exceed is O(v/N) [3]. Shortly thereafter, Littlewood and Offord proposed the same
sort of questions, but for polynomials with independent standard normal coefficients, and
for coefficients chosen uniformly from [—1,1] or {—1,1}. They proved that the expected
number of real roots in these cases is eventually bounded by 25(log N)? + 12log N, but
were unable to determine if this bound was of the right order [24, 25]. In the 1940s, Kac
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determined not only the correct asymptotic (2log N/7) for the expected number of real
roots in the i.i.d. normal case, but in fact gave, for each fixed N, an explicit function when
integrated over an interval gives the expected number of real roots in that interval [19].
(Such a function is called an intensity or correlation function, and will be central in the
present work). Kac later extended his results for coefficients which are (arbitrary) i.i.d.
continuous random variables with unit variance [20] (in particular the asymptotic estimate
remains unchanged in this situation). Since then, many results on the expected number
of real roots of random polynomials have been presented for various meanings of the word
‘random’; of particular note are [12], [10] and [7].

An obvious question beyond ‘how many roots of a random polynomial are real?’ is
‘where do we expect to find the roots of a random polynomial?’. Certainly, knowing that
some expected number of roots are real gives some information about where we expect
to find them. Moreover, Kac’s formula for the intensity, when applicable, gives detailed
information about where the real roots are expected to reside. In the 1990s Shepp and
Vanderbei extended Kac’s intensity result to the complex roots of random polynomials
with 1.i.d. real coefficients by producing a complimentary intensity supported on C\ R [33].
This together with Kac’s intensity specifies the spatial density of roots of random Gaussian
complex polynomials, and in particular shows that such roots have a tendency, when N
is large, to clump near the unit circle. Some part of this observation was made much
earlier—the early 1950s—by Erdés and Turén, who prove (in their own paraphrasing)

... that the roots of a polynomial are uniformly distributed in the different
angles with vertex at the origin if the coefficients “in the middle” are not too
large compared with the extreme ones [11].

Strictly speaking, the result of Erdés and Turédn is not a result about random polynomials,
but rather gives an upper bound, as a function of the coefficients of the polynomials, for
the difference between the number of roots in an angular segment of a polynomial from the
number assuming radial equidistribution. This can be translated into a result about random
polynomials given information about the distribution of coeflicients.

Erdés and Turan’s result presaged the fact that for many types of random polynomials,
the zeros have a tendency to be close to uniformly distributed on the unit circle, at least
when the degree is large. One way of quantifying this accumulation is to form a probability
measure from a random polynomial by placing equal point mass at each of its roots. This
measure is sometimes called the empirical measure, and given a sequence of polynomials of
increasing degree we can ask whether or not the resulting sequence of empirical measure
weak-* converges (or perhaps in some other manner) to uniform measure on the unit circle
(or perhaps some other measure). Given a random sequence of such polynomials we can then
investigate in what probabilistic manner (almost surely, in probability, etc.) this convergence
occurs, if it occurs at all. Another way of encoding convergence of roots to the unit circle (or
some other region) can be given by convergence of intensity /correlation functions (assuming
such functions exist). For Gaussian polynomials this convergence of intensity functions
appears in the work of Shepp and Vanderbei, and was later extended to i.i.d. coefficients
from other stable distributions (and distributions in their domain of attraction) by Ibragimov
and Zeitouni in [18]. For more general conditions which imply convergence of roots to the
unit circle, see the recent work of Hughes and Nikeghbali [?].

The random polynomials we consider here will not have i.i.d. coefficients—a situation
first considered rigorously in generality by Hammersley[16]. Our polynomials will be selected
uniformly from a certain compact subset of RV*! (or RY) as identified with coefficient
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vectors of degree N polynomials (or monic degree N polynomials). Specifically we will be
concerned with polynomials chosen uniformly from the set with Mahler measure at most
1. Definitions will follow, but for now we define the Mahler measure of a polynomial to be
the absolute value of the leading coefficient times the modulus of the product of the roots
outside the unit circle'. The set of coefficient vectors of degree N polynomials with Mahler
measure at most 1, which we denote for the moment by B®Y)_ is a compact subset of RV+1,
and we will primarily be concerned with the roots of polynomials and monic polynomials
chosen uniformly from this region, especially in the limit as N — co. We remark that Mahler
measure is homogeneous, and thus the set of polynomials with Mahler measure bounded by
T > 0 is a dilation (or contraction) of B®Y). That is, whether one chooses uniformly from
the set of Mahler measure at most 1 or T, the distribution of roots is the same. (This latter
fact is not true for monic polynomials).

The choice of this region is not arbitrary; Mahler measure is an important height, or
measure of complexity, of polynomials, and appears frequently in the study of integer poly-
nomials and algebraic numbers. Of particular note in this regard (a result of Kronecker,
though not phrased in this manner) is that the set of integer polynomials with Mahler mea-
sure equal to 1 is exactly equal to the product of monomials and cyclotomic polynomials;
that is an integer polynomial with Mahler measure 1 has all roots in T U {0} where T is
the unit circle [21]. An unresolved problem, posed by D.H. Lehmer in 1933, is to deter-
mine whether or not 1 is a non-isolated point in the range of Mahler measure restricted
to integer polynomials® [23]. On one hand, this is a question about how the sets B(N) are
positioned relative to the integer lattices Z¥—in particular if we denote by 7n > 1 the small-
est number such that the dilated star body ryB®) contains an integer polynomial with a
non-cyclotomic factor, Lehmer’s question reduces to whether or not ry — 1. On the other
hand, since Mahler measure is a function of the roots of a polynomial, Lehmer’s problem
can be translated as a question about how quickly the roots of a sequence of non-cyclotomic
polynomials can approach the unit circle.

One motivation for studying the roots of polynomials chosen uniformly from B is
that such results might suggest analogous results for integer polynomials with small Mahler
measure. Lehmer’s problem has been resolved for various classes of polynomials, for instance
a sharp lower bound for the Mahler measure of non-cyclotomic polynomials with all real
roots has been given by Schinzel [?], and a sharp lower bound for non-cyclotomic, non-
reciprocal polynomial was given by Smyth [?]; both of these results appeared in the early
1970s, and reflect the fact that polynomials with small Mahler measure have roots which
are in some manner constrained. Along these lines, a result of Langevin from the 1980s says
that, the roots of a sequence of irreducible integer polynomials with unbounded degree and
bounded Mahler measure cannot avoid any open set in C which contains a point on the unit
circle [?]. In fact, the result is stronger: any sequence of irreducible integer polynomials
with unbounded degree whose roots avoid such a set have Mahler measure which grows
exponentially with the degree. A more recent result of Bilu, and one which is similar in
spirit to that of Erdés and Turan, states that the empirical measures of any sequence of
irreducible, integer polynomials with increasing degree and Mahler measure tending to 1
converges weak-* to uniform measure on the unit circle [2].

11t goes without saying that Mahler measure is not a measure in the sense of integration theory. Perhaps
a better name would be ‘Mahler height’ but that ship has already sailed.

2The current reigning champion non-cyclotomic polynomial with smallest Mahler measure is 210 4 29 —
27— 28 — 25 — 2% — 23 + 2 + 1 and has Mahler measure ~ 1.18. Remarkably, this polynomial was discovered

by Lehmer in 1933, and has survived the advent of computers.
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Another motivation for studying the roots of polynomials chosen uniformly from B

comes from random matrix theory. Indeed, the results presented here will be familiar, in
form at least, to results about the eigenvalues of random matrices. It is beyond the scope of
the current work to present a survey of random matrix theory (see however the collection
[1] for a glimpse into the current state of random matrix theory and its applications). We
will, however, underscore two major themes here. The first is, for certain very well-behaved
ensembles® of random matrices, the intensity /correlation functions are expressible in terms
of determinants or Pfaffians of matrices formed from a single object—a kernel. Pioneering
work on such determinantal and Pfaffian ensembles was done in the 1960s and 1970s by
Mehta [28, 30, 29], Gaudin [30, 15] and Dyson [8, 9]. For these ensembles, this kernel
depends on the size of the matrices, and the limiting eigenvalue statistics can be determined
from the limit of this kernel in various scaling regimes. The scaled limits of these kernels
yield limiting, local eigenvalue statistics on scales where the eigenvalues have some prescribed
spacing or density. We will find that our ensemble of random polynomials has such a kernel
(of the Pfaffian form) and will present the scaling limits of this kernel here.

A second major theme in random matrix theory is that of universality. Loosely stated,
universality says that the limiting, local statistics of eigenvalues of ensembles of random
matrices fall into one of a handful of universality classes * based on large scale structure
(for instance symmetries on the entries which may geometrically constrain the position
of eigenvalues) but largely independent of the actual distribution on the matrices. (See
Kuijlaars’ essay [22] for a more precise definition of universality). Thus, a universality class
is akin to the basin of attraction for stable distributions.

Universality is important in combination with the identification of ensembles whose
limiting local statistics are well understood. Such ensembles, for instance those which have
kernels whose scaling limits are explicitly described, play the role of stable distributions,
in the sense that they provide prototypes for their universality class. We will present an
ensemble of random matrices whose eigenvalue statistics are identical to those of the roots of
polynomials chosen at random from BMY). Thus, the results here have repercussion beyond
just the study of the statistics of roots of polynomials with bounded Mahler measure, but
also as a prototypical ensemble in a newly discovered universality class.

1.1 Mahler measure

The Mahler measure of a polynomial f(z) € C|z] is given by

M =ew{ [ log 7)) .

By Jensen’s formula, if f factors as f(z) = aHle(z — ay), then

N
M(f) = |a| [ ] max {1, ]on|}. (1.1)

3 Ensemble is physics parlance for a probability space.

4We are being woefully imprecise here. For instance, Lubinsky [26] showed that each reproducing kernel
of a de Branges space gives rise to a universality class that may arise in the bulk (that is, in the limiting
support of eigenvalues) for some unitary ensemble; however, he also showed [27] that in measure in the bulk
it is always the universality class of the “sine kernel”.
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Mahler measure is not a measure in the sense of measure theory, but an example of a
height—a measure of complexity—of polynomials, and is of primary interest when restricted
to polynomials with integer (or other arithmetically defined) coefficients.

In [6], Vaaler and Chern compute the volume (Lebesgue measure) of the set of real
degree N polynomials (as identified with a subset of RV*! via their coefficient vectors).
This volume arises in the main term for the asymptotic estimate for the number of integer
polynomials of degree N with Mahler measure bounded by 7" as T' — oo. Amazingly, Chern
and Vaaler’s calculation showed that this volume was a rational number with a simple
product description for each N. A similar simple expression was found for the related
volume of monic polynomials.

The first author in [35] gave a Pfaffian formulation for Chern and Vaaler’s product
formulation, which was later shown to be related to a normalization constant for an ensemble
of random matrices in [34].

The purpose of this article is to explore the statistics of zeros of polynomials chosen
at random from Chern and Vaaler’s volumes, especially in the limit as N — oo in an
appropriate scaling regime. In fact, we will look at a natural one-parameter family of
ensembles of random polynomials which interpolate between the volumes of monic and
non-monic polynomials considered by Chern and Vaaler.

We will also introduce ensembles of random matrices and a two-dimensional electrostatic
model which have the same statistics as our ensembles of random polynomials.

1.2 Volumes of Star Bodies

Mahler measure is an example of a distance function in the sense of the geometry of numbers,
and therefore, when restricted to coefficient vectors of degree N polynomials satisfies all the
axioms of a vector norm except the triangle inequality. Specifically, M is continuous, positive
definite and homogeneous: M(cf) = |c|M(f). We will generalize the situation slightly by
introducing a parameter A > 0 and define the A-homogeneous Mahler measure by

N N
My, <aH(z_an)> = |a* [] max {1, |anl}. (1.2)
n=1

n=1

Generalizing in this manner, M is no longer continuous as a function of coefficient vectors
(except when A = 1) however, as we shall see, the parameter A will appear naturally in our
subsequent calculations.

The ‘unit-ball’ of M is not convex, but rather is a symmetric star body. We define this

set as
N
B, = {aERN'H 2 My (Zanz"> < 1}7
n=0

and we define the star body of radius 7' > 0 by By (T) = T*/*B,. We also define the related
sets of monic polynomials given by B = B(1) where

N-1
E(T) = {b e RN : M, (zN + Z bnz”> < T} .
n=0

Note that, when restricted to monic polynomials, My = M, and B corresponds to the set
of monic degree N real polynomials with all roots in the closed unit disk. We remark that
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B, and B are rather complicated geometrically. For instance, note that both (z — 1)V and
zN —1lie in B while (2710 — 1)(210 4 29 — 27 — 26 — 25 — 24 — 23 4 2 4 1) is not in B.
That is, B contains both points of large and small 2-norm (2V /2 and /2, respectively), but
there also exist integer points of relatively small norm which are not in B.

For the convenience of the next calculation, we shall write M) (¢, b) and M (b) for

N—1
My (¢, b) = M, (czN + Z bnz”>

and
N N-—-1
M (b) = Mx(1,b) = M, <ZN + ) bnz"> .
n=0

The second of these functions, we shall call the monic Mahler measure (and is obviously
independent of A).

The following manipulations are elementary, but of central importance in Chern and
Vaaler’s determination of the volume of By and B, and in our analysis of the statistics of
roots of polynomials chosen uniformly from these sets. By volume, we shall of course mean
Lebesgue measure.

VOIB)\:/ vol{b: My(c,b) <1} dc

:/ vol {¢b : Mx(c,cb) < 1}de

— 00

_Z/Ooochol{b:M(b) Scf)‘} de,

where at this last step we have used the A\-homogeneity of M. The change of variables
£ =c gives

vol By = ;/ooﬁf(NJrl)/)‘vol{b;M(b) < §} %
0

If we denote the distribution function of M by fn(&) := volé(é‘), then

e s= S (13)

vol By = —
0

The astute reader will notice the appearance of the Mellin transform of fn appearing in this
expression for the volume of B). Interpreting the integral in (1.3) as a Lebesgue-Stieltjes
integral we can apply integration by parts to find

2 F(s), F(s)= [ M(b)~dud (b),

1By = ——
vo A N+1 RN

where g is Lebesgue measure on R and g the resulting product measure on RY. Clearly,
also the volume of the set of monic polynomials with Mahler measure at most 1 is given by

vol B = lim F(s).

§— 00
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By a random polynomial we shall mean a polynomial chosen with respect to the density
M(b)~*/F(s), where we view s as a parameter. The goal of this paper is to explore the
statistics of roots of random polynomials in the limit as N — oo and (N 4+ 1)/s — A. This
is equivalent to studying the statistics of zeros of polynomials chosen uniformly from B) as
the degree goes to oco.

Z A

Figure 1: A simultaneous plot of the roots of 100 random polynomials of degree 28 corre-
sponding to A = 1. Note that, since we are sampling uniformly from a region in RY, the
complicated geometric nature of B makes it difficult to accurately sample a truly (pseudo)
random polynomial. This example was achieved by doing (for each polynomial) a ball-walk
of 10,000 steps of length .01 starting from z?®. The arrows indicate directions of outlying
roots.

1.3 The Joint Density of Roots

Since the coefficients of our random polynomials are real, the roots are either real or come
in complex conjugate pairs; that is we may identify the set of roots of degree N polynomials
with

U RExcCM

(L,M)
L+2M=N
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In the context of our random polynomials L and M are integer valued random variables
representing the number of real and complex conjugate pairs of roots respectively. The
density on coefficients induces a different density on each component R x CM—that is the
joint density on roots is naturally described as a set of conditional densities based on the
number of real roots.

The map Ez a : RE x CM — RY specified by («, B) — b where

L M
Hm—al H(x—ﬁm)( m =z —l—beN "
=1 m=1

is the map from roots to coefficients, and a generic b € R has 2 M!L! preimages under
this map. The conditional joint density of roots is determined from the Jacobian of Er, a,
which was computed in [35]. Specifically, the conditional joint density of roots of random
polynomials with exactly L real roots is given by Pr, 5y : RE x CM — [0, 00) where

Ppo(e, B) = Hmax{l |} ° H max {1, B} |A . (14)

and A(«, B) is the Vandermonde determinant in the variables a1, ..., ar, 81, By, - ., Bar, Bass
and Z, p is the conditional partition function®,

L M
Ziae() =2 [ [ Tlmasc {1 Jouf}™ T] move {1,180} | (o B)] dik(ed ! (8)
=1 m=1

(pw, ik, pc, pd are Lebesgue measure on R, RY, C and CM respectively).
The total partition function is then given by

ZL,M S
Z(s)= Y WfM)' = F(s). (1.5)
PReT v

That is, the total partition function of the system is, up to a trivial constant, the volume of
B(n+1)/s-

Theorem 1.1 (S.-J. Chern, J. Vaaler [6]). Let J be the integer part of N/2, and suppose
s> N. Then,

J J 9; \N-¥
= h =2V . L
1;[ —2j where Cn H(2j+1> (1.6)

This theorem is surprising, in part because of the simplicity of the representation as
a function of s, but also because by (1.5), F(s) is initially given as a rather complicated
sum whereas (1.6) reveals it as a relatively simple product. It should be remarked that
constituant summands, Zr, ar(s), are not simple, and Chern and Vaaler’s remarkable product
identity followed from dozens of pages of complicated rational function identities.

A conceptual explanation for Chern and Vaaler’s product formulation of F'(s) is given
by the following theorem.

5 Partition function is physics parlance for “normalization constant.”
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Theorem 1.2 (Sinclair [35]). Suppose N is even, po,p1,...,PN—1 are any family of monic
polynomials with degp, = n and define the skew-symmetric inner products

(flo)m = / / max {1, 21} ~° max {1, |51}~ f(2)g(») sen(y — 2) dpm(2)dpm(y)  (L7)

and

(Fla)e = =2 [ max {1,[el} > FEg(e) sgn(in(2)) (). (19)
Then,
F(s)=PfU  where U= [(pm1|pn-1)z + Pm-1[pn—1)clim nes
and Pf U denotes the Pfaffian of the antisymmetric matriz U.5

A similar formulation is valid when N is odd, but for the purposes of exposition, the
details are unimportant here.

The reason this theorem suggests a product formulation like (1.6) for F'(s) is that the
independence of F(s) from the specifics of {p,,} means that by choosing the polynomials to
be skew-orthogonal with respect to (pm—1|Pr—1)& + (Pm—1|Pn—1)c, (see Section 5 below for
the definition of skew-orthogonal polynomials), U looks like

O T1
—ry 0
0 T2

J
—ry 0 and PfU = H T
. ol

0 rJ
—ry 0

One of the results presented here is an explicit description of the skew-orthogonal polyno-
mials which make Chern and Vaaler’s formula a trivial consequence of Theorem 1.2.

1.4 Pfaffian Point Processes

The fact that F(s) can be written as a Pfaffian not only gives a simple(r) proof of Chern
and Vaaler’s volume calculation, but it also is the key observation necessary to show that
the point process on the roots is a Pfaffian point process. We recall a few definitions and
salient features of this Pfaffian point process here.

Loosely speaking, the types of questions we are interested in are along the lines of:
Given non-negative integers my, mo, ..., m, and pairwise disjoint sets Ay, A, ..., A, in the
complex plane, what is the probability that a random polynomial has m; roots in Ay, ms
roots in As, etc.? Since the roots of our random polynomials come in two species: real and
complex conjugate pairs, we will specialize our definitions to reflect this. Suppose [ and
m are integers with [ 4+ 2m < N and suppose Aj, As, ..., Ay are pairwise disjoint subsets
of R and By, Bs,..., B, are pairwise disjoint subsets of the open upper half plane H. If
Qq,...,ar denote the random variables representing the real roots of a random polynomial

6The Pfaffian is an invariant of antisymmetric matrices with an even number of rows and columns. For
our purposes here it suffices to note that the square of the Pfaffian is the determinant.
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and f1,..., B represent the complex roots in the open upper half-plane (here L and M
are random variables t0o), then given A C R and B C H we define the random variables
NA and NB by

NA:#Aﬁ{oq,...,ozL} and NBZ#BQ{Bl,...ﬂM}.

That is, N4 counts the number of roots in A and takes values in 1,2..., N. Similarly, Ng
takes values in 1,2,...,J = | N/2|.
If there exists a functlon Ry i RE X H™ — [0,00) so that

E[Na, - NaNp, - / // /Rm:czduR< ydup(z),  (1.9)

Ay A¢ By

then we call Ry, the (¢, m)-correlation (or intensity) function. See [5] for a discussion of
these types of two-species correlation functions, or [17] for a more in-depth discussion of
one-species correlation functions.

Of particular note, at least for understanding the importance of correlation functions, is
the fact that Ng = L, Ny = M, and

:/Rl,o(x,—)d,uR(x), E[M]z/RO,l(—,z)duc(z).
R H

If we extend R 1(—, z) to all of C by demanding Ry 1(—,%) = Ro,1(—, z) (which we could
likewise do for the other correlation functions), we find

E[2M] :/CRO,l(*vz)dH(C(Z),

and

N:/RRLO(x,—)duR(x)+[CR071(7,z)duc(z). (1.10)

When the random polynomials have i.i.d. coefficients, The functions R; o and Ry are
exactly those given by Kac [19] and Shepp and Vanderbei [33].

Equation (1.10) implies that R; o/N gives the spatial density of real roots of random
polynomials, and Rg 1/N gives the spatial density of complex roots.

Theorem 1.3 (Borodin, Sinclair [4, 5]). The roots of our random polynomials form a
Pfaffian point process. That is, there exist a 2 x 2 matrix kernel Ky : C x C — C2*2, such
that Re ., exists, and

L Lm
[KN(xivxj)]i_j:1 [KN(xi’Z”)]i,nzl
m,l

Ry m(x,2z) = Pf . , o
- [KN(Zlﬁxj)]k’j:l [KN(Zkvzn)]k,n:I

(1.11)

This kernel takes different forms depending on whether the arguments are real or not;
the exact details of this are described below. The importance of (1.11) is the fact that Ky
is independent of ¢ and m; that is, the same kernel appears in the Pfaffian formulation of
all correlation functions. Moreover, N appears as a parameter in the definition of Ky in a
way that allows for us to compute its limit as N — oo in various scaling regimes.
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The entries of Ky (u,v) are traditionally denoted something like

SND(U,’U) SN(U7U)
Ky(u,v) = 1

—Sn(v,u) ISn(u,v)+ 5sgn(u—wv)
This notation stems from the fact that, for 5 = 1 Hermitian ensembles (the eigenvalues of
which also form Pfaffian point processes—see [31]), the analogous (1, 1) and (2, 2)-entries are
given more-or-less by the Derivative (with respect to the second variable) and the (running)
Integral (with respect to the first variable) of the Sy term. For the kernels we consider
here—those appearing in (1.11)—there is still a relationship between the various entries of
K, though this relationship is dependent on whether the arguments are real or complex.
We will thoroughly explain this relationship in the sequel, but for now we remark only that
when both arguments are real the derivative/running integral relationship between Sy D,
ISy and Sy persists. Once the relationship between the entries of Ky is explained, it
suffices to report on only one entry, and for us it will be more convenient to describe one
of SyD and ISy instead of Sy. Thus, we will use the notation for Ky given as in the
following theorem.

Theorem 1.4 (Borodin, Sinclair [4, 5]). Suppose N is even. With po,p1,...,pn—1 and U
as in Theorem 1.2, write [y, » for the (m,n)-entry of U™, and define

N
sy (u,0) = —2max{1, [ul}~* max{1, [v]} ™ > pmnPm-1(W)pn-1(v).

n,m=1
Then,
%N(uav) %NE(U,U)
Ky (u,v) = 1.12
N () L%N(u, v)  exne(u,v) + 3 sgn(u —v) (1.12)
where sgn(u — v) is taken to be 0 if either u or v is non-real and € is the operator
1 .
3 / f(t)sgn(t —w)dpr(t) if u € R,
ef(u) = R (1.13)

isgn (Im(u)) f (@) ifue C\R,

which acts on »xn(u,v) as a function of u, when written on the left and acts on »n(u,v) as
a function of v when written on the right.

Notice that if x € R and F' is an antiderivative of f, then

efta) =5 [ F0aun®+ 5 [ 10 dun(t) = ) ¢ L)

It follows then that, if D stands for differentiation, then Def(z) = —f(z). Hence, we
can write the entries of Ky in terms of exye(z,y), x,y € R, differentiation and complex
conjugation.
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1.5 Scaling Limits

Our primary interest is in the scaling limits of the various matrix kernels as N — oo.

The scaled kernels hold information about the limiting distribution of roots in a neigh-
borhood of a point on a scale where the expected number of roots in a neighborhood is
of order 1. In order to describe the relevant kernels we will use the heuristic assumption
that, with probability tending to 1, the roots of random polynomials of large degree are
nearly uniformly distributed on the unit circle. We will not prove this assumption since it
motivates the discussion here, but is not logically necessary for the present discussion.

Under this assumption, if ¢ is a point on the unit circle, then when N is large we expect
to see O(1) roots of a random polynomial in a ball about ¢ of radius 1/N. Supposing
momentarily that ¢ is a non-real point on the unit circle, and € > 0 is sufficiently small so
that the ball of radius € about ¢ does not intersect the real line, then the expected number
of roots in this ball is given by

[ PrEx () duel),
(+eD
where D C C is the unit disk. After a change of variables this becomes
/ 2 PF(Kn (¢ +ez,¢ +€2)) duc(2). (1.14)
D

When € = 1/N, using properties of Pfaffians (akin to the multilinearity of the determinant),

e /DPf< (<+ L+ )) dpc(2). (1.15)

We expect that this quantity will converge as N — oo, and for ¢ a non-real point on the
unit circle, we define

K¢(z,w) := hm WKN (C + = ,C-|— ) (1.16)
We will see that this scaled limit is essentially independent of ¢ (more specifically it depends
only trivially on the argument of ().

The real points on the unit circle, £ = 41 are not generic, since for any neighborhood,
and all finite N, there will be a positive (expected) proportion of real roots. This fact is
reflected in the emergence of a new limiting kernel in scaled neighborhoods of £1. In this
case, suppose Aj, Ay, ..., Ay and By, Ba, ..., B, are measurable subsets of R and C\R with
positive measure, £ = +1, and define the shifted and dilated sets

1 ~ 1
Aj :§+NAj and Bk:§+ﬁBk,
forj=1,...,0 and k = 1,...,m. By our previous reasoning, and the fact that the point
process on the roots has Pfaffian correlations (equations (1.9) and (1.11)) we have

E[Nj Nz N N / // /N—f 2m (1.17)

A Ag By

Lm

§+ §+ )}’L‘] 1 [KN ﬁ §+ZJ)]zn 1

[ ( l m
P d x)d z).
- l[KTm e+ 3N Kt 6+ ), | PEEWED
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Note that the Jacobian of the change of variables that allows us to integrate over the unscaled
A; and By, (instead of their scaled and shifted counterparts) introduced a factor of N~! for
each real variable and a factor of N2 for each complex variable.

There are many ways to ‘move’ the N ~¢~2™ factor inside the Pfaffian and attach various
powers of IV to the various matrix entries; we wish to do this in a manner so that the resulting
matrix entries converge as N — co. We will be overly pedantic here and use the fact that
for any antisymmetric matrix K and square matrix N (of the same size),

Pf(NKNT) = PfK - det N. (1.18)

Here we will use this observation with K the 2(¢ 4+ m) x 2(£ 4+ m) antisymmetric matrix
in the integrand of (1.17), and

Dg

Dy

D¢ |

where for every real and every complex variable we introduce a 2 x 2 blocks of the form

1

1

0 0]
Dgr = {N ] and D¢ = [N ,
0 1 0 +

respectively. Clearly det N = N—¢—2m,
From (1.12) we see that the entries of NKINT are blocks of the form

[ roon (E+ 3,6+ %) NoNe (4 €+ %) v e R
ve (E+ fét §) emwe(E+ f 6+ §) Fgsen(u—v)] T
W (€ F 6+ §) mrave (€4 F 6+ §)

) UER,UEC R.
o €+ 3.6+ %) dowe €+ .6+ %) '

[ meev (E+ 26+ %) mrene (4 3.6+ %)

) u,v € C\R;
e (E+ 3.6+ %) meowve (E+ 3.6+ ) \

(1.19)

This way of distributing powers of N among the entries of K will ensure that the matrix
entries all converge in the limit as N — co. And we define K¢ (u,v) to be the N — oo limit
of these scaled matrix kernels. We will find a limiting kernel s, which depends on ¢ in a
trivial manner, so that

K¢ (u,v) = (1.20)

e (u, v) see(u,v) ‘|
exe(u,v)  esxee(u,v) + gsgn(u—v)|

This together with (1.16) defines the scaling limit of K near every point on the unit circle.
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Besides the explicit identification of K¢ and K¢ we will also produce unscaled limits of
Ky (u,v) when u and v are away from the unit circle. For u,v in the open unit disk we will
find that this unscaled limit exists, and is non-zero; a fact that implies (among other things)
that the number of roots in an open subset of the open unit disk has positive expectation,
and this expectation converges to a finite number as N — oo. When u and v are outside
the closed disk, the convergence of the unscaled limit depends on the asymptotic behavior
of N/s, and we will give an account of the situation there”. These results reflect the fact
that although ‘most’ of the roots accumulate nearby the unit circle as N — co one expects
that there will always be a finite number of outliers away from the unit circle.

1.6 Notation

In order to expedite the presentation of the various kernels and their scaling limits we
introduce some simplifying notation. Firstly we will use T for the unit circle in the complex
plane, D to be the open unit disk, and O := C \ D. We will continue to use ¢ for a non-
real point on T, £ for 1. We will also use wu,v for generic complex variables, x,y for real
variables and w, z for non-real complex variables, so that for instance K¢ (x, y) will mean the
scaling limit of the kernel in a neighborhood of £1 corresponding to correlations between
real roots. Note that K¢(z,7) = —K¢(z,2)T so we need only report one of these kernels.

Notice that the kernels Ky depend on the parameter s. In what follows we always
assume that s = s(N) > N. Since s must scale with N in some manner, we shall always
assume that

A:= lim Ns ' e0,1]
N—o0

exists. In our previous discussion, as the parameter for homogeneity in the M), \ was
ezactly equal to (N + 1)s~! (or rather, s was defined to be (N + 1)/)\), however for the
following results we only need that s(N) > N and an asymptotic description for A. This
generalization will also be useful in Section 3, where we introduce other models with the
same statistics as the roots of our random polynomials, and in which the parameters s and
A have a different meaning. We include the possibility s = oo, in which case we take A =0
and we interpret max {1, |,z|}_(><> as the characteristic function of the closed unit disk.

We remark that, since Ky is implicitly dependent on s, and similarly K. and K¢ are
dependent on A. To simplify notation we will often leave any dependence on s and A implicit.

1.7 The Mahler Ensemble of Complex Polynomials

Before proceeding to our results we will review the complex version of the Mahler ensemble
since it both provides context and sets us up to demonstrate a non-trivial connection between
these two ensembles.

The complex Mahler ensemble of random polynomials is that formed by choosing degree
N polynomials with complex coefficients uniformly (with respect to Lebesgue measure on
coefficient vectors) from the set of polynomials with Mahler measure at most 1. The complex
Mahler ensemble has many features in common with its real counterpart, for instance we
still expect the empirical measure for the roots of a random complex polynomial to weakly
converge to uniform measure on the unit circle (in fact, in this case a large deviation result—
due to the second author—quantifying this convergence is known [39]). There are striking

"The dependence on the limit of N/s is to be expected, since the larger s is relative to N, the smaller
the joint density of roots outside the closed unit disk.
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differences as well, most conspicuously the roots are generically complex and the spatial
density of roots is radial for finite V.

The joint density of roots is easily computed in this situation (in fact, it is much easier
to compute than the conditional joint densities for the real ensemble) and is proportional to

N
H max {1, |zn\}_25 H log |2 — zml?.
n=1

m<n

From the joint density of roots, it is straightforward to show that the spatial process
on roots forms a determinantal point process on C. That is, there exists a function Ky :
C x C — C such that if Bq,..., B, are disjoint subsets of C, then

BWNg, N = [ o [ det(n (e mlf, duto).
B By,

In other words, the nth correlation function can be expressed as the determinant of an nxn
matrix, the entries of which are formed from the scalar kernel K.
Our previous arguments suggest the relevant scaling limit is

1
K¢ (z,w) = lim —

z w
N—oo NQKN (C+N’C+N>

We recount the scaling limit of the kernel here, since we will find a relationship between it
and the scaling limit for the matrix kernel(s) for the real Mahler ensemble.

Theorem 1.5 (Sinclair, Yattselev [37]). Let A = limy_0o Ns™!. Then K¢(z,w), ¢ € T,
exists and ®

1 _
Ke(z,w) = w(z?)w(wo% /0 z(l - Ax)e(ZCJFEC)Idx, (1.21)

where
w(7) := min {1,6713‘6(7)/)‘} = lim max {1,

N—o00

T —s
1 7’} . 1.22

o (1.22)
Moreover, it holds that

1 1
lim K =
ym Kn(zw) = 20—
locally uniformly in D x D, and, if s < oo for each finite N,
2wl Kn(z,w) 1 1 [1+ c ! }
z

lim ==
N5oo (zwW)N s— N m2w— 1 w—1

locally uniformly in O x @, where ¢ :=limy_ (s — N).

The main result of [37] was the universality of the kernel K under conformal maps which
map the exterior of the unit disk onto the exterior of compact sets with smooth boundary.
The details of this universality are unimportant here; instead we recount Theorem 1.5 since
the entries for the kernel(s) for the real Mahler ensemble depend also on K.

81n [37], the integral in formula (1.21) is evaluated explicitly. The form given there can be easily obtained
from [37, Eq. (23) & (71)] and elementary integration. The form given here is more readily generalized, a
fact which becomes useful later.
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2 Main Results

2.1 The Expected Number of Real Roots

Theorem 2.1. Let N, and Noy be the number of real roots on [—1,1] and R\ (—1,1),
respectively, of a random degree N polynomial chosen from the real Mahler ensemble. Then

1
E[N,] = ;10gN+ON(1)
1+N(2s—N —
E[Nout] = _;¥10g (1 _NS_I) + NsilON(l),

where the implicit constants are uniform with respect to s.
Observe that
VNs—1On(1), limsupy_, . Ns~' <1,
E[Nowt] = 2logN 4+ O0n(1), s=N+N'"*a€cl0,1],
Llog N 4+ On(1), limsupy_,..(s—N) < <.

In particular, in the third case, the leading term of the expected number of real roots of a
random polynomial from the real Mahler ensemble is %log N, which matches exactly the
leading term of the expected number of real roots of a random polynomial with independent
standard normal coefficients obtained by Kac [19].

2.2 Kernel Limits Near the Unit Circle

Our first result states that the limiting local correlations at ¢ € T\ {—1,1} can be given in
terms of the scaled scalar kernel for the complex Mahler ensemble.

Theorem 2.2. Let ( € T\ {1} and K¢ be the scaling limit of the matriz kernel (1.12)
defined by (1.16). Then

0 Kc(z,w)
K(z,w) = [ —K¢(w, 2) ‘ 0

with the limit in (1.16) holding locally uniformly for z,w € C, where K¢(z,w) is the scaling
limit of the scalar kernel for the complex Mahler ensemble given by (1.21).

Observe that

0 Ke(zi, zi) 1" n
Pf “ Koz ) 4(6 ) L,k=1 = det [KC(ZjaZk)]j,kzlv
and thus we have that the limiting local distribution of roots of real random polynomials
at a point in T \ {—1,1} collapses to a determinantal point process identical to that for the
complex Mahler ensemble at the same point.

A new kernel arises in a neighborhood of ¢ = +1. Asin (1.22), w(7) = min{1, e"Re(7)/A},
interpreting this as the characteristic function on the closed unit disk in the case A = 0. We
also define

1 =T'(n+3/2) 2"
M(z) == F(?’/?)Z‘; F((n+{))m:1F1(3/2,1;z).

We remark that M(z) can be expressed rather succinctly in terms of modified Bessel func-
tions, though we have no reason to do that here.
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Theorem 2.3. For { = +1, let »¢(u,v) be defined by (1.19) & (1.20). Then

e (u,v) = w (u) w (v€) % /0 7(1 = A7) [M' (uér)M (v€7) — M (uér)M' (véT)|dr,  (2.1)

where w(T) is defined by (1.22) and the convergence in (1.19) is uniform on compact subsets

of C x C.

For the sake of brevity, we shall use the following notation:
1(z) :=isgn (Im(z)). (2.2)

Because € operator (1.13) amounts to conjugation and multiplication by ¢ for complex
arguments and since { + § = £+ 4, it is clear that (1.20) is indeed the limit of (1.19) when
u,v € C\ R and the following corollary takes place.

Corollary 2.4. If z,w € C\ R, then

Ke(z,w) = [ (2.3)

e (z,w) Lw) s (2, )
—u(2)3e (w,2)  w(2)(w)se (W) |
As already been suggested in (1.20) following the discussion after Theorem 1.4, the

remaining kernels are most conveniently reported in terms of the (2,2) entry of K¢(z,y),
and thus we introduce the following notation.

DAD(x,y) —DA(z,y)
K[A](z,y) = AD(z,y) A(x, y) + %sgn(y —x) 1
B DAD(z,y) —DA(z,y)
K[A](z.y) L(Z)DAD(Z, y) —L(Z)DA(Z, y) ] ’ (2.4)
K[A](y’ Z) = _K[A]T(Za y)7
B DAD(z,w) H(w)DAD(z, )
KAz w) - = U(2)DAD(z,w) u(z)u(w)DAD(z,w) ]

where D is differentiation with respect to the first (second) variable when written on the
left (right).

Theorem 2.5. For £ = +1, define

Ae(a,b) = /0 ’ /0 e, v)dudy + ( /O " /0 ) {”(Zf) /0 1(1—/\u)M(v§u)du] dv. (2.5)

Then K¢ (u,v) = K[A¢](u, v) where the convergence in (1.19) is locally uniform on C x C.

Expression (2.5) can be simplified when u¢,v€ < 0 as in this case w(ué) = w(v€) = 1.
Recall that M is a confluent hypergeometric function and therefore is a solution of the
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second order differential equation, namely, zM”(z) + (1 — 2)M'(z) — 3M(z) = 0. Then, if
we define I(z) := 2z(M’ — M)(z) (and therefore I'(z) = M(z)), we can write

T

17
Aead) =5 [ F2T (1 agnroe) - 1tagn)r o) Jar,

which bears a striking structural resemblance to .

Let us compare one consequence of Theorem 2.3 (via Corollary 2.4) with the analogous
situation for complex random polynomials. This theorem implies that we can compute the
large N limit of the expected number of roots in a set of the form & + %B, disjoint from
the real axis, by integrating

Pf K¢(z,2) = 1(2)5 (2, %)

over B. (This function is the scaled intensity of complex roots near &).

Figure 2: The scaled intensity of complex roots near 1, for A = 1 (left) and A = 0 (right).
Note how the roots tend to accumulate near the unit disk (the y-axis here) and repel from
the real axis.

This formula is not valid when z = Z, since in that case, the Pfaffian of K[A¢](x,x)
is responsible for the expected number of (real) roots. However, as z — Z (= w), we see
that the integrand in (2.1), and hence the intensity of complex roots goes to zero. This is
not surprising, since the conditional joint densities of roots, (1.4), vanishes there. Loosely
speaking, roots repel each other, including those that are complex conjugates of each other,
and this causes an expected scarcity of complex roots near the real axis. The fact that this
phenomenon is visible on the scale 1/N is worth noting if not particularly surprising.

Since the complex ensemble has no conjugate symmetry, we should not expect the cor-
responding integrand to vanish. In this case, according to Theorem 1.5 the local intensity
of roots near ¢ is governed by

1
W(Zf)w(fﬁ)% / T(l — )\7)62Re(z)57d7_7
0

which is remarkably similar to ¢(w)se(z,%) aside from the obvious considerations due to
root symimetry.
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One expects that, as |Im(z)] — oo the local intensity of complex roots in the real
ensemble will approach the local intensity of roots in the complex ensemble, since in this
limit the repulsion from complex conjugates vanishes. This is indeed the case.

Lemma 2.6. It holds that

) L(Z) , » o eQRe(z)
lim ——|M (z)M(z) —M(z)M (z) =

Im(z)|—o0 4 T

2.3 Kernel Limits Away from the Unit Circle

In this section we discuss the asymptotics of the matrix kernels Ky away from the unit
circle. In this case, the scale of the neighborhood about a point w € C\ T will not depend
on N. As we show below, the kernels Ky converge uniformly in a neighborhood of any
such point, and hence it suffices to investigate the asymptotics of Ky (u,v). It will turn out
that the asymptotics are different depending on whether or not z,w are inside or outside
the disk.

We start by considering the case of the unit disk.

Theorem 2.7. For u,v € D, set

1 (v —T—u —F) |dr|
Ap(u,v) = E/T (i uQF)1/2(1 - 1}27')1/2’ (2.6)

where /=T is the branch defined by —2 > L 7 € T. Then lim Ky(u,v) =

—oo 2m—1"’ N oo

K[Ap](u,v) locally uniformly on D x D.

Among the implications of this theorem is that the unscaled intensity of roots converges
on compact subsets of . In particular, this implies that if B C D has non-empty inte-
rior, then the expected number of roots in B converges to a positive quantity (obviously
dependent on B). In particular, for any € > 0 the expected number of roots in the disk
{2z :|z] < 1—¢} converges to a positive number. In words, even though we expect the roots
to accumulate uniformly on the unit circle, we also should expect to find a positive number
of roots away from T.

In order to investigate the situation when z,w are outside the closed unit disk, we first
record the following theorem. In what follows we always assume that s < co for each finite
N as otherwise K is identically zero in O x Q.

Theorem 2.8. Set ¢ := limy_, (s - N) € [1,00] and let sen(u,v) be the (1,1)-entry of
Ky asin (1.12). Then, for u,v € Q,

lim

luv|® sen(u,v) A c ! 1 v—u
2 2.7
Nooo (wv)V s — N ™ + 27)

w—1] uww—1u2 —1v/02 -1
locally uniformly in @ x Q, where ¢! = 0 when ¢ = co.

Note the factor of |uv|*/(uv)V. When A < 1, this factor diverges at least geometrically
fast which yields that
lim sy (u,v) =0 (2.8)

N—o00
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locally uniformly in @ x Q. Furthermore, if A = 1 but s — N — oo, then |uv|*~" /(s — N)
diverges and the conclusion (2.8) holds again. Only in the case where ¢ < 0o, do we get the
non-trivial limit

lim

N—oo (uv)

: B(u,v).  (2.9)

uv — 1

luv| N 1 ot 1 1 1 v—u
™

o (u ) = = fuvle uo — 1 Va2 — T2 =1

. . . N .

It remains to explain the seemingly superfluous term (Juv|/(uv))”. To do this, let
U1, Us, ..., up; be points outside the unit disk (some could be real, some complex). A
general correlation function of M roots, is given as the Pfaffian of a 2M x 2M matrix of the
form

A = Ky (ui,uk) ]f\izw

where the exact structure of Ky (ul,uk) will depend on whether w; and/or uj are real or
not. (This is essentially the content of (1.11)). It readily follows from (1.12) & (1.13) that
for u,v € C\ R each entry of Ky possesses a limit identical up to conjugation to (2.7).
Thus, we define the block diagonal matrix

M
G (] /)™ 0
D= l 0 Ok (Jug /ui)N]

i k=1
As D is diagonal, we have that Pf(DAD*) = det D - Pf A = Pf A, and that

m

o s\ sl Jus |\

P k i k

( wr un ) sen (wi, uy,) ( ur Th ) e (ug, uy,)
DAD* = '

N N
(%%) ey (ui, ug) (lg—’l%) {esene(us, up) + & sgn(u; — ui)} _

Since our primary interest is in Pf(A) and not A itself and in light of Theorem 2.8 we shall
study

|uv] N |uv] N
N (W) %N(u,v) (ﬁ) %N€(U,U)

Ky (u,v):= WY o) o\ (2.10)
(%) exy (u, v) (%) {e%Ne(u, v) + 5 sgn(u — v)}
rather than Ky.

Theorem 2.9. Let ¢ = limy_,00(s — N) € [1,00]. Set Ap =0 when ¢ = oo, and otherwise
define

z Y
Ao(z,y) ::/ / B(u,v) dudv
sgn(z)oo Jsgn(y)oo

1T

+ (%I)Ggm/y senly) [ ) -
= Te n(z —sgn(y —_—,
ﬁ r (5) sgn(y)oo sgn(z)oo ‘U|C Uz -1
(2.11)
where B(u,v) is defined in (2.9). Then I&im Ky (u,v) = K[Ag](u,v) locally uniformly in
— 00
0 x 0.
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Remark. The root vu? — 1 occurring within the integrals in (2.11) should be understood
as the trace on R\ (—1,1) of v/22 — 1 that is holomorphic in C\ [—1, 1]. In particular, it is
negative for negative z.

Remark. Even though the function Ag is defined for real arguments only, it is a simple
algebraic computation to see that DAg is well defined when the first argument is complex
and DAgD is nothing else but B(u,v) in (2.9).

The intensity of complex roots outside the unit circle is given by ¢(2)B(z,%). Integrating
this over a set B C O yields the expected number of complex roots of random degree N
polynomial in B. When A < 1 (or more generally when ¢ = 00), we see from (2.8) that the
limiting expectation goes to 0. In particular, in this situation, the expected number of roots
outside the unit disk goes to 0 with N. When c is finite and B is bounded away from T
with positive Lebesgue measure, then the expected number of roots in B will converge to a
positive number dependent on B and c.

Figure 3: The limiting intensity of complex roots outside the disk, with a close up view near
z =1, for the Mahler measure (¢ = 1) case.

3 Other Ensembles with the Same Statistics

Before proving our main results we also present an electrostatic model and a matrix model
which produce the same point process.

3.1 An Electrostatic Model

In two dimensional electrostatics, we identify charged particles with points in the com-
plex plane. An electrostatic system with unit charges located at z, 2z’ has potential energy
—log |z — 2| and a system with N unit charges located at the coordinates of z € CV has

potential energy
- Z log |z — zm|-

m<n
The states which minimize this energy correspond to those where the particles are infinitely

far apart (i.e. the particles repel each other) and in order to counteract this repulsion we
introduce a confining potential. There are many possibilities for this confining potential,
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but in order to arrive at a model with particle statistics identical to those of the roots of our
random polynomials, the potential we introduce is that formed from an oppositely charged
region, identified with the unit disk, with total charge s and charge density representing its
equilibrium state. More precisely, the equilibrium charge density is given by its equilibrium
measure (in the sense of potential theory in the complex plane [32]) and by symmetry this
is simply normalized Lebesgue measure on the unit circle. That is, the interaction energy
between the charged unit disk at equilibrium (with total charge s) and a unit charge particle
at z € C is given by

1
s/ log |2 — €*™| df = slogmax {1, |z|},
0

where equality is a consequence of Jensen’s formula. It follows that the total energy of the
system of particles located at the coordinates of z in the presence of the equilibrized charged
disk is given by

N
E(z)=s Zlogmax{l, 20|} — Z log |zn — 2zm|-
n=1 m<n

When the system is at temperature specified by the dimensionless inverse temperature
parameter 3 = (kT)~! the probability density of finding the system in state z is given by

e PE=) (N s 5
— = Z{ [ max{1, |z.} } IT loglz — 2ml
n=1 m<n
where Z is the partition function of the system,
Z:/ e PEE Qi (2). (3.1)
CN

If we specify that § = 1, exactly L coordinates of z are real and the remaining 2M =
N — L come in complex conjugate pairs (which we can think of as mirrored particles)
then the probability density of states is exactly the conditional density of roots of random
polynomials with exactly L real roots Py, s, and the partition function is the conditional
partition function Zp, ;.

If we specify that the total charge of all particles is N, but allow the number of real
and complex conjugate pairs of particles to vary, then we arrive at a zero-current (i.e.,
conserved charge) grand canonical ensemble, whose conditional density for the population
vector (L, M) is given by X Pp, ps where X is the fugacity, a quantity that encodes how
easily the system can change population vectors. The partition function, as a function of
the fugacity and the charge on the unit disk, is given by

XLZL,M(S)

Z(Xis)= ) OMLIMI
(L,M)
L+2M=N

which, when X =1 is, up to the factor 2/(N + 1), is the volume of the Mahler measure star
body, and as a function of X is the probability generating function for the probability that

the electrostatic configuration has exactly L real particles, or equivalently that a random
polynomial has exactly L real roots.
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3.2 A Normal Matrix Model

Given a self-map on a metric space, the entropy is a measure of orbit complexity under
repeated iteration of this map. Loosely speaking this quantity measures how far neighboring
points can get away from each other under iteration by this map. We will not give a definition
of this quantity, since the formulation is complicated and not really necessary here; see [38]
for a discussion. When the metric space is RY (or CV) and the self-map is an N x N matrix,
then a theorem of Yuzvinsky has that the entropy is the logarithm of the Mahler measure
of the characteristic polynomial [40]. That is, if M is an N x N matrix with eigenvalues
A1, A2, ..., Ay in C, then the entropy of M is given by

N
h(M) = Z log max {1, |\, }.
n=1

Despite not giving a definition of entropy, this is a sensible result since it is clear that
the ‘big’ eigenvalues are responsible for nearby points moving away from each other under
repeated iteration of M.

If we wish to use the entropy to form a probability measure on some set of matrices
(equipped with some natural reference measure), an obvious choice is to have the Radon-
Nikodym derivative with respect to the reference measure be given by e~ **™) where s is
some sufficiently large constant necessary so that the resulting measure is actually finite.
Under such a probability measure we would be more likely to choose a matrix with small
entropy, large entropies being exponentially rare.

A natural choice for the set of matrices is that of normal matrices. That is matrices which
commute with their conjugate transpose. (One reason this is a natural choice is that normal
matrices are unitarily equivalent to diagonal matrices, and the entries in the diagonal matrix
are independent of the random variables parametrizing the unitary group). When restricting
to real normal matrices, the eigenvalues come in real and complex conjugate pairs, and the
joint density of eigenvalues naturally decomposes into conditional densities dependent on
the number of real eigenvalues. These conditional densities are identical to those given for
the real Mahler ensemble of polynomials given in equation (1.4). The derivation of the joint
density of eigenvalues uses standard random matrix theory techniques, augmented to deal
with the two species of eigenvalues, the details of which are given in Appendix A.

We conclude that the eigenvalue statistics for this entropic ensemble of random normal
matrices is identical to the particle statistics in the electrostatic model and the root statistics
of polynomials chosen randomly from Mahler measure star bodies.

4 Matrix Kernels and Skew-Orthogonal Polynomials

The matrix kernel Ky can be most simply represented via weighted sums of the skew-
orthonormal polynomials for the skew-symmetric bilinear form

(Flh) = (Flh)e + (flh)e (41)
[ (Fehtu) = ef(whu)) d{uc + pz) w)

where (-|-)g and (|-)¢ are given as in Theorem 1.2, the operator € is given by (1.13), f(u) :=

f(u) max {1, |u\}75, and the functions f, h satisfy the symmetry g(@) = g(u). Namely, let
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{mn}, degm, = n, be a sequence of polynomials such that

(Ton|Tom) = (T2nt1, Tamy1) =0 and (Ton|Tom+1) = —(T2m+1|T2n) = Om.n-

Note that this sequence is not uniquely determined since we may replace 7oy, 41 with mo,4+1+
cme, without disturbing the skew-orthogonality.

Theorem 4.1. For each fized s, one possible family of skew-orthonormal polynomials cor-
responding to bilinear form (4.1) is given by’

- I'(k+3/2)T(n—k+1/2) ,
Ton(2) = *Z F(k+DT(n—k+1) 5

Ll &5 (2k+2)T(k+3/2)T(n—k —1/2) 4.,
Tont1(2) = Tor %2 Fk+1)T'(n—k+1) : -

k=0

These polynomials were originally produced using the skew analog of the Gram-Schmidt
procedure from the previously computed skew-moments, see [35, Lemma 4.1].

Lemma 4.2. (22"]22™) = (2*"71|22m=1) = 0 and,

(220] 2y (8_2;_2> T (;_Hé). (4.2)

Theorem 4.1 follows from Lemma 4.2 and the following theorem.

Theorem 4.3. Suppose {Cp,} is a sequence of non-zero real numbers, and «, € R\
{~1,-2,...} and suppose (:|-)*? is a skew-symmetric inner product with (z?"|z?™)*f =
<22n+1|z2m+1>o¢,ﬁ =0, and

2n 2m+1 B _ s J— 1 4
S {Jl_[1 Jta }m—n—i—l—&-ﬁ' (4.3)
Define
203() = 1 . L(lta+ T (n—C+B+1) o
n Fl+a)l(1+8) 4 TE+1HT(n—Ll+1) ’
and
w5 (2) = L T (L4 B+2)T (n— - —1) 22!
Zn+l S D(A-DIA+8) 4 T+ (n—L+1) Cp
Then, {ﬂg’ﬁ,ﬂ'f,ﬂ'g 8 ﬂg, .. } is a family of skew-orthonormal polynomials for the skew-

symmetric inner product (-|-)*#.

It follows immediately from (4.2) and (4.3) that ma, = W%ZLZ 2 and Tont1 = 7r2n1ﬁ,
where C),, = 2s/(s — 2m — 2). Thus, with a little bit of algebra, we get that

Ton(2) = W;T/LQ’_I/Q(Z)
1 _ 3 B 4.4
7T2n+1(2) — Z |:<1 + 3) 7_[_;7/7‘27 3/2(2) _ gﬂ_gr/f, 3/2(2) ( )

9When s = oo, it is understood that (s — (2k +2))/s = 1.
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To be able to write down an explicit expression for Ky we shall need the weighted
versions of the skew orthogonal polynomials defined by

Tn(2) = mn(z) max {1,|2]} "

Then according to Theorem 1.4, the entries of Ky are, when N = 2J is even,

K§; D (,0) = s (u,0) = 23 [Fay ()i (v) = Fa (0) Ry ()]
§=0
Ké{;z) (u7 1}) = %2J€(U, ’U) =2 i I:%Qj (u)67~1'2j+1(1)) — C%Qj ('U)%QjJr]_(u)] (4 5)
K%Z)(u, v) = exgye(u,v) + %Sgn(u — )
= 2 Z [6%23‘ (u)€maj1(v) — 6%2j(v)€%2j+1(u)] + %sgn(u — )

We introduce this new notation for the matrix entries, because when N = 2J 41 is odd, the
entries are not given as simply as in Theorem 1.4. However, in this situation, the entries of
Ky can be computed from [36] or [14] to be

s G _ -
Kyjiwv) = Kgj(wo) —2251 g ()21 (1) = Ty (0)F2g 42 (0)]
7=0
Il
K(;]i)l(u U) = Kébz)(u 'U -2 Z 522J %QJ( )67T2]+1( )— 6%2J(’l))%2j+1(u)]
7=0
+7~TQJ(U)XR(U) )
S2.J
ngi)l(u v) = (2 2) (u,v) — 2 Z g [€m2 (u)€eTaj41(v) — €My (v)emajv1(u)]
L M2 (W)xw(v )—67?2J( )xr(w)

S2J
(4.6)
where xR is the characteristic function of R, and

Sk ::/R%k(x)dx. (4.7)

In general, expressions in (4.6) must contain terms corresponding to constants sg, 11 as well.
However, it is easy to see from Theorem 4.1 that sg,,11 = 0 for all n. Thus, only the terms
corresponding to sg, remain.

Lemma 4.4. It holds that

where it is understood that ss,, = 2 when s = oco.
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5 A Family of Polynomials

As one can see from (4.4), all the skew orthogonal polynomials {7ay,, 2,41} can be expressed
solely via even degree polynomials {ﬂgf } for three pairs of parameters («, ). Hence, to
derive the results announced in Section 2, we shall study polynomials

n

1 Zr(k+1+a)r(n—k+1+/3) k

Pr?ﬁ(z)zzr(ua)r(uﬁ) Fh+)Tm—k+1)

(5.1)
k=0

where o, B & {—1,-2,...}. Clearly, n3:%(2) = P8 (22).

5.1 Algebraic Properties of the Polynomials
The polynomials Pﬁ"ﬁ satisfy the following relations.
Proposition 5.1. It holds that
Pyl(z) = PR+ PRA(2) (5:2)
= PIR(12)

- [HZQZ +- JT: ﬁ] Prfi(2) - WZR?L@(Z), (5.4)
_ I'(n+2+a+p) - .
T TA+al(l+BC(n+1) /C Bap(t)(1—t+tz)"dt, (5.5)

where recurrence relations (5.4) hold forn > 2 with P{"%(2) = 1, PP (2) = (1+8)+(1+a)z,
C is the Pochhammer contour, and By g(t) := t*(1 — )P /(1 — e2™@)(1 — £271F).

Recall that the Pochhammer contour is a contour that winds clockwise around 1, then
clockwise around another —1, then counterclockwise around 1, and then counterclockwise
around —1.

The polynomials P>? can be expressed via non-standard Jacobi polynomials.

Proposition 5.2. It holds that
1
PO = (1= ozt (251,
z—1
where J&P is the n-th Jacobi polynomial with parameters a,b.

For a large set of parameters the zeros of P2# exhibit definite behavior with respect to
the unit circle. Observe that due to (5.3), we only need to consider the case a@ > . Recall
also that o, 8 & {-1,-2,...}.

Proposition 5.3. (i) P%? has a zero of order m at 1 if and only if n > m and m + 1+
a+ B =0 for some m € N.

(i5) The zeros of PP in C\ {1} are simple.

(iii) Let o« > B. If either 2+ a+ >0 o0orm+1+a+ 8 =0 for some m €N, then the
zeros of PP are contained in DU {1}.

(iv) Let « = . If 3+2a>0 or m+ 14 2a =0 for some m even, then the zeros of PX®
belong to T.
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Figure 4: From left to right: the zeros of P211'5’71'5, P271'6’71'4, P2111'5’11'5, and P2711'5’71'5.

5.2 Asymptotic Properties of the Polynomials
The polynomials P? enjoy the following asymptotic properties.

Theorem 5.4. Let (1 — z)~ (") be the branch holomorphic in C\ [1,00) and positive for
z € (—o0,1). Then asn — oo,

Ppl(z) 1 ~o(1)
PePO) (=2 =2 (5.6)

where o(1) holds uniformly in D when o < 0 and B > 0, and in D otherwise. Furthermore,

1 PB(z) 1

B o(1)
= pPe)  (1-1/2)1%7 5-1)

-1/

where o(1) holds uniformly in @ when o >0 and B < 0, and in O otherwise.
Observe that

F'n+1+48)
L1+ (n+1)
by the properties of the Gamma function.

When ¢ + z/n € O, it readily follows from (5.7), the maximum modulus principle, and
normal family argument that the following corollary takes place.

(n+1)»

) = T+ 8)

= (1+o0a(1)

Corollary 5.5. Let ( € T\ {1}, « >0, and 8 < 0. Then
. I'(l+a) Z\"" z —\—1-8
i B2 2) (e 2) -0
n1~>nolo(n—‘r1)a <+n " <+n (1-9)
locally uniformly in C.

It is obvious from the previous results that the point 1 is a special point for polynomials
P8 To describe the behavior of the polynomials there we need the following definition:

I‘l—i—'y i (n+1+a) 2"

M,
5(2) I(l+«) F(n+147) n"

y=1l4a+p&{-1,-2,...}, (5.8)

which is a confluent hypergeometric function with parameters «, .
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Proposition 5.6. If y=14+a+ ¢ {-1,-2,...}, then as n = oo,

I'n+1+7)
r1+~)I'(n+1)

pos (1 + %) = (1+0n(1)) Mg 5(2) (5.9)

locally uniformly in C, where 0,(1) =0 when z = 0.

5.3 Asymptotic Properties of the Sums away from the Unit Circle

As apparent from (4.4) —(4.6), the main focus of this work is the asymptotic behavior of

the sums
N-1

K]?‘]lvﬁhabﬁz (z,w) = Z Pghﬁl (z)P,?Q’B2 (w). (5.10)
n=0
Properly renormalized, these sums converge locally uniformly in D x D and O x Q. To state
the results, we shall need the following notation. For 8; + 82 +1 < 0 set Ag, g,(¢) to be

% F (1,14 B1;—B2;C) + 2 F1 (1,1 + Bo; —B1;¢) — 1], Br, B2 ¢ Zy,

TS [P P (1,24 81+ B 15¢)] B € Zy,
By —By—1) [=1+8 _
BBl [T By (1,24 61+ B 1T) | Bs € Ly,
where
() =T(n+a)l(n+0b)
F: b;c; z) := " b Z_. 5.11
2 1(0,, ,C,Z) ZF(H+C>F(H+1)Z y @ 7C¢ ( )

n=0

The function Ag, g, is continuous on T \ {—1} with an integrable singularity at 1 when
B1+B2+1 > —1[13, Sec. 15.4] and is continuous on the whole circle when 8; 4+ 82 +1 < —1.
It can be verified that the Fourier series corresponding to Ag, g, is given by

[(=p1—p2—1)
L1+ B)T(1 + B2)

o0

TA+B)T(m+14+82) .. =T+ B) T(m+1+p)
Z I'(—pB2) I'(m — 1) ¢ +Z I'(—p1) L'(m — f2)

m=1

|,
(5.12)

where it is understood that the terms containing I'(—f;) are zero when f; is a non-negative
integer.

m=0

Theorem 5.7. It holds that

lim K$Pvef2(0,0) =

N—o0

{:l:OQ7 51—’_/82—"120’
(5.13)

D(=p1—B2—1)

rarm) A th+1<0,
where the sign in the first case is the same as the sign of T(1+ $1)I'(1 + B2). Moreover, we
have that

K]C\?;Blva2762 (Z, w) 1

li = .14
Ngnoo K]O\¢]1751,OC27/62 (07 O) (1 — Z)1+041 (1 — w)1+(¥2 (5 )

locally uniformly in D x D when By + P2+ 1 >0, and

1 A d
lim K702 (2 ) = — / - fgg’?(g)' ‘l — (5.15)
N—o0 2rJr (1-20) "M (1 —w¢) "™
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locally uniformly in D x D when B + B2 + 1 < 0. Finally, it holds that

i K]O\trhﬁhamﬁz (z,w) 1 1
1m =
Nooo Neatez(zy)N F'14+ o)1+ ag) (2w —1)(1 = 1/2)1 P (1 — 1/w)1+52

(5.16)

uniformly on closed subsets of O x Q.

5.4 Asymptotic Properties of the Sums on the Unit Circle

Theorem 5.7 shows that non-trivial scaling limits of the sums K]O\‘,I’ﬂ voazBz can appear only
on T x T. To derive such limits we need rather precise knowledge of the behavior of the
polynomials on the unit circle. Hence, in the light of (5.7), we shall only consider parameters
satisfying a > 0 and 8 < 0. To describe the aforementioned scaling limits, set

1
E (1) =01+ ’y)/ xve™ dx, v > -1, (5.17)
0

where the normalization is chosen so E,(0) = 1. Clearly, it holds that Ey(7) := eT%l and

EL(7) = Z2E, 1 (7).

Theorem 5.8. Let o; >0 and 5; <0, i € {1,2}. Then for every ¢ € T\ {1} it holds that

L= A=)
]. + (6751 + (65)

F(N+1+(11+Oz2)
I'(14 o)1 4 a2)'(N)

R (60 = | +on(D)

as N — oo and

- KZC:/175170¢27[32 (C‘i‘ %aZ"’ %2)
N—o0 Kﬁl»ﬁl@%[ﬁ (QZ)

= EOélJrOtz (a1z+52<) ’

uniformly for ay,as on compact subsets of C.

The scaling limit at 1 is no longer described by (5.17), but rather by

1
By o n (s 2) o= (147) / M,y (12) Moy gy (ra)de, (5.18)
0

where v:=2+ a1 + 81 + az + B2 > —1 and M, g was defined in (5.8).
Theorem 5.9. Let o; >0 and B; <0,i € {1,2}. Ify =2+ oy + 1+ az+ B2 > —1, then

1+ on(1) 1 I(N+1+7)

KanBa2,B201 1) =
N (1,1) F24+ a1+ 8124+ as+582) 1+~ I'(N)

as N — oo and

K]O\cfuﬁhamﬂz (1 + %’ 14 %)

]\}iinm K%1;517a27ﬁ2(17 1) = Ea,,81,02,8 (a1,az) (5.19)

uniformly for ai,as on compact subsets of C.
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6 Proofs

6.1 Proof of Theorem 4.3
The following lemma is needed both for the proofs of Theorem 4.3 and Lemma 4.4.
Lemma 6.1. Let a,b € R with b ¢ {0,—1,—2,...}. Then,

E

1 “T(k+a)T (n—Fk+b) j—b 1
L ()T (a) k_or(k+1)r(n—k+1){1:[1j+a—1}x—k+b

_ zx—1)---(z—n+1)
(x+b)(x+b—1)---(z+b—n)

Proof. Since

it suffices to prove that

" nfk:er k 1 B z(x—1)---(r—n+1)
kz:%)r F(n—k+1 {1:[ }x—k+b(:c+b)(x+b—1)--.(a:+b—n)'

The coefficient of (x —k+b)~! in the partial fractions decomposition of the rational function
on the right hand side is

zx—1)---(z—n+1)

Grberb-D@rb-m TR,
— (Ij:[:(k_b_j);ij[:(k_b_é))/(ﬁ(k_j)egl(k_£)>
= ({jl;[l(j - b)}(—l)”"“ n;l;[tl(b+£))/(l“(k+ D(=1)""*T(n -k + 1))

_ ({ f[(j - b)}F(n . b))/<r(b)r(k +DP(— k+ 1)>,

Jj=1
which proves the lemma. O
Proof of Theorem 4.3. For the moment, let us write 7o, = F(a—|—1)I‘(6—|—1)ﬂ'2n and mop 1 =
I'(—8 — D)I(B +1)mh,.,. Then

Im+iva,B Phta+D)I(n—k+B8+1), op amit\ap
i _Z TheDTm—khrD) ¢ P i

<7T2n(z) |Z
k=0

k+a+1 JT(n—k+8+1) j—1-p 1
_C’”Z Fk+1)T(n—k+1) {H j }m—k+1+6’
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which by setting a = a+ 1 and b = 8+ 1 in Lemma 6.1, is equal to 0 for m =0,1,...,n
Since 772nf+1 is odd of degree 2m + 1, we have (r5:” |7r2m+1>0"ﬂ = 0 for these values of m.
Similarly, looking at

(20 = 3 ELEERE gD o
1B =T (k+B8+2)T(n—k—-p—1) 1
{II j+a }E: T(k+)l(n—k+1) m—k—1-8

j=1 k=0

Ti-1-8
{15
XE”:F (k+p+1)T (n—k—ﬁ—l){k+5+1} 1
Fk+1)I'(n—k+1) B+1 fm—k—-1-0

which by Lemma 6.1 is equal to 0 for m = 0,1,...,n—1 by settinga = f+1and b= —5—1.
Turning t B\ B
g to (3, [Ty 1),

1 " Fk+a+1) (n—k+8+1)
B B a,f _ 2k a,f
<7T2n |7T2n+1> - F(a+1) 6+ Z k?-i—l) (n—k—i—l) <Z ‘7T2n+1(2)>

 T(n4+a+1) . N
BN T il

_ T(n+a+1)(B+1) j—1-p8 1
o {H }F(—ﬁ

=0

I'a+1)I'(n+1) . Jta -1 (B+1)
XiP(k+ﬁ+1)1“(n—k—5—1){k+5+1} 1
P Frk+1)T'(n—k+1) B+1 Jn—k—-1-p0
B+ 11 - L
‘r<n+1>{jf_[1<ﬂ‘1‘ﬂ>}r<”+l>gn_5_j_1—17
where again, we use Lemma 6.1 witha =084+ 1and b= -5 — 1. O

Proof of Lemma 4.4. It holds that

1 o)
_ 2s
2k s 2k 2k—s
1 de =2 d 2 dr = .
/JRx masc {1, o} dr /ox " /1 T T kDG —2k—1)

Then it follows from Theorem 4.1 and Lemma 6.1 that

k

_ s T (k+1/2)T(n—k+1/2) j—1/2 1
B 1“(1/2)r(1/2)kz:0 Fk+1)T(n—k+1) 11;’+1/2—1 s/2—1—k+1/2

(5/2)(s/2 = D(s/2=2)-+(s/2—m) T ()T (=3=)

(/2 1/2)(s/2 12— 1) (s/2— 12— n) "~ T (35T (=)

and the case s = oo follows by taking the limit. O

S2n
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6.2 Proofs of Propositions 5.1—5.3

Proof of Proposition 5.1. By the very definition the difference I'(1 + a)I'(1 + 8) (P38 (z) —
P2 (2)) is equal to

T(n+14+a)T(B+1) , nz_:ll“(k;—&—l—i—a) (F(n—k+1+6) F(n—k‘+ﬁ)>zk

L(n+1) I(1) T(k+1) T(n—k+1)  D(n—k)

k=0

_Ttor@E+1) , 5’§r(/€+1+a)r(n—k+5)zk
 T(n+1) T(1) I'(k+1) T(n—k+1)

=8y F(lli(; i)a) I;EZ - Z . f; F = BU(1+a)D(B) PP (2),

k=0

k=0
which establishes (5.2). Relation (5.3) is rather obvious.

Consider the right-hand side of (5.4) multiplied by I'(1 + «)I'(1 4+ 8). The coefficient of

" is

: n+al(n+a)T(1+6) T'n+14+a)T(145)

n  I(n) TI() T+l Q@
the constant coefficient is
n+Br(l+a)T(n+p) TA+a)T(n+1+0)
n T(1) T(n) T In+1)
and the coefficient of 2%, k € {1,...,n — 1}, is

n+al(k+a)Tn—k+14+8) n+pTlk+1+a)T(n—k+p)

n (k) P(n—k+1) n T(k+1) L(n—k)
n+a+BT(k+a)l(n—k+pB)
o rk) T—k)

which is equal to

F'k+a)T(n—k+p5) n+an—k+5+n+6n+a n+a+p

(k) T'(n—k) n n—k n k n
 T(k+a)T(n—k+p)PEk+a(n—k)+af+k(n—k)
T T(k) T(n—k) k(n — k)

Tk4+1+a)T(n—k+1+p5)
I'(k+1) P(n—k+1)
Finally, recall that for any values u, v it holds that
'(u)(v) 1 -1 ~1
———~ =B = - - (1 =) dt 6.1
Fr = Bl = g [T -0 (6
where C' is the Pochhammer contour. Then

T(n+24+a+p) - n\ i
F(1+a)F(1+B)F(n+1);_()B<k+1+a7n_k+1+ﬁ)<k)z

I'n+2+a+p) =
(1 — e2mia)(1 — e2m8)(n + 1) /CZ

k=0

PO (2)

(Z) (1 — t)n—kHBykta kg

from which (5.5) easily follows. O
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1 ¢ sy n yj—n—1l—oa,—n—1— z+1
Proof of Proposition 5.2. By definition, (1 — 2)"J,, B (;1> is equal to

(I—2)" I(—a) " (n\T(—n—14+m—a—pj) 1
n! F(—n—l—a—ﬂ)%(m) I'(—n+m — «) (z —1)m’

which can be rewritten as

. T(-a) "1 T(j-1l-a-8), .,

(1) Z m 7 ; (z —1)7.
Pn—1-a=p)=jln-75" T(=j-a)

Expanding (z —1)7 into the powers of z, we get that the above polynomial can be expressed

as

e [ ()P T(=j-1-a-p) T(-a) 2
=1) kz;; 2= IG - M1 -a- A5 -a) | TE+D)
and respectively as
" " jk(n=kK\TG+1+a)T(n+2+a+p) P
> (21 k(j—k) INl4+a) T(G+2+a+p8) | Tk+)I(n—k+1)

k=0 \j=k

Thus, the claim of the proposition will follow if we show that

M m(M\ T(m+z) T I(M+y)
Z(_l) (m) Im+xz+y) TyI(M+z+y) (6.2)

m=0

where M :=n—k,m:=j—k,z=k+1+«, and y =1+ 8. We prove (6.2) by induction.
As the left-hand side of (6.2) for M + 1 is equal to

MO(_l)m<M)FF(m+x) +M§(_1)m< M )FF(m+x)

o m)T(m+a+y) 4= m—1)T(m+z+vy)
&, (M T'(m+z) T(m+1+2)
_mz::()(_l) (m) (F(m+x+y)_r(m+1+x+y)>’

the claim follows from the inductive hypothesis and since

I(x) T(M+vy) I'(l1+x) (M +vy) (@) TWMA+1+y)

L(y) D(M + 2 +y) I'y) TM+1+z+y) TIy)I(M+1+z+y)
Proof of Proposition 5.3. We start by showing that

I'(m+1+a)

Pri(z) = T(m + D1 + a)

(z —1)™ (6.3)

if and only if m + 1+ o+ 8 = 0. Indeed, if (6.3) takes place, it is enough to compare
the coefficient next to 2™~ ! in (6.3) and (5.1) to deduce that m + 1+ a+ 8 = 0. To
prove the claim in the other direction, assume that (6.3) holds for some fixed m and all
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¢ {—1,-2,...} such that m + 1+ a+ 8 = 0. Then it follows from recurrence formula
that

=

o m+1+a« m+1+08] _,
PP (2) = [ PA(2). (6.4)

z m
m+1 m—+1

Now, take a, 8 such that m 4+ 2+ o+ 8 = 0. Then (6.3) and (6.4) hold with 8 replaced by
B+ 1. Hence, we get from (5.2) that

paptl Pm+2+«)

Pt GRS A Y

A R =1 (= 1y,

= z
m+1 m—+1

Thus, to prove (6.3) in full generality it only remains to establish the base case m = 1,
which follows easily since P (z) = (1+a)(z — 1) when 2+ a + 8 = 0.

We just established in (6.3) and (6.4) that P%# and P;flfl vanish at 1 with order m
whenever m + 1+ a + 8 = 0. Recurrence relations (5.4) immediately yield that the same is
true for all P%#, n > m. Reciprocally, assume that P®? vanishes at 1 with order m. We
can suppose that n > m as the case n = m is covered by (6.3). By Proposition 5.2, we get

that (1) )
— n z +
g T

where J,, is a constant multiple of the Jacobi polynomial J,»~1=®~"=1=#_ Qbserve that
the map z — (24 1)/(z — 1) is conformal, maps 1 to co and sends the unit disk D onto the
left half-plane (the unit circle into the imaginary axis). In particular, P®# vanishes at 1
with order m if and only if deg(.J,) = n — m. According to the Rodrigues’ formula for the
Jacobi polynomials it holds that

Pi() = (1= 2)"

dn 1 _ In ()
A e e R e (e
and therefore
Jni1(z) = (1= 2*)J,(z) + [2n+2+ a+ Bz + a — B] (). (6.5)

Particularly, it follows that deg(J,+1) =n+ 1 —m. That is, ngl vanishes at 1 with order
m as well. Furthermore, recurrence formula (5.4) yields in this case that Pﬁ‘;ﬁl is divisible
by (2 —1)™. Repeatedly applying (5.4), we obtain that P2 must be a multiple of (z —1)™
too and therefore m + 1+ o + 8 = 0 by (6.3). This finishes the prove of the first claim of
the proposition.

Proving the second claim of the proposition is tantamount to showing that the zeros of
J,, are simple. To the contrary, assume that J, has a zero, say xg, of multiplicity & > 2.
Observe that zy # +1 as otherwise P®# would have to vanish at 0 or had a degree less
than n, which contradicts the very definition of this polynomial. From our assumption, xg
is a zero of J!, of multiplicity & — 1 and therefore it is a zero of J,, 1 of multiplicity exactly
k—1by (6.5). Then we can infer from (5.4) that J,,_; must vanish at o with order exactly
k — 1. Further, using (6.5) with n replaced by n — 1, we get that J/,_; has to vanish at z
with the same order which is clearly impossible.

Now suppose o > 3. Assume that either 2 + o + 8 > 0, in which case set m = 0, or
m+1+ a4+ =0 for some m € N. Under these conditions we have that 2m+2+a+ 5 > 0
and deg(J,) = n—m, n > m. Recall that the interior of the unit disk gets mapped into the
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left half-plane and therefore we want to establishe that this is where the zeros of J,, are. As
Jm is a constant by (6.3), it holds that

Jmt1(z) = [Cm+2+a+ Bz +a— B, (2) (6.6)

is of degree 1 and vanishes on the negative real axis. Denote by —z; the zeros of J,. Then
for n > m + 1 we have that

1+zx;
(nsr/n) (@) = 35S (ntm+ 2+ a+ B)r+ (a - ). (6.7)
It can be easily verified that the ratio J,1/J, has strictly positive real part in the closed
right half-plane when the numbers x; have positive real parts. That is, if all the zeros of
J,. belong to the left half-plane, then all the zeros of J,41 belong to the left half-plane
as well. The proof of the third claim of the proposition now follows from the principle of
mathematical induction.

Finally, let & = 8. In this case J,,41 in (6.6) is a linear function vanishing at the origin.
Furthermore, (6.7) implies that the ratio J,1/J, has positive real part in the right half-
plane and negative real part in the left half-plane when n +m 4+ 2 + 2a > 0 and z; € iR.
That is, if the zeros of J,, are on the imaginary axis so are the zeros of .J,, 1. This finishes
the proof of the proposition. O

6.3 Proofs of Theorem 5.4 and Proposition 5.6

For reasons of brevity, below we shall often employ the following notation:

T+ 1+a)
(@) = ST+ 1) (68)
Using this notation we can write P2%(2) = Y"1 _, cx(a)cn—i(B8)2". Since
['(z) = /27 /z(z/e)* (1 4+ O(1/x)) as x— oo,
it holds that
D(a+1)e(a) = (z+1D)*(1+0(1/z)) as z — oo. (6.9)
and respectively
B(ai, az)en(on)en(az) = (14 0(1/n))cn(on + az), (6.10)
where B(aq, as) is the beta function; see (6.1).
We also employ the notation f(x ) g(x) as * — oo which means that g(z) < f(z) <
g(z) where f(z) <. g(x) stands for f(z) < A(c)g(z) and A(c) is a constant depending only

on c.
The following simple lemma is needed for the proof of Theorem 5.4 and is an application
of summation by parts.

Lemma 6.2. Suppose {arp}72, is a non-increasing sequence of positive numbers and let
{{bk,m}?zo}mzo be a collection of non-decreasing, non-negative sequences. Then

aObm m
E by m2"

ﬁ, ZGE
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Proof. Define By, , := Zf 0 by, m#. According to the summation by parts, it holds that

1 — k1 1-— 23+1
Bk,m = bk: m——— + Z jm bj+1,m)
i=0
and consequently that
2b = 4b 4b
k,m k,m m,m
|Bk m‘ > j+1,m — ) S <
11— |1—Z|kz:: ! 11—z = |12

for z € D. Hence, applying summation by parts once more, we get that

Z akbk mZ

k=0

bmmao
= A |Bm,m E Bi.m <4— . O
=a ‘ |+ ‘ k | a’kJrl) |1—Z‘

Proof of Theorem 5.4. Let cix(a) be defined by (6.8). The sequence {ci ()}, is positive
and increasing when a > 0. If @ < 0, let k, be the first integer such that k, + a > —1.
Then the numbers cx(a) have the same sign for all k > k, and the sequence {|cx(a)[}32,..
is decreasing. Observe also that

o0

(1—2)7 0% = 3" ()2,

k=0

where the series converges for all z € D\ {1} when a < 0 by the virtue of Lemma 6.2.
Further, put

dn = L { F(F<n+1> F(n—k+1+ﬂ)}

m n+14+08) Tn—k+1)

Then the sequences {dy » }}_, are positive and increasing for all n large enough, and bounded
above by 1 when 5 > 0. Moreover, it holds that d,,, , — 0 as n — oo, where m = m(n) is
such that m/n — 0 as n — oo.

The left-hand side of (5.6) can be estimated from above by

ka—1 m [e%s) c
k 1
> ar(@dinz® |+ D len(@)]drnz" | + enga(a)||2]" Z C+n+ 2"
k=0 k=ka k= n1(
n—m—1 c
k
+emy1(a |Z|mJrl Z +m+1 dk+m+1,nzka
=0 C7n-i-1

(6.11)
where m = m(n) is such that m — oo and m/n — 0 as n — co. When o« < 0 and 5 > 0
the sum (6.11) is bounded by

6.12
o Dax ex (o) (6.12)
+ 41 =27 (lewa (@) |dmn + lemyr (@)ldnnl2™ T + lenya(@)][z"F)

according to Lemma 6.2 from which (5.6) clearly follows. When o < 0 and 8 < 0, the bound
in (6.12) still holds with the only difference being that d,, ,, is no longer bounded by 1 but
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rather grows like n=?. Hence, if m is chosen so that m/logn — oo as n — oo, the term
dp,n|2|™ T converges to zero locally uniformly in D. When o > 0, the bound in (6.12) is
replaced by

41 = 2|71 (em(@)dmn + en(@)dnp 2™ + ey (@) 2" 1),

again, due to Lemma 6.2. Since ¢, () grows like n® and d,, ,, grows no faster than n!?l, the
second and the third terms in the parenthesis converge to zero locally uniformly in D. If, in
addition, we require that m!*®/n — 0 as n — oo, the first term converges to zero.

Finally, (5.7) follows immediately from (5.3) and (5.6). O

Proof of Proposition 5.6. It holds that

_ BO‘,B(U tz

by (6.1) and the definition of B, g, see Proposition 5.1. Hence, using the notation from
(6.1) and (6.8), we get that (5.9) follows from (5.5) and the computation

af (14 2) = )"

P <1+n> N /Bl—|—a 1+ 8) <1+n> di
_ _ Bas®
= (1—'—0”(1))6”(7)/0B(1+a,1—|—ﬁ)e dt.

6.4 Proof of Theorem 5.7
Proof of Theorem 5.7. Set for brevity Ky = Kal’ﬁl’o‘z’&. It follows from (6.10) that

N-1

N—
Kn(0,0) = > cnl(Br)en(B2) = B™(B1, B2) Z 1+ 0(1/n))eq(B1 + Ba).

n=0

Hence, the sequence {Kx(0,0)}n is divergent when 81 + B2 +1 > 0 by (6.9). If p1 +
B2 + 1 < 0, this sequence is eventually increasing or decreasing, depending on the sign of
I'(1+ 31)T'(1 + B2), and converges to

= I'(—1—pB1 —
;Cn(ﬂl)cn(@) =2F1(1+ 81,1+ B 131) = M7 (6.14)
where the second equality follows from [13, Eq. 15.4.20]. This proves (5.13).
In order to establish (5.14), we first deduce from (5.6) that
N-1 1 1
Ky(z,w) = 7;) cn(B1)en(B2) ((1—2)1“‘1 - On(l)) <(1—w)1+0¢2 - On(l))

Kn(0,0) =
+ On(l)cn(ﬁl)cn(ﬁ2)a
(1—2z)Htar(1l —w)lte nZ:;)

where the functions o0,,(1) hold locally uniformly in either in D or D xD. If 51 + 82+ 1 > 0,
the sequence {Kn(0,0)} diverges to either co or —oco and therefore

N—-1

Z on(1)cn(Bi)en(B2) = on (1)K n(0,0),

n=0
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which shows the validity of (5.14). If 51 + B2 + 1 < 0, the limit limy_, o, Kxn(0,0) is finite

and therefore
N-1

> on(Den(Br)en(B2)| < 1

n=0

locally uniformly in D x D. That is, the family {Ky(z,w)}y is normal. In this case it is
sufficient to examine the behavior of the Fourier coefficients of K (z,w). It holds that

-1 N-1
Kn(z,w) = cj(ar)ek(az) Z cn—j(B1)en—k(B2) | 2/w".
J,k=0 n=max{j,k}

Using [13, Eq. 15.4.20] as in (6.14), one can compute that the limit of the term in square
brackets is equal to

D1+ )01+ Ba+j — k)
['(—p1—p2—1) D(=p)T(j —k—p1)
PA+)T(A+62) | TA+B1+k—j)I(1+ Ba)
L(k—j—B)T(=p1)

j—k<O0,

which is exactly the (j —k)-th Fourier coefficient of Ag, g,, see (5.12). As Ag, g, is integrable
on T, we get from Fubini-Tonelli’s theorem that

> glaveded st = Y elanadonsut s [T

J,k>0 3,k>0
1 Aﬁl B2 (C)
— - d¢
27 Jr (1-20) " (1 - w¢) T <l

which finishes the proof of (5.15).
To prove (5.16), write

Ky(z,w) 1 = cn(ar)en(as) 1 Y 1 Y
(zw)N 2w 7;) (zw)N—-1-n <(1 —1/2)1+h "(1)> <(1 —1/w)1+P2 "(1))
1 1 1 R C _1_n(oq)c —1—n(O‘2)
T zw(1-1/2) P (1= 1 w)l e Z:% (L+on-1-n(1) = (zw)J\’[L ’

where we used (5.7) and the estimates 0,(1) hold uniformly on closed subsets of either O
or O x @. Observe that
NOé1+a2

en-r(a)en-i(az) = (L+O(N™) i Sr o

as N — oo by (6.9) and that

em()em (o)
en—1(a1)en—1(a2)

&« Nltezl o< < N—1.
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This, in particular, implies that the family {KN(“”)} is normal in @ x Q. As before,

(Zw)NNal+az

N
this means that we only need to examine the asymptotic behavior of the Fourier coefficients.
As
cN-1-n(a1)en—1-n(a2)

lim (1 +on_1-n(1 =1
N—)oo( N1 ( )) CN_1(051)CN_1(042)
for each fixed n, the proof of (5.16) follows. O
6.5 Proofs of Theorems 5.8 & 5.9
For the proof of Theorem 5.8 we shall need the following fact.
Lemma 6.3. For~y > —1, it holds that
N—1 1
1 "= 7(1 de. 6.15
F(N+1+7)nz:% Ts1y (LEmT= [ a7 ddne) T de (6.15)

Proof. Tt can be readily verified by the principle of mathematical induction that

Lr(j+142) 1 T(J+2+2)

rGj+1)  1+a T(J+1)

(6.16)

[}

j=

which, upon setting J =N —k —1, j =n—k, and x = k 4 v, is the same as

~T+1+9) 1 T(N+1+47)
— T(n+1—k) k+y+1 D(N—k)
Hence, it holds that
]Vz_:lF(n+1+v)(1+n>n _ - Z n+1+’y) .
I'(n+1) Fn+1) \k
n=0 k=0
=1 I(N+147)
T = k+v+1F(k+1)F(N—k)n
1 1N 1
= + —|—’y / ( )x”(mn)kdx, (6.17)
0
which finishes the proof of the lemma. O

Theorem 5.8 is an easy corollary to the following more general claim.

Lemma 6.4. Let oy, a0 > —1/2 and {Pﬁj }neN be two sequences of polynomials such that

'n+1+¢q5) ,

P2 () = 1F(2) + on()] = oy p 27"

z €O, (6.18)

for all n € N, where the functions Fj are holomorphic in O, continuous in 0, and 0,(1)
holds uniformly in @. Then for any ( € T it holds that

Fl(C)FQ(g) F(N+1+a1+a2)
1+oa1+a +on(l) I'(N) 7

KN"2(¢0) =
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N-1
where K" (z,w) := Z P (z)Pr?(w). Moreover, if F1(C)Fa(C) # 0, then
n=0
KT (R R) =
]\/lgnoo = ‘K—](it]l)a2 (J\év C) = Ea1+a2 (a1< + GQC) ’

uniformly for ai,as on compact subsets of C.

Proof. Let us first show that the functions K3 (¢ + 4, ¢ + %) /K32 (¢, ¢) form a nor-
mal family with respect to a1, @ whenever the latter belong to a bounded set. To this end,

observe that
K5 (z,w)|* < |K3 (2, 2) || K32 (w, w)| (6.19)

by the Cauchy-Schwartz inequality, where Ky (2, w) := ZNN;Ol Py (2) Py (w). Tt follows im-
mediately from their definition that the functions K/ (2, z) are subharmonic in C. Therefore

|KY (2,2)| <max Ky (n,m), zeD,
neT

by the maximum principle. Furthermore, as the functions Ky (2, 2)/|2[*¥ =2 are subhar-
monic in C\ D, it holds that

| KN (2,2)] < [N 2 max K (), 2€0.
ne

Hence, for any constant ¢ > 0 it is true that
. . c
|K¥ (2, 2)] <cmax Ky (n,m), 2] <1+ —. (6.20)
neT N
Bounds (6.19) and (6.20) are already sufficient for establishing normality, but we still
have to show that the claimed normalization constant is proportional to the one coming

from (6.19) and (6.20). To accomplish this goal, observe that by (6.10)

Fin+14z1)D(n+142z)
I'(n+1) I'(n+1)

P(n+ 1421+ x2)

= (1+0a(1) T(n+1)

and therefore

N-1
a _ ' 2D(n+ 1+ 20;)  [|F;(Q)]? L(N + 1+ 2q)
K160 = 1RO +on0 TR = (FHG +on) Moy
(6.21)
for ¢ € T by the conditions of the lemma and (6.16). Analogously, it holds that
N-1 r 1
KP60 = X [RORQ +o,(n)] L mte
n=0
Fi(Q)F>(6) I(N+1+a1+as)
N 1+a +a - ON(l)] I'(N) (622

for ¢ € T. Formulas (6.21) and (6.22) show that \KX‘,“O‘Q((,C)E and |Ky (¢, QKRN (¢, Q)]
are of the same order of magnitude when F}({)F5(¢) # 0, since as N — oo,

F(N+ ]. +CK1 +C¥2)2
D(N +1+42a1)T(N + 1+ 2a3)

=1+on(1) (6.23)
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Combining (6.19) and (6.20) with the last observation, we deduce that
Kooz (e )7t ‘K“l"“ ( 4 @ﬂ .1
(KNGO | BV (G306t )| <

for all |a1],|az| < ¢ whenever Fy(¢)F2(¢) # 0 as claimed.

Given normality, it is enough to establish convergence in some subregion of |a1|, |az| < c.
Hence, in what follows we can assume that ¢ + (]L\} N ©) for all N large. Then we deduce
from the asymptotic formulae for P;? that Ky (¢ + %, ¢ + %) is equal to

J:z:; [H(C)Fg( )+on(1)} L(n ;t:ﬂﬁ az) (1 ‘”Z;EQC a;;;?)n

and therefore to

N-1 = n
F(n+1+a1 +042) a1C+62§ a1ao
Fi(OF. 1 } 1 24
[1«>x>+oN<>g; O =t e (6:24)
since 1+ a1 + as > 0. The latter expression can be rewritten as
- N-1
T(N+1+ar+as) (1 oa a1C +a2¢ | aiaz
[FUOF(Q) + on(1)] ) /O R e dz

by Lemma 6.15. Since
1

1 = _ _ N—
a1 +a a1a 1+ on(1 -
/0 porte <1 +z [ ICN 26 + ;,;D dx = Too 1 os a1N+( O)Q By tas (a1 +@2(),

the lemma follows. O

For the proof of the main results, we shall need the following lemma.
Lemma 6.5. In the setting of Lemma 6.4, it holds that
1 x1,002 a’l -~ a2 _
UL e (C+N’C+N> =0 CeTA il

uniformly for ay,as on compact subsets of C.

Proof. As in the previous lemma we get from (6.19), (6.20), (6.21), and (6.23) that the
family {N717o—ee Q092 (C+ 9 (+ 22} is normal with respect to ay,as on compact
subsets of C. Hence, we can abbume that ¢ + % € O for all N large, |a1], |az| < ¢. In the
present case, (6.24) is replaced by

Then exactly as in Lemma 6.2 we get that

N-1

I'n+14+a; +«o a1 +a aras \ "
Z ( 1 2) <2+ 1 2CJF 102
'(n+1) N N2
n=0
< 4 F(N+a1+a2)
Sh-c-mfEc-gg M)

As the numbers |1 — ¢% — Lj{,‘”{ — 42| are bounded away from 0, the claim follows. [
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Proof of Theorem 5.8. Since P2*(0) = c,(a), see (6.8), it follows from (5.7) that
(z = )PP (2) = [(1 = 1/2)7% + 0,(1)] en(ay)z™
uniformly in @. Hence, the theorem is deduced from Lemma, 6.4 as
(z = (w = DER2P (2, w0) = Ky§? (z,w) — 1
where we set Pj7(z) =1 and Py1,(z) := (z — 1)P,?”Bj(z) forn > 1. O

Proof of Theorem 5.9. Set, for brevity, v; := 1+ «; + ;. It follows from (5.9), (6.10), and
(6.16) that, since v > —1,

a1,81,02,82 — 1+o0,(1) Fn+1+7)
KN <1a 1) = Z
— P(1+y)I'(1+792) T(n+1)

B 1+on(1) 1 T(N+1+%)
T4+ +)1+y  T(N)

Using (5.5), we get that K572 (14 % 1 4 92) is equal to

Oél,ﬂl(t)BOtz,ﬁz(’uJ = F(n+1+71) F(’n+1+'72) n
// L1+ a)T'(1+ 811+ az2)I'(1 + B2) ; L(n+1) C(n+1) vy dtdu,

a1t + asu  aiastu
N N2

where vy =1+ . As in the proof of Lemma 6.4, it holds that

N-—1
I'(n+14+ '(n+1+ 1+on(1)T(N+1+
Z ( 71) I'( V2) n o v (1) I( 7)Eny(anf—i-agu),

2" Tn+1) T+l ¥ 1+q T(N)
from which we deduce that the left-hand side of (5.19) is equal to

al 61 Ba2752 (u)
E, (a1t + dtd
/ / 1+a1,1+51) B(1+ as, 1+ f) (a1 asu)dtdu

uniformly for a, b on compact sets. By the very definition of E,, we have that

B!ll 51(t) B, 5 /1
d E (a1t + au)dt = L1 +1 2V elattaw)zqa.q¢
/B(1+a1,1+ﬂ1) vt + azu) o B(1 +oq,1+61)(7 ) 0

Ba, 5, (1)
_ 1 v azux ai1,81 alrtdtd
(v+ )/Oxe /CB(1+C¥171+/31)6 x

1
— (7—1—1)/0 27e " My, 5, (agx)dz,

where the last equality follows from (6.13). Thus, the left-hand side of (5.19) is equal to

! B, p,(u)
4 1 'yM LBy / az,fB2 aguxd d
(v >/0 $ Mo () | g e duds

1
= (7 + 1)/(; m’YMaL»Bl (alx)Mazﬂz (ag.’lﬁ)d.’lﬁ7

which finishes the proof of the theorem. O
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6.6 Proofs of Theorems 2.2—2.5
We shall need the following lemma for the proof of Theorem 2.2.

Lemma 6.6. Let ( € T\ {1}, a >0 and 8 < 0. Then for any € > 0 it holds that
Il ;
1 —E-a E 72j (XB — | =
locally uniformly in C.

Proof. Assume first that ¢ + z/J € 0. As Pjﬁ’a(O) = ¢;j() in the notation (6.8), we get
from (5.7) that

J—1 - . Z\J
£ c05)- -0 o] o (c+3)

Since o > 0, ¢j(a) = oo and the numbers s9;/s2; are increasing with j, it holds that

J—-1 J—1

52 _[a-g " 52, 2y’
e (c3) 2[00 o] £ ot (c+3)'
Furthermore, we deduce from Lemma 6.2 that
J—1
25 n 4CJ_1(Oé)
+ < —— 6.25
jz::()sy ()(77 J) T l-C¢— 3 (6:25)

Finally, the bound in (6.25) can be extended to all ¢ + z/J by the maximum modulus
principle and the normal family argument. The claim now follows from (6.9). O

Proof of Theorem 2.2. Case N = 2J: Using relations (4.4), (4.5) and definitions (5.1),
(5.10), we get that

max {1, |z[}* max {1, jw|}* KV (2, w) (6.26)
1 1 ) (1)
=3 (1 + s) (wKJ (z ) - zKj (w z2)>

3
A I

where ‘ A
KW (2 w) := K /2727278020 ) e {1,2). (6.27)
Given (1.22), we only need to compute the scaling limit of (6.26).
For brevity, set
— 2 2y K S
Z¢,N .—<+N, =(" + <1+4J> (6.28)

Then we deduce from Lemma 6.5 that

lim J~'~ ’K )(z< N> WE N) 0

J—o0



Christopher D. Sinclair and Maxim L. Yattselev 45

uniformly on compact subsets of C x C (as in the proof of Theorem 5.8, we need to multiply
KSZ) by (1 — ng) (1 — wa) in order to apply Lemma 6.5, but clearly this does not change
the limit). Hence,

A N72KSGY (ze v, wen) = R NG (v, wew) =0

uniformly on compact subsets of C x C, where the limit for K§372> follows from the relation

s

2,2 1,1) — _
KéJ ) (ZC,vaC,N) = L(ZC,N)L(wC,N)KgJ ) (zC,NawC,N) s (629)

see (4.5) and (2.2).
On the other hand, we have that

1,2 1,1 _
KgJ ) (ze. N, We N) = L(ng)KéJ ) (2¢, N, We,N) - (6.30)

Thus, we deduce from Theorem 5.8 that

o 1 1— ¢2)1/2
lim NS (22 v w2 ) (1-¢%)

Joaos - 311+ i)r (1 722)1/2Ei (2¢ +w()

uniformly on compact subsets of C x C. Recall that the function (1 — 2z)'/? was defined as
holomorphic in the unit disk with the branch cut along the positive reals greater than 1.
Thus, Arg ((1 — e)¥/2) = (t — m)/4, t € [0, 2n]. Hence,

Z(1 - 2)Y2(1 =22 "V2 = —4(2)

and therefore

lim N*QKSJQ) (ze,nsWe,n) = w(2C)w(w() [IWE1 (2 +w¢) — S%Eg (2¢ +w¢)

J—o0 2

uniformly on compact subsets of C x C, from which the claim of the theorem follows by the
very definition of E;, see (5.17).
Case N =2J + 1: Given (4.6), we only need to show that

J—1
. _ 59,
lim N~%ma (2¢.5) D —Lmaji (wyn) =0
J—o0 — Sog
J:

uniformly on compact subsets of C, where n = ¢ or = (. By (4.4), we wish to take the
limit of

J—1

- : 1 - -

432 ARECIODY Zi wZL’N Kl " s) P22 () — gpf/l 2 (i) -
j=0

and the claim now follows from Corollary 5.5 and Lemma 6.6. O

For the proof of Theorem 2.3 we shall need the following two lemmas.
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Lemma 6.7. If y=1+4+a+ 3 > —1, it holds that

J—1
. (147 8% pa,B Ly TM, g(2x)
lim —— ) P (1 ) VIoa [ TEes g, 6.32
PR D v O o VI (632

locally uniformly in C.

Proof. When X\ < 1, it is a straightforward computation using the asymptotic behavior of
the Gamma function to verify

sy _ D (57) T (=)

/ 5= 5 s—2J 1— A\
Sos = F(S’fj) P(S—Qé]—l) = (1+0J(1)) Y = (1+0J(1))\/:7

where we used Lemma 4.4. Then it follows from Proposition 5.6 that

J J—1 . .
I'(l1+7) 525 pa,B 14+0;(1) (j+1 K 1—A jz
Ji+ Z b (1 * J) Jz::o J J i Mer (7 )

S
jO2J

As the right-hand side of the equation above is essentially a Riemann sum for the right-hand
side of (6.32), the claim follows.

When A = 1, it holds that sq;/s2; = 05(1). Hence, replacing the square root by o0s(1)
in the last equation, we see that the left hand side of (6.32) converges to zero. O

Lemma 6.8. When \ < 1, it holds that

B M(zz) — AxM'(zz)
My 1/2(2) = \/ﬁ/o NSV

Proof. Using the series representation for M = M /5 _3/2, see (5.8), and M’ we get that

dz

/ M(xz) — AeM'(xz2)
V1—)z

1 o0 L(n+3/2) 2" /1< . )\n+3/2 n+1) dz
= — " — T —_—
I'(3/2) = T(n+1) nl n+1 V1= Az

Integration by parts yields that

P et Py bt
r=-2V1—-A+2(n+1 7dx—2n+1/7dz
\/1—)\95 ( ) o V1—JA\zx ( ) o V1—JA\zx
and therefore
1 o0
M(zz) — AxM’(a:z) VAEDY I'(n+3/2) z T
- Z L(n+1) n'nJrl_ = AMi2,-1/2(2)

o Vim O TER &
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Proof of Theorem 2.3. Case N = 2J: Let z¢ v and we n be defined by (6.28). As 2 =1,
it follows from Theorem 5.9 that

. i 1 1
lim N~! Kg) (2 N wiy) = mFE1/2,71/2,F1/2,73/2(257wﬁ)

J—o0

uniformly on compact subsets of C x C, where K gi)

from (6.26) that

were defined in (6.27). Hence, we deduce

lim N_QK(Q%]’D (ze, N, we,N) = w (28) w (wE)

J—00

3 [ (B (26, w6) - EO(we, 2€)) = A (B (26, w€) - B (wg, 2¢)) ]

where F() .= Ei/3,_1/2,i—1/2,—3/2- By the very definition, see (5.18), it holds that

E(i) (al, ag) — E(i)(ag, al)

1
=1+ Z)/ z' [M1/27—1/2(alf)Mi—l/z,—zs/z(aﬂ?) - M1/2,—1/2(02$)Mi—1/27—3/2(a1$)} dz.
0

(6.33)
The following relations can be readily checked:

M(z) = Mija_s/a(2), Majs_sa(z) = ;M’(x); My o1 j2(z) = 2(M'(2) — M(x)).

Plugging these relations into (6.33), we obtain the desired limit for ngl).

Case: N =2J+1: In this case we need to deal with additional limits of the form (6.31)
where ¢ = n = £. Tt follows from Proposition 5.6 and Lemma 6.7 that the limit of (6.31) is
equal to

13 /1 My o, —32(zwé) — SAxMs)s 30 (zwE)
VIZ A2 My o : : dz.
1672128 | VTow ’

Thus, this limit is zero when A = 1 and is equal to
£ £
v1-— AEM1/27—1/2(Z§)EM1/2,—1/2(1U§) (6.35)

when A < 1 by (6.34) and Lemma 6.8. Since (6.35) is symmetric with respect to z and w,
the additional terms in (4.6) cancel each other out. O

Proof of Lemma 2.6. Set F(b) := +|M(2)|?, where z = a + ib. It follows from [13, Eq.
13.7.2] that lim, . F(b)/G(b) = 1, where G(b) := |z|e**/7. As both functions tend
to infinity as [b] — oo, L'Hopital’s rule yields that limy_ F'(b)]z|/b = €**/m. Since
F'(b) = [M'(2)M'(z) — M (2)M’(Z)] /4, the claim of the lemma follows. O

For the proof of Theorem 2.5 we shall need the following lemma.
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Lemma 6.9. Let £ = +1. Fory € R, it holds that

(F)) = ¢ [ o (w)du
L (6.36)
(E%Qn—l—l)(y) == 48/5 %2n+1(u)du.

Proof. Tt is a straightforward calculation to get that

€ (chk max {1, |x|}_s) (y) =— /: 2?* max {1,|z|} "dz - ¢

2k +1°
Hence, using the representation from Theorem 4.1, we get that
7 ' k+1/2) T(n -k +1/2
(F)) = - [ @n(x)dx_ﬁz T(k+1/2) T /2)
3

et I'k+1) T'(n—k+1)

y
= 7/ Ton(z)dz — EP, Y/2712(1).
€
As Pn_l/z’_l/Z(l) =1 by (5.9), the first claim in (6.36) follows. Analogously, it holds that

—s Y —s 1
€(aﬁ‘2k+1 max{l,\m|} ) (y) :—/5 $2k+1 max{l,|x\} d.r-i—m

and therefore

(Fons)(y) = - L ! Fama(w)du — = 3 D3/ —k —1/2)
k=0

T+t )T (n—k+1)

which finishes the proof of (6.36) as Py 3/2( 1) =1 by (5.9). O

For the proof of Theorem 2.5 we shall need the following relation

1
My pyi(z) = (1+ 7)/ Y My p(zz)dx; y=14a+p0. (6.37)
0

Proof of Theorem 2.5. To prove the theorem we need to show that the scaling limits (1.19)
of the matrix kernel (1.12) are equal to (2.4) with A = A, defined by (2.5). As in the
previous two theorems, we use notation and expressions of (4.5) & (4.6) for the entries of
K. Notice also that the fourth case in (2.4) is simply a restatement of Corollary 2.4. As
usual we shall use (4.4) & (5.1) throughout the analysis.

Case N = 2J: Recall that ng’l) does not contain the € operator and therefore remains
the same for all cases. Further, we get from Lemma 6.9 that

J—1 . 1 y N y
K(l 2)(z y) = 2];0 [WQj(Z) (45 —/f 7T2j+1(1‘)d3;‘) +7T2j+1(22) (E—l—/{ 7T2j($)dl’>:|
J—1
= / K(ll)zxdx+—z7rgj +2€Z7TQJ+1
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With the notation (6.28), observe that

. 1 Ye¢,N (1,1) Y 1 (1,1) Y
Jh_{r;oﬁ A K5, (z¢e,n,v)dv = ; h—{goﬁK (ze,n,ve,v) dv = ; e (z,v)dv

(6.38)
locally uniformly in € x R by Theorem 2.3. It also follows from (6.32) applied with s = co
(in which case sgj/s27 = 1 and A = 0) that

1
lim — Z Pl/2 71/2 ) = My )21/2(2) = 4/0 u(M'(z€u) — M (2€u)) du,

where we used (6.37) and (6.34). Hence, it holds that

lim Z T2j (2¢,N) (jﬁ) /0 Au (M (26u) — M (2€u)) du (6.39)

J—o0 25N

locally uniformly in C. Once more, we deduce from (6.32) and (6.37) that, for ¢ € {0,1},

i J—1 1
2 i — . i
Jll)m JiFi E ‘ZDj"I‘l/Q7 3/2 (Zg,N) = Mi+1/27_1/2(25) = (]_ + Z)/ u Mi+1/27_3/2(Z§U)dU
o 7=0 0

Thus, we get that

lim > Z@JH Zen) (f) /O (M (2€u) — AuM (2€w)) du (6.40)

J—oo N

locally uniformly in C, where we again used (6.34). Combining (6.38)—(6.40), we get that

N S /y w(z§) /
lim —K,; = - d — )M d
Jim K, (ze,N> Ye,N) ; e (z,v)dv + —== s (1 = Au)M (z€u)du
= —DA(z,y). (6.41)

This finishes the proof of the second and the third cases in (2.4) since

2,1 1,1) =
{ K3 (zevven) = (zen)Ksy (Zenve )

2,2 1,2) = :

K3 (zenoven) = lzen)KSS (Zen, vew)

To prove the first equality in (2.4), notice that (6.41) provides us with the terms on the

anti-diagonal of Ko j(z,y). Thus, we only need to compute the limit of the KéQJ’Q) (:E§7N, yg,N)
(observe the presence of 3 sgn(ye v — z¢,n) = 3sgn(y — x) in (1.12)). To this end,we get
from Lemma 6.9 that

2:2: [— <§+/; 7~T2j(v)dv> (415 —[ %2j+1(v)dv>
4 (413 /6 %Qjﬂ(v)dv) (g+/j %Qj(v)dv)]
= / / K5 (u, v)dodu + </ / ) (m]( )+2§%2j+1(v)> dv.

K (2,y)
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As before, we get that

Teg N Ye,N x Yy
/ / K5 (u, v)dvdu = N‘Q/ / K55 (ug v, v,y )dudu
0 0

and therefore this term approaches [ [ ¢ (u, v)dvdu locally uniformly in R xR. Moreover,
we have that

vex 771 /1 zJ-1
/E Z <28%2j(v) + 28 41 (v > dv =N~ / Z <7T2J ve,N) + 2672541 (v, N)) dv

7=0

and therefore this term converges to
x 1
/ w(:f) / (1 = Au)M (v€u)dudo.
0 0

Since the second integral for this sum can be handled similarly, we see that KgQJ’Q) (157 N Ve, N)
approaches A¢(z,y) as claimed.

Case N = 2J + 1: As in the case of even IV, we only need to consider the scaled limits
of K%’Q) and Kg\?’Q). It follows from (4.6) that

J—1 ~
s9; [ _ _ Tog(z
Kg]ﬂ( y) — Kglf)(z Y) —22 st |:7T2J( Jemaj1(y) — €7T2J(y)772j+1(z):| + ZQ(J)
7=0
which is equal to
(R ) K ) Z % (L (2) 4 260y (2) ) + 220
¢ 27+1\% ¥ 27 \&HU 2 55y \ 25 m2g\2 m25+1(2 527

<.

by Lemma 6.9. We get that
L [YeN 1) (1,1)
N ¢ (K2J+1(25,Na v) — Ky (Z£7va)) dv

I 1,1 11
- ﬁ/o (K5J+)1(Z&N»%N) ~ K )(Ze,vae,N)) dv,

(6.42)
which converges locally uniformly to zero by Theorem 2.3. Further, we have that
J-1
1 s w(z€) AWITI—X
i E =L = M 4
J1—>H;o o N7T2] (Zg N) o 4 1 ;71 Y 1/2,71/2(26) (6 3)

Jj=0

by (5.9) and (6.32) applied at z = 0 with any pair of parameters such that v = 0. Moreover,
we get from Lemmas 6.7 & 6.8 that

.2 = Soj ~ w(zﬁ)
lim =" T (ze.n) = — (1= \)Miya,_1/2(26). (6.44)
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At last, we have that limj_ s;} = /1 — \/2, which, in combination with (5.9), yields
that

lim 1N%2J (ZE,N) = W(Zg) v1-— )\M1/2’71/2(Z§). (645)

J—o00 So 5
Combining the conclusion of (6.42) with (6.43)—(6.45), we get that

lim N (K5, (e ven) — K (zevsven) ) =0 (6.46)

J—o0

locally uniformly in C x R.

Finally, let us settle the case x,y € R. The only difference from above is in the K;?,’i)l

component. It holds that Kg Ii)l (z,y) — ngz)(%y) is equal to

J—-1

_QZ 52j

S29

[6772]( )€7T2J+1(y) - €7~72J(y)67~1'2j+1(33)] + ety (z) — €7~r2J(y)7

S27

which itself is equal to

/ / 2%,21 (u,v) — Kéb’l)(u,v)) duvdu

(/ / ) % BJ?J( )+2§%2j+1(v)] + %ﬁ?}) dv.

The claim of the theorem now follows by appealing to (6.46) and the conclusion of (6.42). O

6.7 Proofs of Theorems 2.7—2.9
For the proof of Theorem 2.7 we shall need the following restatement of Lemma 6.9.

Lemma 6.10. Fory € (—1,1), it holds that

y
(@)@ = - [ Tl
0 Y (6.47)
(Tons1)(y) = —anjf 73/2( )—/ Tong1(u)du.
0
Proof. We start with formulae (6.36). Since — [ = — [/ +f01, we just need to compute
the latter integral in both cases. It follows from Theorem 4.1 and (5.1) that
1
/ Ton(u)du = P7Y271/2(1) = 1 (6.48)
0
by (5.9). Analogously, we have that
. 1 —1/2,-3/2 —1/2,-3/2 1 1/2,—3/2
e = 5 (PIAR) = BP0 < SRYAR)
L —1/2,-3/2 1
= _iPn—i-l/ / ( )_Ev

where Pn_l/Q’_?’/Q(l) =0 by (5.9). Combining the above equalities with (6.36) yields (6.47).
O
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Proof of Theorem 2.7. To prove the theorem we need to show that the matrix kernel (1.12)
converges to (2.4) with A = Ap defined by (2.6). As before, we employ (4.5) & (4.6).

Case N = 2J: Recall that formula (6.26) holds for all z,w. Thus, ngl)(z, w) is equal
to the right-hand side of (6.26) when z,w € . Therefore, we need to analyze the behavior

of K\, see (6.27), in D x D. Limit (5.15) yields that

; @2 2\ _ i A—1/2,73/2(7')|d7"
JlL)II;OKJ (2%, w?) = %/T (1- 22?)3/2(1 _wQT)(2i+1)/2

locally uniformly in D x D. As A_y/5 _3/2(7) = /=7, one can readily verify that the
functions Kg]’l) (z,w) converge to DApD(z,w). This proves the complex/complex case the

theorem.
Let now y € (—1,1). Then it follows from Lemma 6.10 that

y 171
1,2 1,1 —1/2,-3/2
K;J )(z,y) = _/0 K;J )(z,v)dv ) ZW%(Z)PJ'H/ / (0)

j=0

Yy 1
1,1 1/2,-1/2,—-1/2,-3/2 1/2,-3/2,—-1/2,-3/2
= —/ Ké; )(2'7’0)(1@— - (Z( 7/1 / / / (22,0) - -K 7/1 / / / (2«'2,0)>

where we used (4.4) and (5.2). The first term in the last sum converges to
y
—/ DApD(z,v)dv = DAp(2,0) — DAp(z,y)
0

and the second term converges to

A 10 —A_3/9 _: d
_i/ (A_1/2,3/2(7) 322,2 3/2(7)) ld7| — _DAp(2,0),
dm Jr (1 - 2%7) /

by (5.15) and the computation

A—1/2,—3/2(7) - A—3/2,—3/2(T) = —A—3/2,—1/2(7') = —A—l/z,—3/2(F)-

This yields the complex/real case of the theorem.
Let now z,y € (—1,1). It follows from Lemma 6.10 that

Ty T Y 1 J-1 _ .
Ky (2,y) = /0 /0 K;{;”dvdw( /0 - /0 ) 5 P 0) | du,
j=0

Immediately, we get that

x y x Y
lim K;?]’Q) ((E, y) = / / DA]DD(U, U)dUdU + (/ _/ ) DA]D)(’LL, O)du = A]D)(i[], y)a
N—oo o Jo 0 0

where for the last equality we used the fact that Ap(z,y) is anti-symmetric and is zero at
(0,0). This finishes the proof of the real/real case.
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Case N =2J + 1: It holds by (5.6) and (4.4) that
a7 (2) = cj(=1/2) (1= 2)"32 +0,(1))

mapa(w) = Fei(=3/2) ((1+1) (L= w) ™2 = 31— w)™2 4 04(1))

locally uniformly for z,w € D. As the numbers sy;/s2; are bounded and c¢;(—1/2) ~
(J+1)712 ¢;(=3/2) ~ (j + 1)73/2 by (6.9), we get that

J—1

mor(2) ) %szﬂ(w) =o0;(1)

Jj=0

locally uniformly in D x . Therefore, Kg,i)l has the same limit as ngl) as J — oc.
Further, by (6.47), we have that

1,2 1,2
(KgJ-i-)l - K;J )> (z,y) =

J—1
— (8 -G e dv + ™23 N 525 prajzsz ) M2a(2)
(50 - K)o+ ™2 SRS

As PJ+11/2 3/2(0) = ¢;+1(—3/2) and sa; > 1, this difference converges to zero locally uni-
formly in D x D.
Finally, observe that the difference (Kg,i)l — Kg?]g)) (z,y) is equal to

1,1) 1,1
/ / KgJ+1 Kéj )) (u,v)dodu
82; -1/2,-3/2 2 (v)

J—1
i _ v
P_/% 0) + ——— | dv,
(/ / ) =0 52J g+t ( ) 527

which converges to zero locally uniformly in D xID. This finishes the proof of the theorem. [

The following lemma is needed for the proof of Theorem 2.8.
Lemma 6.11. It holds that

\/j S94 A 1
im —— =~ § 280 =2
I s — 2] — 1227 = 52J7T2]+1<Z) A/ /22

z2—1
locally uniformly in Q.
Proof. Using notation (6.8), we get from Theorem 4.1 that

225+1 J

Z s —2(k +1))er(1/2)cj_x(—3/2)2= 0=k
k=0

m25+1(2)

- ZQ]H ¢;(1/2) Z]: (s —2j —2+2i) ci(sg) Ci(;iﬂ)

e S LI T L imi(1/2) ei(=1/2)
= ¢;(1/2) ( 1 2 & (1/2) % Z c;(1/2) 220

N——
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Thus, using the standard normal family argument, we get that

ron(z) = 292 (95 (1) 0, (1) - (1/5(2) + 0,(1))

4s
_ 2P e(1)2) . ~ _
= G s (2224 0(1) 25— 1-27) (649

locally uniformly in @, where f(z) = y/1 — 1/22. Observe that

1
i(1/2) = (1= 3-) 610072
and that (s — 2 — 2j)s9; = (s — 3 — 2j)s9;42 by Lemma 4.4. Therefore,

(s2j/s2.0)m2541(2) = (14 0;(1)) Bjy1(2) — (1 + 0;(1)) B;(2),

where we set )
22]_1 63(1/2)&

B;i(z) = s—1—279).
J( ) f(Z) 4s SQJ( ])
Hence,
s
Ziﬂ?jJrl( ) =Bz +ZOJ i(1)By—;(2).
=0 527
For each fixed j > 0, we have that
. Vi Bj_j(z) 1+42jct X sy5_9;
lim = — lim ,
Jooo s —2J—1 227 2201 f(2) 44/ J—=oo  Say

where ¢ 1= limj_, (s —2J — 1) (¢7! = 0 when ¢ = 00). The latter limit exists and is finite
by Lemma 4.4 (clearly, equal to 1 when j = 0). Moreover,

lim VI Bo(2)

TS0 s —2J —1 227

=0

locally uniformly in @. Thus, the claim of the lemma now follows from the standard normal
family argument. O

Proof of Theorem 2.8. We rely heavily on (1.12), (4.5) & (4.6), which will be used without
explicit mention.

Case N = 2J: In order to prove (2.7), we shall need to repeat the argument leading to
the proof of (5.16). As in the previous lemma, set f(z) := /1 —1/22. We get from (6.49)
and (5.7) that

S —22,]{3(3‘};]152 i [7-(-2]- (Z)ﬂ—2j+1(w) — Tr2j (w>7r2j+1(z):| =
j=0
J—1 3 1—5 1/2 . w 0j—1—j — 2z 0J-1-j
Z = 2Js( = <1+ 3—2]2.]> Ctos ((lz)ql)zj-sil—i_ . (1))+ (6.50)

=0
L3 a2 (1 L2+ 1> w(l+ 0y 15(1) = #(1+ 051 5(1)

s—2J (zw)?23+2
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Since lim ;oo (s — 2J) = ¢, by (6.9) we have that

_h,(1/2) o N c5_y_;(1/2) A
lim ——2—~ = lim ———— 1"~ =2/
J—o0 2s J—oo S 4J ™

we deduce by employing the normal family argument that the right-hand side of (6.50)

converges to

A 142t K14+ (25 + 1)t Aw— 2 =14 jc !
e e R
™ e~ (zw)% , (zw)? Tozw 4 (zw)d
j=0 j=0 7=0
o Aw—2 14 c!
 oraw-—1 zw—1

locally uniformly in @, from which the claim of the theorem easily follows.
Case N =2J + 1: We get from (5.7) and Lemma 6.11 that

li 2 7T2] A 1
1m E J———
J—ooo 8§ —2J — 2J+1 W2J+1 Twvz? —1vw? —1

locally uniformly in @ x @. Then, as limj_, (s — 2J) = ¢+ 1 now, it holds that

|zw|®  DSayi1(z,w) |zw|®  DSay(z,w) A1 w—z
lim + = lim + ——
J=oo (zw)?/ 1 s —2J—1 Jooo (zw)? 1l s —2J -1  waw+ /22 — 1WVw? — 1
A w—z 1 14t ¢!
= = — + +1

T2 —1Vuw2—1zw |zw—1  (z2w—1)2
locally uniformly in @ x O. Since

1+4¢t ¢t ZW c c 2W zwe™

zw—1 (zw—1)2+1_zw—l+zw—1+(zw—1)2_zw—1+zw—1’
the theorem follows. O
For the proof of Theorem 2.9 we shall need the following lemma.
Lemma 6.12. For |y| > 1, it holds that

(Fan)y) = —Sre— | Tl
/ (6.51)

(Fami)(y) = — /5 Fane (u)d,

where £ = £1 and the numbers si, were defined in (4.7).

Proof. We start with equation (6.36). Assume y > 1. Then — [ = — [Y — [ It holds
by Theorem 4.1, (5.1) and (5.9) that

1

oo 1
— Ton du= ——pY/2-3/2(1y = — —_
/1 Tant1(u)du = — P, (1) i
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To finish the proof of the second equality in (6.51), we only need to observe that, since
Ton+1(u) is an odd function,

Y Y
/ %2n+1(u)du = / %2n+1(u)du.

Analogously, we get that

e A

where we used the fact that 7y, is even, (4.7), and (6.48). Now, since
Yy Y
—/ Ton(u)du = sap, —/ Ton(u)du,

the first equality in (6.51) follows. The case y < —1 can be handled similarly. O

Proof of Theorem 2.9. To prove the theorem we need to show that the matrix kernel (1.12)
converges to (2.4) with A = Ag defined by (2.11). Again, we shall utilize (4.5) & (4.6)
without mentioning it . Clearly, the case u,v € @\R follows immediately from Theorem 2.8
(see also (2.8) and (2.10)).

Case N = 2J: According to Lemma 6.12, it holds that

J—1

Yy
K () = - /5 KD (2, o)+ €, 3 sai0511(2),
=0

(2.2 (1,1) ! T\ -
K77 (z,y) = KQJ (u,v)dvdu + [ & =&y Z S9o 41 (u)du
§yoo ) =0

where &, = sgn(u), u € R\ {0}. From Lemma 4.4, we know that

s+1r(5722.171>&
2 D) s

S25 = 2(1 + 09(1))

and therefore when y € R and limj_, (s — 2J) = ¢ < oo Lemma 6.11 implies

J—1
B - c—1T(%) 1
1m -—-+= 894,795 z .
ey (zy)w; 2i2j41(2) = 2yr T (%) |2|ov22—1

Furthermore, the above limit equals zero when lim ;_, o (s —2.J) = oco. Since |zy|*/ /(2y)? =
|zv|27 /(2v)? for y,v € R and |uv|?*/ = (uv)?’ for u,v € R, the claim of the theorem follows.
Case N = 2J + 1: by Lemma 6.12, it holds that

y ~

1,2 1,2 1,1 1,1 7T2J(Z)

K2, (2, y) = K52 (2,y) — 5y§ s2;72541(2) — /5 (STRES SR (2 0)d + 222
j=0 Eh

(6.52)
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Since |zy[27 1/ (2y)?7 1 = &[22 F /22T H = 202 F1/(20)27FL) when ¢ = limy_o0(s —
2J — 1), we deduce from the first part of the proof that

J—1
o [eyP (1,2) ~ Y B(z,v)
}ET;OW Ky (zy) — & ]EZOSQJWQJ'-i-l(Z) = e — v (6.53)

Furthermore, it holds that

l2y[2T+L Y @y @y y AR
)2 e o (K2J+1 - Ky ) (z,v)dv = L- % WKZJ (z,v)dv

y 20+ 20+
[ (i - T o) o
and therefore
N e (1,1) (1,1) Y 1

Jlgr;OW - <K2J+1 K;; )(z,v)dv = . 1- P B(z,v)dv. (6.54)
It also true that

. |2y |27+ Tos(2) &y lim cy(1/2) _ LF(Cgl) £, (6.55)

Jooo (2y)¥ L say |z|eV/zE — 1o sy VT T (S) |z|ev22 -1
Substituting (6.53)—(6.55) into (6.52), we obtain the desired result. Going through the
steps above, it is rather straightforward to show that the corresponding limit is zero when

lim s o0(s — 2J) = 0.
Finally, observe that by Lemma 6.12,

ngi)l(;v y) =K, 22) (z,y) <§y/ /5 ) ZSQJWJJA
J;OO yoo

T Y y B
+/ / KSJ}& Kgljl)) (u,v)dvdu + (/ / > oy (u uat &y . fz.

The last case of the theorem is now proved by doing steps similar to (6.53)—(6.55) and
observing that

£y (61} f;p 5 sgn(m — y)) = %sgn(ﬂc —y). O

6.8 Proof of Theorem 2.1
For the proof of the theorem we shall need several auxiliary computations.
Lemma 6.13. It holds that

eTan(y) = —yP VPR, <1,

2
~ Yy _
€Mont1(y) = Zspﬁ/z 32(y2), ly| > 1.

In particular, €mo,(£1) = F1 and emgp41(E£1) = ﬁ.
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Proof. Evaluating the integrals appearing in the proof of Lemma 6.9, we get that

o . Y2kt

€ (x max{l, |:c\} ) (y) = T lyl <1
2k+1 —s |y[?FH2-e

e(;v + max{1,|x\} )(y) = s ly| > 1.

Thus, the formula for €7, (y) follows from (4.4) & (5.1) and the fact that (2k+1)ci(—1/2) =
cx(1/2), see (6.8) for the definition of these constants. Moreover, we can rewrite the formula
for mo,41 in Theorem 4.1 as

1 n
Ton41(2) = o > (s = 2k — 2)ex(1/2)en—k(—3/2)x* !
=0

from which formula for ema,11(y) easily follows. The final claim of the lemma is an imme-
diate consequence of Proposition 5.6. O

Lemma 6.14. For z > —1, it holds that

L T(m+1/2) T(M—m+1+z) 4 T'(M+3/2) T(1+ux)
T(m+1) I(M—m+5/2+2) 2M+3+2z D(M+1) I'(3/2+a)

m=0

Proof. The case M = 0 is elementary. Thus, it only remains to complete the inductive step.
The sum we are computing is equal to

' Tm+1/2) TM—1—-m+1+z+1) T(M+1/2) T(1+a)

T(m+1) T(M—1-m+5/2+x+1) T(M+1) I'(5/2+x)

m=0
and, by the inductive hypothesis, to

4 I(M+1/2) T(1+x) T(M+1/2) T(1+az)
2M—1)+3+2@+1) TI(M) TI(/2+xz) T(M+1) I(5/2+x)

and hence to

4 I'(M+1/2) T'(1 2M + 3+ 2
(M+1/2) T(1+2) M1+ 1)+ +3+42z
2M +3+2x T'(M+1) T'(5/2+ z) 4

This finishes the proof as the term in square brackets factors as (M +1/2)(3/2+z). O

Lemma 6.15. [t holds for x > 0 that

+1/2) T(j+a) 2T(J+1/2) T(J+x)

y+1 T(j+3/2+2) « T(J) TWT+1/2+2)

M

7=0

Proof. The case J =1 is trivial. Thus, we need only to show the inductive step. The sum
we are computing is equal to

g+1/2 r(+z) r'J—-1/2) T'(J-1+x)
+1) T(+3/2+x) rJ)y TWJ+1/2+z)

M
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which, by the inductive hypothesis, can be written as
gF(J—l/Q) N'J—-1+z) NJ—-1/2) T(J—-1+=x)
z I'(J-1) T(J-1/2+=x) rJ) TJ+1/2+z)
which, in turn, is equal to
2T (J—-1/2) I'(J—-1+=x) 1 x
— -1 - = —.
2 T Tutiera |Vt ts

As the term in square brackets factors as (J — 1/2)(J — 1 + z), the proof of the lemma is
complete. O

Proof of Theorem 2.1. Case N = 2J: For a measurable set A C R, denote by N4 the
number of real roots of a random polynomial of degree N from the real Mahler ensemble
that belong to A. It follows from (1.9), (1.11), (1.12), and (4.5) that

0 nne(x,
BINAL = [ P (Ko 0)]dpste) = [ Po )| dpne)
A A exn(z, ) 0
J-1
S / 2 [T () Fans1 (&) — Foms () o (2)] dpip (). (6.56)
n=0"A4
Let A = [~1,1], where we abbreviate Nij, = Nj_1,1;. Recall that for z € [-1,1],
7Tk (x) = mp(x). Further, since e operator for real arguments essentially amounts to anti-
differentiation, see the paragraph after Theorem 1.4, we also have that (e7)’(z) = —7x(z).
Therefore,
J—1 1
~ ~ 1 ~
E[N,] = Z [267r2n+1(1')e772n(z)|_1 —4/ Ton+1 () €Ty (x)dur (x)
n=0 -1
J-1
= Js' + ) I, (6.57)
n=0

where we used the second conclusion of Lemma 6.13. Appealing to Lemma 6.13 once more,
as well as to Theorem 4.1, we obtain that I,, equals

_gif(k—i—?)/Q)F(n—kz—l/Q) s—2k—2
T Fk+1) TI'(n—k+1) 2k+2m+3

Ts £ m—|—1 F(n—m—l—l)

Since s — 2k —2=—(2k+2m+ 3) + (s + 2m + 1) and applying Lemma 6.1 with a = 3/2,
b= —1/2, and x = —m—1, we see that the term in square brackets from the above equation
is equal to

(=(m+1)-(=(m+1)—(n—1))
(= (m+3/2)) (= (m+3/2)—n)’

—2P,/*732(1) — (s + 2m + 1)
As Pﬁ/2’73/2(1) = P{1/2’71/2(1) = 1 by Proposition 5.6, we further get that

n

2 1 <t om 'm+1/2)T(n—m+1/2) T(n+m+1) I'(m+3/2)
In= 3+7rsmzzo( +am+1) I'm+1) T(n—-m+1) T'(n+m+5/2) T(m+1)
(6.58)
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Observe that

F'(m+1/2)T(m + 3/2) 140 1
'(m+1) T(m+1) m+1
by (6.9). Thus, upon replacing m by n — m, we get that

n

201 1 I'(m+1/2) T(2n—m+1)
=St 2 <1+O(nm+l>) [s+2n+2-2m—1] T(m+1) T(2n—m+5/2)

m=0
It follows from Lemma 6.14 applied with M = n and z = M that

n

'(m+1/2) T@2n—m+1) 4
I'(m+1) T'2n—m+5/2) 4n+3

m=0

and therefore

> (1+0 (=) Tttty = s 0 ()

m=0

where the term O(-) follows from the estimates

F(m+1/2) T2n—m+1) < I'(n+1)
T(m+1) T(2n—m+5/2) ~ D(n+5/2)

Thus, we deduce that

S+2n+2 4 logn
I, = —
s <4n+3+0<(n+1)3/2)>
P(m+3/2) T(2n—m+1)

_;_;%(Hon_m )T+ D) T@n—mis/2)

Using the monotonicity of the second fraction in the sum above once more and since

" T(m+3/2) 2T(n+5/2)
Z I'(m+1) gf(n—i—l)7

m=0

it holds that

2L(n+5/2) T(2n+1) < T'(m+3/2) T2n—m+1) <g
3 I'(n+1) I'(2n+5/2) = 2= TI'(m+1) I'Cn—m+5/2) ~ 3
It now easily follows from (6.9) that
1 1 logn {a term, which is uniformly bounded with n}
" n+3/4 (n+1)3/2 s ’

By plugging the above expression into (6.57), we obtain the first claim of the theorem.
Let now A = R\ (—1,1), in which case we abbreviate Noyt = Ngy\(—1,1)- As the integrand
of (6.56) is an even function of z, we can write

J—1

ElNewl = 3 [46%2n+1(x)€%2n(x)|j°+8 /100 Famsr () Fon (2)dpn (2)
n=0

J—1
= Js' 4> I (6.59)
n=0
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where we used the second conclusion of Lemma 6.13 once more. As before, by appealing to
Lemma 6.13 and Theorem 4.1, we deduce that I, s equals

2z":r(z+3/2 (n—1i+1/2) 1z”:r(k:+3/2)r(n—k—1/2) 1

ms e T(i+1) Tn—i+1) | m& T(k+1) Tn—k+1) s—i—k—3/2

The term in square brackets can be summed up using Lemma 6.1 applied with a = 3/2,
b=—-1/2, and x = s —i — 1, to yield

_72 Iri+3/2)T(n—i+1/2) T(s—i) TI(s—i—n—3/2)
Ins s ri+1) T'(n—i+1) I(s—i—1/2) T(s—i—-mn)

(6.60)

By plugging the above expression into (6.59) we get

233 T(+3/2) T(s—i) T(m—i+1/2)T(s—i—n—3/2)
ENow] = Js +E; T(i+1) F(57i71/2); Tn—i+1) T(s—i—n) |
Since
—D(n—i+1/2)T(s—i—n—3/2) J_l_sz—i—l/Z I'(s—2i—m—3/2)
Z:: I'(n—i+1) I'(s—i—mn) mz::() I'(s—2i—m)

we get from Lemma 6.14 applied with M =J — 1 —d and v =s — J —i — 3/2 that

J—-1

_ 2
E[Nout] =Js ! + EZ;

T(i+3/2)0(s—i)[(s—J —i—1/20(J —i+1/2) 2
T(i+)(s—i—1/2)T(s—J —i)L(J—i) s—1—2

2 R T(J—m+1/20(s—J+m+ DA +m—1/2)T(m+3/2) 1

s I'(J—m)T(s—J+m+1/2)T(A+m)I'(m+1) m+ A/2’

m=0

where A := s — N + 1. Using (6.9), we can rewrite the sum above as

2 C_T(J—m+1/2) T(s—J+m+1) [m+1 1 1
s I'J—m) T(s—J+m+1/2) m+A(1+O(m+1>>m+A/2'

fm+1T(J—-—m+1/2) T(s—J+m+1) <F(J+1/2) I'(s)
m+A T(J—-m) T(s—J+m+1/2) - T(J) TI(s—1/2)
we have that

2 2T J m+1/2) C(s—J+m+1) [m+1 1 1
FZ m) T(s—J+m+1/2) m+AO<m+1>m+A/2

= st—lON(l),
and therefore
J—1
2 FJ m+12 s—J+m—+1 m—+1 1
[ out] / Ns 1ON 72 /) ( )

s I(s—J+m+1/2)V m+Am+A/2

=0
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Furthermore, as

_ fm+1 A—-1 A
m+ A \/m+A(\/m+A+\/m+1)_m+A/2’

and since, estimating as before,

2 AT J m+1/2) T(s—J+m+1) A g *°  Adz
;Z: m) T(s—J+mt1/2) (mtajae = Ve ON()/O @+ A272

where the integral is equal to 2, we have that

J—-1
BNow] = Vs 10x(1) 4 2 3

m=0

NJ—-m+1/2) T'(s—J+m+1) 1
I'(J—m) T(s—J+m+1/2)m+A/2

Continuing on the path of estimates, observe that

(J-—m+1/2) T'(s—J+m+1) 1
T(J —m) r(s—J+m+1/2)\/(Jm)(s‘]+m)<1+O(J—m)>

by (6.9). As s —J = A+ J — 1 and respectively
vVs—=J+m J
“mxan VU mO(J m>—0 ’
we get that

J—1
;n;)\/((]m)(sJer)O(J—lm)m—i—lA/Q_ 1ON()

and therefore

2 1
[ out] \/?ON Emzz:o\/ J+m) +A/2
Now, it holds that
VI(s=T) = /(T =m)(s = J +m) = m(m—1+4) _ m(2m+A)

VIS =T )+ /(T =m)(s—J+m) ~ /J(s—J)

and that

72 m@m+A) 1 1VJI(J -1
s \/57—m+A/2 T osvs—J

where we used the fact that s — J > J. Hence,

< lefl,
™

Elow] = VN3 TON(1) + mez
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Finally, it only remains to notice that

o T de = 1
SRR R T S
m+A)2 0o T+A/2T fem+A/2
which yields that
J—1 1
—_— — = — — -1
mzzjoerA/? log(N +A) —log A+ Opn(1) log (1= Ns™) + On(1).

Case N = 2J +1: It follows from (4.6) that to prove the asymptotic formula for E[N,],
we need to show that

1 J—1 ~
/ (-2 3 20 Ty (@)Fansi (@) — Fos(@)Tanir (2)] + W) dur(z) = On(1).

-1 —o 527 S2J
(6.61)
One can explicitly compute exactly as in Lemma 6.13 that

- 1p—1/2,—1/2 LT (=)
557 / mog(x)dpr(z) = 255, P, ' (1) =2s5; = <1 (6.62)

5 F(=5%) (5

by Proposition 5.6, the definition so7, see (4.7), and (6.9). To estimate the remaining part
of the integral observe that

2/ (%2](%)6%2n+1($) — 6%2]($)%2n+1(x)) d/L]R(LL') = % — 4/ 6%2]($)%2n+1($)d,uR(,’E)

-1 -1

exactly as in (6.57). Moreover, as in (6.58), we have that the above quantity is equal to

1 1< T(m+1/2)T(J—m+1/2) T(n+m+1) T(m+3/2)
‘;*?37;(”2”‘“) Tontl) TU—m+1) Tmimt5/2 Tmi1) = 06
Observe that
L T(J—m+1/2) Tntm+1) _ 4 [(J+3/2) T(n+1) _  On(1)

(J-m+1) T(n+m+5/2) 2(J+n)+3 T'(J+1) T'(n+3/2) = \/J(n+1)

m=0
by performing the substitution m — J — m and applying Lemma 6.14 with M = J and
x = n, as well as by using (6.9). Since
s+2m+1T(m+1/2) T(m +3/2)
TS T(m+1) T'(m+1)

=0(1),

the sum in (6.63) is bounded by a constant times 1/4/J(n + 1). As the numbers sg,, increase

with n and hence s9,,/s27 < 1 for n < J, and since Zi;(l] 1/4/J(n+1) = On(1), we see
that (6.61) indeed takes place.
To prove the asymptotic formula for E[Noyy|, we need to show that

J—-1

_ SQJ% T)em ) — 7o 1 ()7 - %2](33) .
/R\(m)( 2,;) [ 2. (2)€m2n11(2) 2.7 (@) Tan41( )] + )dMR( )

— 52 S2J

= VNs10x(1). (6.64)
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We immediately deduce from the definition of sy and (6.62) that

' )T (=)
sil/ z)dpr(z) =1— 2 2 = NstOn(1),
ST CO R G W

where, as usual, we used (6.9). Further, we have as in (6.59) that
2 [ (Farle)eansa(s) = oy (@)ana (o)) dpa ()
R\( )

_1 + 8/1OO €Tont1(2) Mo (x)dpr ().

S

The same computation as in (6.60) tells us that we need to estimate the quantity

J

7232,1 rc+3/2)T(J—-i+1/2) TI(s—i) TI(s—i—n—3/2) (6.65)
s27 &2 D(i+1) (J—i+1) I(s—i—1/2) T(s—i—-n) '
where we dispensed with the term Z’ 152—"735 it is bounded above by Js~!. Since s > 2.J,
we have that
J=1p (=1 . J—1 .
Z (5t —n)T(s—i—n—3/2) '(J—-n—-1/2)T(s—i—n—3/2)
o I'($-n) T(s—i—mn) T o= T(U-n) I'(s—i—n)
TG+ 1) TG s — T —i—1/2)
= 'G+1) T@G+s—J—i+1)
B 2 N(J+1/2)T(s—i—1/2)
 s—J—i—1/2 T(J) [(s—1)

by Lemma 6.15 applied with x = s — J — ¢ — 1/2. Hence, (6.65) is bounded above by

2T(J+1/2)T (=5+)
ws  T'(J) I (s58)

T(i+3/2)T(J —i+1/2) 2
Ti+1) T(J—i+1) s—J—i—1/2

-

I
=

3

and respectively, upon replacing s by 2J, it is bounded above by

4T +1/2T (S N1y 1"2—1—3/2 T(J—i—1/2) N(s—N)
s T(J) Z N(J—i+1) s ’

=

where we used (6.9) and the fact that the sum on the left-hand side of the above inequality
is nothing else but Pl/ 2,-3/ 2( 1), which is equal to 1 according to Proposition 5.6. This

finishes the proof of (6 64) and therefore of the theorem. O
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A Random Normal Matrices
Normal matrices are square matrices which commute with their adjoints. That is, a matrix
Z ¢ CV*N is normal if ZZ* = Z*Z. By the spectral theorem, if Z is normal, there exist a
unitary N x N matrix U and a diagonal matrix A such that

Z =U"AU. (A.1)

Given a normal matrix X € RV*¥  there exists an orthogonal matrix O and a block diagonal
matrix I" such that

X=0"TO, where T = oL

By |

and the oy € R and the B,,, € R?*2 are of the form

Bm:|:xm ym:|.

—Ym Tm

Clearly, in this situation, L +2M = N.

We will denote the set of complex normal matrices by Ny (C) and the set of real normal
matrices by Ny(R). Ny (C) and Ny (R) are naturally embedded in CV*Y and RNV*N
respectively. The canonical metrics on CNV*V and RV*¥ induce metrics on Ny (C) and
Ny (R), and from these induced metrics we arrive at natural volume forms in these sets.
These volume forms in turn induce measures on Ny (C) and Ny (R) which we will denote
by 6c and O respectively.

Equations (A.1) and (A.2) yield spectral parametrizations of Ny (C) and Ny (R)—the
coordinates of which we refer to as spectral variables. Among the spectral variables are those
which represent the eigenvalues of normal matrices. The remaining variables are derived
from the eigenvectors. In the case of Ny (C) we may produce a canonical measure {x on
the sets of eigenvalues (as identified with CY) by integrating the pull back of ¢ under the
spectral parametrization with respect to the eigenvalue coordinates over the entire unitary
group. This removes any dependency of the measure ¢ on U, and what we find is that
&n encodes the local behavior of sets of eigenvalues of matrices in Ny (C). As we shall
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see, £y is absolutely continuous with respect to Lebesgue measure on CV and its Radon-
Nikodym derivative is the familiar-looking Vandermonde term which demonstrates how the
eigenvalues of random normal matrices tend to repel each other.
We may likewise produce a canonical measure on the set of eigenvalues of real normal
matrices as identified with
U RE x CcM,

(L,M)
LA2M=N

For a particular pair (L, M) such that L +2M = N, we will call RL' x CM a sector of the
space of eigenvalues. In the case of real normal ensembles, the canonical measure on the set
of eigenvalues induces measures £, 37 on each of the sectors RL x CM, and we shall see that
€1 is absolutely continuous with respect to Lebesgue measure on RY x CM. As in the
case of Ny (C), the Radon-Nikodym derivative of &1, s with respect to Lebesgue measure
on RE x CM demonstrates repulsion among the eigenvalues of random real normal matrices.

A.1 The Spectral Parametrization and the Induced Measure on
Eigenvalues

A.1.1 Complex Normal Matrices

The joint density of eigenvalues of complex normal matrices [?] is well known, but we recall
the derivation here as it motivates the discussion of real normal matrices. See also [?] for
an exposition on calculations of this flavor.

Nx(C) inherits the Hermitian metric from CN*¥ given by Tr(dZ dZ*) where

Z = [zmn) and  dZ = [dzpm.n]Y

m,n=1 m,mn=1"

First we write
Tr(dZdZ*) = Tr(U*UdZU*UdZ") = Tr(UdZU*U dZ"U").
Using the change of variables (A.1), we have
UdZU* =dA +UdU"A+AdUU",

Since UU* =1,
dS :=UdU* = —dU U",

and hence
UdZU* =dA+dSA—AdS=dA+[dS,A],

where the brackets in the latter expression represent the commutator. Clearly then,
UdZU"UdZ*U" = dAdA* + [dS, A]dA* + dA [dS, A*] + [dS, A] [dS, A"].

It is easily seen that Tr [dS, A] = 0 and therefore Tr ( [dS, A] dA*) = 0. By similar reasoning,
Tr (dA [dS,A*]) = 0, and hence

Tr(dZ dZ*) = Tr(dA dA*) + Tr ([dS, A] [dS, A™]). (A.3)
Setting dS = [dsymnlp ,_; and A = [6n.nAm]y ., then
N * ~ ~ N
[dS,A] = [dsmn(Ae = Am)], ., and  [dS,A*] = [dsmn(Cn — Am)], |,
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and

N N
Tr ([dS, Al[dS, A"]) = > " dsmn(An — Am) dspm(Am — An)

m=1n=1

= - Z dSmn dSn | Am — Xn|2 - Z dSum.n dSnm|Am — Xn|2.

m<n m>n

Using the fact that dS is antihermitian, that is dsy ,, = —dsy, », we find

Tr ([dS, A][dS, A*]) =2 > |dsmnl*Am — Anl?,

m<n
and hence, by (A.3),
N
Tr (dZdZ*) =Y |dA]* + 2 [dsmnl*Am — Anl*.
n=1 m<n

Finally, we define the vector of ‘spectral variables’
dv = (d)\l, ceey d/\N,dSLQ, ey d817N,d8273, ceey d82,N7 ceey dSN—l,N)

and thus,
Tr(dZ dZ*) = dv' G dv,

where G is the Hermitian metric tensor

I
2[A1 — Ao|?

2|A1 — An)?
2[A2 — A3/?

2[X2 — An|?

2]An-1 — An |2

and I is the N x N identity matrix. The metric tensor induces a volume form on Ny (C) as
parametrized by the spectral variables as given by

N
dw = |detG{ A d/\n}/\{ A dsm,n},
n=1

m<n
and it is easily seen that
det G = 2N<N—1)/2{ II A - )\n|2}.
m<n

Integrating out the spectral variables which correspond to the entries of dS—and therefore
only on the eigenvectors of Z—we are left with a form dependent only on the eigenvalues.
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That is, there exists a constant C, depending only on N, so that the induced volume form
on eigenvalues is given by

dweigs zCN{ H |)\m—/\n|2}d)\1 A ANdAy. (A4)
m<n
A.1.2 Real Normal Matrices

Here we fix L and M so that L +2M = N and we suppose that X, O and I' are given as in
(A.2). Next we set By = T + 1Ym;m = 1,2,..., M and define the N x N matrices

aq
ar,
b1
A= — ,
B1

Bu

L B
and ~ -
1
1 1 1 —i
Y = C where C—\@{_l 1},

C

the upper left block of Y is the L x L identity matrix, where the lower right block is block
diagonal consisting of M non-zero blocks. It is easily seen that Y is unitary, and YI'Y™* = A.
That is, if we define U = QY

X =UAU™.

It follows from arguments in Section A.1.1 that

L M L
Tr(dX dX*) = doj +2 Y [dBnl> + 2 |dsjl*la; — oxl®
—1 m=1 J<k
L M o,
+23 > " dsoppam-1|ae — Bml® + dse s ram | — B,
=1 m=1
M
+2 Z dsp+om—1,0+20—1|Bm — Bnl|* + dSp+2m—1,1+20|Bm — Byl?
m<n
M o B
+2 Z dst+om.i+20|Bm — Bnl® + dSp+2m.L+2n-11Bm — Bul?

m<n

M J—
+2 ) |Bm — Bl
m=1
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We observe that,
dS =UdU* = 0Y d(OY)* =0YY*dO" =0dO",

and consequently dS is independent of Y. We also note that |d3,,|* = dz2, + dy?2,.
Like in the case of complex normal matrices, we introduce spectral variables

dal,...,daL,dxl,dyl,...,dxM,dyM,dng,...,dsLN,dsz,g,...,dszN,...,dsN_l,N.

It is easy to compute the Riemannian metric with respect to these variables, and the volume
form on Ny (R) is given by

w = \/M{Z\ldag}/\{ 7\ dxm/\dym}/\{ A dsm,n},

m=1 m<n
where
L L M
|det G| = 2N(N_1)/42M{ I11es - akI}{ IT IT lee - ﬁm|2}

<k {=1m=1

M M

x { I 18 — M}{ II 2Im(ﬁm)|}.
m<n m=1

We conclude by integrating over the entries of dS that there is a constant ¢y depending
only on N, such that the induced volume form in eigenvalues is given by

Weigs = cNQM{ f[ laj — ozk|}{ ﬁ ﬁ g — BmQ} (A.5)

i<k /=1 m=1

>< {ﬁ[nwm —5n2}{7ﬁ12|lm(ﬁm)|}{2\1dae} M A de,, i .

m=1

A.2 The Induced Measure on Eigenvalues

Given XA € CV, we define the Vandermonde matrix and determinant by

N

m,n=1"

A(A) =detV(A)  where  V(A) = [A\77]

More generally, given a family of monic polynomials p = (p1, pa, . .., pn) with degp, = n—1
we define the Vandermonde matrix for the family p by

VP(X) = [pm(An) vz -

We will call such a family of polynomials a complete set of monic polynomials. It is easily
seen that
det VP(A) = det VP(A) = [ (A = Am) = A(N).
m<n
It follows that, in the case of Ny (C), the measure on eigenvalues x induced by (A.4) is
given by
dén(A) = On AN dug (N),
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where M(JCV is Lebesgue measure on CV.

Similarly, for Ny (R), and the sector of eigenvalues represented by RY x CM: Given
B= (B, Bu) € CM and a = (ay,...,ar) € RE then the measure on eigenvalues £, ps
induced by (A.5) is given by

dép i (a, B) = en2V|Ae, B)| dug (o) dpt’ (B),

where A(a, B) is the Vandermonde determinant in the variables a1, ..., ar, 81, By, - - -, Bar, B
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