LARGE DEVIATIONS AND LINEAR STATISTICS FOR POTENTIAL THEORETIC
ENSEMBLES ASSOCIATED WITH REGULAR CLOSED SETS

MAXIM L. YATTSELEV

ABSTRACT. A two-dimensional statistical model of N charged particles interacting via logarithmic repulsion
in the presence of an oppositely charged regular closed region K whose charge density is determined by its
equilibrium potential at an inverse temperature (3 is investigated. When the charge on the region, s, is greater
than N, the particles accumulate in a neighborhood of the boundary of K, and form a point process in the
complex plane. We describe the weak™ limits of the joint intensities of this point process and show that it is
exponentially likely to find the process in a neighborhood of the equilibrium measure for K.

1. INTRODUCTION

In two-dimensional electrostatics, charged particles are identified with points in the extended complex
plane. The potential energy of a system of two like charged particles located at z,w € C is proportional
to —log|z — w|. More generally, if z;,z,,..., zy are the locations of N identically charged particles, then

{z,,..., 2y} determines the state of the system and the potential energy of this state is given by
- Z loglzﬂ - Zm|'
m<n

The energy is minimized when the particles are all at co. In order for the system to be found in a
state where the particles are at finite positions, there needs to be a potential (or other obstructions) which
repels the particles from co. We represent this field by V so that the interaction energy between a particle
located at z and the field is given by V/(z). The total potential energy of the system comprised of the N
particles in the field is given by

N
E(zyy...zy) :ZV(zn) - Z log|z, —z,,|.
n=1

m<n

The system is assumed to be in contact with a heat reservoir so that the energy of the system is vari-
able, but the temperature is fixed. In this setting, 5 denotes the reciprocal of the temperature, and the

Boltzmann factor for the state {z,,...,zy} is given by
N
o~PE ) — {He—ﬁ‘/(zn)} iz 21"
n=1 m<n

This quantity gives the relative density of states, so that the probability (density) of finding the system in
state {z,..., 2y} s given by

-1 —BE(ZyeyZy _ —BE(2{yu0rzy QN

Z3 s ve PEGo-m0), oy gy _J e PEC-m)dA®N (7, 2.
CN

Let w := Z;\Izl 8, be the empirical measure associated with a state {z,,...,zy}. In this work we take

V to be minus the equilibrium potential for some regular closed region K and study the following two
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questions. First: what is probability to find the system (empirical measure w) close to a given Borel
measure on the complex plane (large deviation principle); second: what is the limiting behavior of the
marginal probabilities of the probability density function for this system (linear statistics).

These questions have been obviously considered before. In [17, 18, 2], see also [10, 1], the large
deviation principle was shown for the case of the external field V' being identically +oco of the real line
(thus, all the charges are confined to the real line) and satistying lim, |, (log|x| — € V(x)) = —oco for any
€ > 0. This work was further extended to the case V(z) = |z|* without confinement to the real line in
[3, 8]. In [9], the large deviation principle was shown to holds for particles restricted to the unit circle,
1.e., V is continuous on the unit circle and V = +o0 of it.

As to the linear statistics, the case of particles confined to the real line and V' being polynomial of
even degree with positive leading coefficient was studied in [11]. The case where particles are restricted
to a compact subset of the complex plane interacting in the presence of a continuous field was treated in
[6]. No confinement case with regular fields satisfying V(z) > (14 ¢)log(1 + |z|) for some € > 0 was
considered in [7].

2. MAIN RESULTS

2.1. Potential Theoretic Setting. For any probability Borel measure on C, say v, set

1= [ og

to be its logarithmic energy (negative free entropy), where dv®”(z,,,...,z,) := dv(z,)---dv(z,). For any
compact set K the logarithmic capacity of K is defined by

m@%:ap{—id Hﬂ}

supp(v)CK

dv®*(z,u)
|z — u]

It is known that either cp(K) = O (K is polar) or there exists the unique measure wyg, the logarithmic
equilibrium distribution on K, that realizes the infimum. That is,

0 ep(K) =exp { - 1]}

The logarithmic potential of ey, that is,

kuyzjbg !

|2 — u|

dewg(n),

is equal to I [wy ] guasi everywhere (up to a polar set) on K and is at most as large everywhere in the com-
plex plane. The set K is called regular with respect to the Dirichlet problem if V¥« = I{cwy] everywhere
on K. The Green function with a pole at infinity for the unbounded component of K¢, the complement
of K, is defined by

g =1[w] — VeE,
It is a non-negative harmonic function in K¢\ {oo} with a logarithmic singularity at infinity. Moreover,
it is zero q.e. on K and is, in fact, continuous if K is regular.

Let s and N be two parameters such that s > N. We always assume that s and N scale in such a fashion
that the limit of s™'N as N tends to infinity exists and define the following energy functional

2
2 L[] =Iv]+ ZJ gxdv, {:= lim s7'N,

N—oco

where it is understood that I,[v] = oo for all v such that supp(v)N K # &.
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| prop:minenergy | Proposition 1. Let K be a compact set with connected complement which is regular with respect to the Dirich-
let problem. For all { € [0,1], it holds that

o fonl <10)

for any compactly supported probability Borel measure v # cwy.

Clearly, [Z[ v]=I[v ] for any measure v supported on K as g =0 on K. Hence, [;[wg] =I[wg] and
therefore coy is the unique minimizer of the weighted energy functional /, for any ¢ € [0,1].

2.2. A Model for Random Configurations. Let K be a compact set with connected complement which
is regular with respect to the Dirichlet problem. In this paper we investigate random configurations
whose joint density is given by

] st o8 ateo| [Tl oaF
N,s,B

m<n

where (N, s, B) is a triple of numbers such that
©) Bls —=N+1)>2+¢

for some fixed ¢; > 0, and Zy; 5 is a normalizing factor that turns Q2 5 into a probability density
function. Clearly,

N
© o= [ | - e} TTlea =2l 4,
cN n=1

m<n

where dA stands for the Lebesgue measure on C.
Besides connections to electrostatics and random matrix theory, the results below are also motivated
by number theory. Let K be such that cp(K) = 1 and p be a polynomial. The Mahler of p with respect

to K is defined by
y(p)=esp | [oglpldeog } =expla, > e},
z: p(z)=0

where a, is the leading coefficient of p. When K = D, it is known that dewg(z) = i |dz|, and therefore
M := Mg is simply the classical Mahler measure. In [4], the bound for the number of polynomials with
integer coefficients of degree at most N such that M(f) < const. was derived. The main term of the
asymptotics for this bound came from Zy ., , defined by (6) with K = D. Moreover, it was shown that
Zy s 2 1s a rational function of s with poles at every positive integer less or equal to N. The cases where K
is an ellipse and E = [—2,2] were also investigate in [14, 15].

2.3. Large Deviation Principle. Let 7 = {n,,...,ny} be a random configuration chosen according to
the law €y 5. That is, the probability that n; € O, j € {1,...,N}, is equal to Jor QN,S,ﬂdA@’N for any

open set O C C. To any such configuration we associate the empirical measure w, defined as

1 N
w, = N;S%,

where &, is the classical Dirac delta distribution with the unit mass at z.
Let v and u be two probability Borel measures on C. Then the distance between them is defined by

[ o= rau,

dist(v, u) = sup
f
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where the supremum is taken over all functions f that are bounded by 1 in modulus and satisfy the
Lipschitz condition with constant 1 on supp(v) U sup(u). For measures supported on a compact set it

holds that dist(v,,) — 0 as 7 — oo if and only if v, = v as 7 — 0o, where — stands for the convergence
in the weak* topology of measures (| fdv, — [ fdv for any continuous function f).

Theorem 2. Let K be a compact set with connected complement which is regular with respect to the Dirichlet
problem and such that K = K°. Given (5), it holds that

.1 p
@) Jim N logZy ;5= —El[wx]-

Moreover, for any probability Borel measure v, supp(v) C C, it is true that

0 (10~ 11 ).

®) lim lim L logProb {dist <v,a),7) < e} ==

e—>0N—-o0 N2

Equations (3) and (8) yield that the probability to find w, in a small enough neighborhood of v is
subexponentially small if 7, [v] = co and is exponentially small if 7, [v] < co and dist (v, wg) > 0.

The asymptotics in (7) can be improved if we restrict the attention to Jordan domains with smooth
boundary and 8 =2.

Proposition 3. Let K be a Jordan domain whose boundary JK is a Jordan curve of class' C'*, o > 1/2.
Then

©) log Zy,,» = ~N(N + I [] + O(0)N + O (log N),

where O(x) = logw + 1+ x~ (1 — x)log(1 — x), which is a continuous increasing function on [0,1] with
values 0(0) = log 7t and (1) =log 7 + 1. When s = oo, the term O(logN) can be replaced by 0(1).

2.4. Linear Statistics. The n-th marginal probability of Q ; 5, 7 €{1,...,N — 1}, is defined by
(10) Qg\’;’lﬁ(zl’ s Zy) = ch_ﬂ Qs (21505 ZN)dA®<N_n)(Zn+1a cZy)-

Let 7 be a random configuration chosen according to the law Q2 ; 5 and w, be the corresponding empir-
ical measure. Then w, can be considered as a point process on C. It is known that the joint intensities of

7
this point process are equal to (N!/(N — ”ﬂ)ﬂg\yfl )5 5 That is, if Oy,..., 0, are mutually disjoint subsets
of C, then
. N!
E w (O/e) o — Q(n) dA®n,
[g ’ (N - n)! 0, x-x0, Nos,f5

where E[-] denotes the expected value of a random variable. The following theorem describes the weak”

behavior of the measures Qg\’;)s ﬁdA®” as N — oo.

Theorem 4. Under the conditions of Theorem 2, it holds that
. (n) ®n __ ®n

foreach f € C,(C"), n €N, where C,(C") is the Banach space of bounded continuous functions on C”.

IThe arclength function of JK is continuously differentiable as a periodic function on the real line and its derivative is a-Holder
continuous.
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Theorem 4 in particular implies that
Al[i_IEOE [J fdco,m] :dea)K, f€C,(C),

where n,, = {77]1\[ yeens 77%} is a random configuration chosen according to the law £, 5 since

— M
= J f), da

for any ;j € {1,...,N}. More generally, let {j;,...,7,} € {1,...,N} be a set of distinct indices and
fis--s 1 €C4(C). Set f(zy5-..,2,) :=TT};_, fo(2,)- Then f € C,(C”) and it holds that

E[f (rsonY) ] :Jfﬁg\’;iﬂdA@” +:Z:] <foﬂﬁl,ﬁdA®k> ,

where the inner sum is taken over all possible combinations of 7 —k+ 1 coordinates being equal. Observe
that the first integral on the right-hand side of the equality above converges to [T}_, [ fydewg as N — oo
by Theorem 4. This observation yields the following corollary to Theorem 4.

Corollary 5. Let f € C,(C) and k,m € N. Under conditions of Theorem 2, it holds that

([ (] () )

3. PROOFS

Proof of Proposition 1. Let v be such that dist(v, wg) > 0. Without loss of generality we may assume that
v has finite energy. Recall that g =0 on K. Thus, if supp(v) C K, then I,[v] =I[v] > I[wg] by the very
definition of wy. Otherwise, consider

~

=V + Ve
|K T YK
where Vg« is the balayage of v onto K relative to K¢, [13, Sec. IL.4]. Then it follows from [13,

Thm. I1.4.7] that ¥ has finite energy as well and V¥ < V¥ + [ gedv in K¢, Integrating both sides of
this inequality against v and using Fubini-Tonelli’s theorem for the left-hand side, we get that

f VVdv < I[v] +J gxdv.

In fact, it also true that V¥ = V” + [ gxdv everywhere on K as K is regular with respect to the Dirichlet
problem, [13, Sec. II.4]. Therefore,

1) <1D1+2 | gedv =11 <40
The desired conclusion now follows from the fact that supp(vV) C K and therefore I[cwoi] < I[V]. O

Put, for brevity, wy := e~ and define

(11) Sn(wk) _sup{H|Z -z |1_[wa1 z,): zl,...,zN)e(CN}.

m<n
Lemma 6. Let {A,,..., Ay} be any configuration satisfying
(wK) = H |/1n - /1m| H w[]é[_l(/ln)’
m<n n

then {A,,..., Ay} CK.
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Proof. Set
Pyn(2) =@ ) [T = A
n#k
Then ||Py xllc =Py n(Ap)] for each k € {1,..., N} since
3N(’w1<) = ||P/e,N||C H Mn - /1m| ng(/l
m<n, n,m#k n#k

As deg(Pyy) = N =1, wg = 1 on K, and wy(z) < 1 for z € K¢, Bernstein-Walsh inequality [13
Thm. I11.2.1] yields that
1Pen (2] <P nllk <M1Penlles 2z €K

Hence, P, y attains its maximum on K and therefore A, € K forall k € {1,...,N}. O

Let E be a compact set satisfying all the conditions of Theorem 2. Define

1
(12) E, = {z €E| dist(z,&’E)>—}, meN.
m

Lemma 7. Let E be as described and v be a probability Borel measure supported on E with finite energy.
Then there exists a sequence of probability Borel measures {v,,} such that supp(v,,) C E,,, dist (v,,,v) — 0 and
I[v,,] = I[v] as m — oo. Moreover, if v = cwp, then v,, can be taken e .

Proof. For each m the measure v can be written as
Y=VE, tYen\g, T Yok

By the very definition of the sets E,, it holds that E,, ; CE, and E°=U,,E, . Hence N, (E°\E,) =0
and therefore |ypo\p | — 0as m — oo. If v is supported only on the boundary of E, v = y5, we set
Y,y 1= 9,,, where v is the balayage of v 55 onto E,, relative to E¢ . Otherwise, v is not a zero measure

for all m large enough and therefore we can define for such m
Vo 1= @ +v,,
where @, := 1+ |Ypo\g |/|Yg |is chosenso|v,,|=1, a,, — 1asm — oo. Clearly, supp(v,,) C E,,.

The sequence {v,,} has a weak* limit point, say v*. Since v*(B) = v(B) for any compact set B C E°, it
holds that Vg = Ve by the interior regularity of Borel measures. Therefore,

s« %
Y = e g

where |y Mol =,,| and V|8E is a weak™ limit point of {V,,}. Let us show that V|*5E =V|gg- This will

oxl=
imply that v* = v and therefore v,, = v as v* is an arbitrary weak* limit point of {v, }.

Let A C N be a subsequence such that v, Y C JE, it holds

g 38M =00, mE A. Since supp(v,

or)
that ) R
V¥9E(z)= lim V'(z), z€E°.

m—o00, meA

On the other hand, by the very properties of balayage [13, Thm. I1.4.7], it holds that
Vin(z)=VYr(z)+c,, z€ E°,
where ¢, = [ gr, dYgp and g is the Green function for E; with pole at infinity. Since E; | C E; , the

maximum prmmple for harmonic functions applied to gz — gy yields that the functlons gk, form a
decreasing sequence on JE. Thus, ¢ := lim ¢, is well defined. Hence we have that

m—0o0 "m

Vlor = Ver +c¢ on E°.
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Since logarithmic potentials are continuous in the fine topology by the very definition of the latter [13,
Sec. 1.5], the equality above can be extended to every fine limit point of E°. As E is regular with respect
to the Dirichlet problem in E¢, the fine closure of E° coincides with E [13, Thm. A.2.1]. Thus,

Vier=VWi4+¢c on ED (supp(vlaE)Usupp(vl’;E)).

As both measures have finite energy and therefore are C-absolutely continuous, it holds that Yiop =ox

and ¢ =0 by [13, Thm. I1.4.6].

To show that I[v,,] — I[v] as m — oo, it is enough to prove that limsup,, ,  I[v,] < I[v] as the
opposite inequality follows from the principle of descent [13, Thm. 1.6.8]. It is a straightforward compu-
tation to get

v=v, —(a,, — l)v‘Eo +a, Ve tVoE =V
where, again, the two middle terms containing a,, are not present when v = v,. Thus, since V"7 —
V¥ > —¢,_in C [13, Thm. IL4.7], it holds that

VY>> Vin—(a, - 1)V +a, VIV —c
> V' —(a, )V —a, e |logdiam(E) —c,,

on E, where we also used an observation that V + |o|logdiam(E) > 0 on E for any positive measure
o supported on E. Recall that c,,,|[ype\z | = 0 and @,, — 1 (Whenever present) as m — oo. Hence,

integrating both sides of the last inequality against v and taking the limit superior of the right-hand side
yields

m—00 m—00

I[v] > lim supj Vndy =lim supf Vdy,,.

Using the estimate from below for V” once more with the same caveat concerning ,,, we get that

I[v] > limsup <I[vm] —(a,, —1) f Ve dvm> .

m—00

The desired inequality follows now from the fact that the integrals [ V""dv,, are uniformly bounded
above. Indeed, notice that
Vi <V (v - |v|Eo|) logdiam(E)

and therefore we get by what precedes that

limsupj viedy, < limsupf Vdv,,, + (V| = M=) log diam(E)

m—00 m—00

< I+ (- |v|Eo|) logdiam(E).

Finally assume that v = w;.. Since supp(w;) € JE, it holds that v,, is simply the balayage of cw, onto
E,, relative to E¢. Then V'» = V@r + ¢, =I[wg]+¢,, qe. on E, [13, Thm. I1.4.7]. However, the
latter property uniquely characterizes equilibrium measures [13, Thm. 1.3.3]. O

Let v be a compactly supported probability Borel measure. Define

1
13) &, =ma,dd, a(2)=— J 1 (1 — 2)dv(n),
TTE

where 1, is the indicator function of the disk {|#| < ¢}. So defined, v, is also a probability measure with
compact support.

Lemma 8. It holds that dist(v,v,) < e and I[v.] — I[v] as e — 0.
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Proof. Let f be a Lipschitz continuous function on supp(v,) with Lipschitz constant 1 for some ¢ > 0.
Observe that supp(v) C supp(v.). Then
1,(u—2z) 1.(n —z)
2

| 700~ [ o= [ @)= 1) 2 i) < [l =2 duAe) <<

e 7T

by the Fubini-Tonelli theorem and since |f(z) — f(#)| < |z — u| < ¢ for z,u € supp(v,), |z — u| < ¢.

Hence, dist(v,v,) < ¢ and therefore v, = v as ¢ — 0.
If I[v] = oo, then

I, [v] ::Jmin {M,log }dv®2(z,u)
diverges to infinity as M — oo by the monotone convergence theorem. Since the functional 7, is defined

with respect to a continuous kernel, it follows from the weak* convergence of measures that

liminf/[,] > lim 7, [v.] = I, [V].

e—0

|2 =

Because the inequality above is true for any M, the limit of I[v,] as ¢ — 0 diverges to infinity as well. The
rest of the lemma is the content of [7, Sec. 3.2]. O

For further use, let us state the following trivial modification of the principle of descent [13, Thm. 1.6.8]
for empirical measures.

Lemma 9. Let {cw, } be a sequence of empirical measures that converges weak* to some probability Borel
N
measure v. Then

dw®(z,n).
|z—u| ™

I[v] <liminfl [w, ], Llw, 1= J log
z#u

N—oco

Proof. Since w LT ws it holds that w?z — v®2. Hence, it follows from the monotone convergence
N

7
theorem and the continuity of min {M ,log ﬁ} on C? that

I[v] = Ilm Jmin {M,log

M—c0

}dv®2(z, ")

|2 = u

N

= lim lim Jmin {M,log }da)®2(z,u)
M—00 N—oco

|2 — ul

IA

M
lim liminf <I* [w, ]+ ﬁ) =liminf/ [w, ].

—o00 N—oo —00

d

Lemma 10. Let v, beas in (13). Then there exist confignrations n™* such that min; |77§V —772[’5| >¢'/V/N,

dist (vg, a)nzv,s> =0 (N_1/4>, and I [w,n.] — I[v,] as N — oo, for some constant ¢’ that depends on v, but
does not depend on N.

Proof. For convenience, set M := ’—N Y 2-|. Since v, is absolutely continuous with respect to d4, there
exist real numbers x; < x, < --+ < x;; and a positive constant b, such that the vertical strips

§; = {z: ijRe(z)<xj+ﬁ}, jE{l,..., M},
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are mutually disjoint and supp(v,) C UM \S;- Clearly, by, is bounded above by diam(supp(y, )) and below
by the 1-dimensional Lebesgue measure of the projection of supp(v,) on the x-axis. Moreover, it holds by
(13) that

VE

¢y diam(supp(v,))
(5)= ] a5 5=

]
In particular, the inequality above implies that

M= |_v <S/>NJ <¢N'?

(all the constants ¢; appearing from now on depend only v,). Furthermore, as v, is a unit measure, it

holds that
M
N-—M< ZM]- <N.
i=1
Let now y; ; be the greatest ordinate such that v, (S]» n {z: Vi >Im(z)}> = 0. Then for each k €
{1, e ,M]-} there exists y; , ; such that

v (Rip)=N"" Ri=80{z: y;, <Im(z) <y; 41}
Observe that by (13) it holds that
S ne? M me?r 1 S @
y. —_ . z 2 —.
k1 Yk bM N bM N2 T N2
Set
i = X; +iy]-)k, ke {1,...,M]- +1} and je{1,...,M}.
Then the collection 7 := {77 ik } contains at least N and at most N+M points and by the very construction
min{bM, [
N1/2 - N1/2
for some ¢’ > 0 that depends only on v, as the constants b, are uniformly bounded above and below.
Let R:=U" U R, ;. Then

Ilvr]l= ZZJ +ZZZJ log
k.l R]-,,CXRN R]yka,,l |Z

] J<i kI

mln |77]/e 7711

dv®2 (z,u) Z[ +2Z

j<i

To estimate the first sum notice that the monotonicity of the logarithm and the choice of the rectangles

ZZZ dlam(R]kUR D

=1 /=1
Moreover, by the very choice of the points 7, k> We have that |’7j,/e - ’7/,1| > |k — [|N~/2. Thus, as the
width of each R , is by, /M, we deduce that

[ >k,
I <k.

|’7'/e_77‘l+1 1+
diam (R] . UR ) ! ! (ZH kY

‘0;/2-#1 7)]1’ 1+(

Eond
+
._-
N

) b
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Hence, using the fact that

MM,
1 j j M.
B3 31 (PRI PRI ) I
and that exactly the same estimate holds forle{l,...,/e—l},we get that
M+1 M+1
M.
Z > log——— zZ %
k=1 Ik,I=1 |’71k_’711| N |’7]k 77]1e+1| N
and respectively that
s 1 logN

WETDS
I> —C5
j=1 a =1 k#l, k,I=1 |’7j,k_’7/,1| N

To estimate the second sum, fix j,i € {1, ..M} such that j < 7. It can be readily observed that for each
ke {1,...,M]-} there exists [, € {1,...,M,} such that

=01+ by /M|, 1<,
d1am<R]kUR) {|’7]k+1 i1+ by /M| b
17k = 7001+ b /M), 121
Therefore, it holds that

1 71 =70l L <l
diam (R, , UR; 1+ ! :
( ok Z> < 1— >{ |77/k_7]zl+1| lzlk

By the above inequality and since M; < ¢;N 12 we deduce that

+Zlog

2
1 1 _1
|7]//e ;711+1| l_]N

k=1 \ I=1 |77;k+1 77n|

It can be readily verified that the sequence {/,},” is non-decreasing and therefore the pairs of indices in
the double sums above never repeat themselves. Thus,

M43 41 | MM 1 | &2
1
P2 0T~ log BTy
hiza Z 1%: In/k—m,l N mZ:l g —niyg | i=jN
for some sequence {(k,,,/,,)}. So, using the fact that [n; , —7;, | > ¢/N~1/2, we get that

SYHE 3 byl ot

i > Og — - - —

j<i ! j<i k,l |77]k ’izll N3/2 t—=J N

lo N
> 2 Sl :

j<i Kl |’7;k '711| Nl/z.

Combing the estimates for 37, and 3.7, ;, we derive that

IV =1l + | Vandy, e > i L] - o BN L [ yg limsup. [, ]
v.]=1v.r VelRe 11{[njotip w, —c7N1/2 VelRe _1]{1njotip w,],
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where the last equality follows from the fact that v, zc <N ~1/2 and since the potentials V% are uni-
formly bounded on supp(v,) as the measures v, + v,z are absolutely continuous with respect to dA with

uniformly bounded densities.
To show that

I[v.]< liminfl*[a)”],

N—oo

we appeal to Lemma 9, which asserts the above inequality granted we show that w, Sy, as N — oo
To this end, observe that the differences y; ;.| — ¥, ; cannot be too large to often. Indeed, let By be the
/4, Since the sum of the heights of the

rectangle R ik for a fixed index j is bounded by diam(supp(v.)) independently of 7, it holds that
B N-B

N 4 62—N
N1/4 N1/2

number of the differences y; .., —y;, that are large than N~

< diam(supp(v,))M,

which immediately implies that By, = 0 (N 3 4). Hence, if f is a function that is bounded by 1 in modulus
and satisfies the Lipschitz condition with constant 1 on supp(v,), then we can write

u_ M 1M
[ ral=ep) =3 [1=F ()]st | ot £ 0F ()
j=1 k=1 ¢ j=1

Observe that each of the last two terms on the right-hand side of the equality above is of order N~/2

as |[f| < 1,v.(R) < N7/, and M = [N'/?]. Further, split the double sum into two: one over those
rectangles that have heights at most N~'/* and the rest of them. Since the number of the “large” rectangles
isBy =0 (N3/4) and |f| < 1, we get that this part of the sum is of order 0 (N_1/4>. On another

hand, using the Lipschitz continuity of / on the first group of the rectangles and since the width of each
rectangle is b, /M, we deduce that

J, Jr-r ()

and therefore the first part of the sum is also of order & (N_1/4). Hence, dist (VE,C()”N,;—> =0 (N_1/4>
and the claim follows.

dv, =0 (N~/*)

N
;\1 ’5} by selecting any N point from the collection #. As we are discard-
j=1

ing at most N'/? points, w, . still converges to v, in the weak™ topology. Moreover, the behavior of the

Finally, we define p™> := {r)
discrete energies also remains unaltered as the absolute value of the contribution of the removed points is
of order 0 <N‘1/2 logN). O

Lemma 11. Let v, be defined by (13), n™N be as in Lemma 10, and

/

O Z—_{Z ||Z N,€|< (4 }x---x{z ||Z N,e < ¢! }
N,e 1 1 ;71 3 ,—N N N ’71\] 3 ,—N
Then for all’ n€Oy,, it holds that

dist <v5,co,7) <0 (N_1/4> and |[*[co,7] —L[wn]

nNT—1/2
]| S cTNT o logN

for some constant " that depends only on v..

2For brevity, we slightly abuse the notation and assume that 5 € Oy stands for = {z,,..., 2y}, where (z,...,2y) € Oy .-
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dea) _dem

by Lipschitz continuity of . Thus, the first claim follows from the triangle inequality. Furthermore, it
holds that

Proof. It holds for every 7 € Oy, that

/

C
<_Zm U

dist (a)”, W N )= sup

N, N, /
2 =0 ) = (0 — 1)) c 1
|I*[a) ]-IL[w | E |log|1+ 2 — 2] < E —.
7 N* o e =l N2 o e — Tt

Replacing the collection {r; } by { n; k} constructed in Lemma 10, we shall only increase the sum on
the right-hand side of the above chain of inequalities. As
M; MM 1

M
—+ Z <612N1/210gN§czN10gN
Ik, 1= 1|77;k 77;1| i#j,i=11 1|’7//e_’711| i=1

for a fixed point 7, ;, the desired result follows. O

Proof of Theorem 2. We start by proving the upper bound in (7). By Lemma 6, each extremal configura-
tion {A,,..., Ay} realizing the supremum in (11) is, in fact, a configuration of Fekete points for K since
wg =1 on K. That s,

Sn(wg) = Sn(K) ::sup{l_“zn —z,|: (zl,...,ZN)EKN}.

m<n

Hence, we get from (6) that

2,850 ([ g Pan)”

By (5) and since w(z) ~ |z| 7! as |z| — oo, it holds that

limsup N~"log <J (41~ N'BdA> < hm N~'log <J
c

N—oo C

w[2<+C°dA> =0
In other words,
limsupN~—log Z, y: <,3 hm N72log 8\ (K ):—gl[a)K],
N—oo

where the last equality is a well known Fekete-Szegd theorem [12, Thm. 5.5.2].
To prove the lower bound in (7), let K,, be defined by (12). Further, let w,, . be the measure defined

by (13) for v=cwy andany ¢ € (0, %) Clearly, supp(e,, .) C K. Then we get from (6) that

Inog 2 Lpp r [ 112, —2,,/°dA®N (2, ..., zy)

m<n

fl_“z —z |P exp{ Zlogam, z,) }da)®N(zl, S ZN)-

m<n
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Hence, it follows from Jensen’s inequality that

logZy, 5 > J < Z log +Zlogam (z, > dw®N(zl, HZy)
m<n
N(N—1)
= _IBTl[wm,a] _Nf 10gﬂm,adwm,£

Asa,,  <1/me?, the integral [loga,, .dew,, . is finite and therefore

hmmfilogz >—éhml[ ]:—él[a) ]
N—oo N Ns,f8 2 =0 2 K, 1

where we used Lemma 8. Thus, the lower bound in (7) follows from Lemma 7.
For brevity, put

Py (v, €):=Prob J{dist (v,cu”> < e} s n=1{n,...onxt
Further, define

O, = {(nl,...,nN)E(CN | dist (v,cu» <€, n= {ql,...,qN}}.

Observe that O, _ is an open subset of CV for any v and € > 0.
To prove the upper bound in (8), let @™ be a configuration that maximizes

N
exp {_(ﬁs _2_C0>Z gK(Zn)} l—[ |Zn - Zmlfg

m<n

among all N-point configurations a satisfying dist(v,w,) < €. Such a configuration always exists since
the function above decays as z~(F¢~N+1)=2-%) by (5) in each coordinate. Therefore we are simply looking

for a place where a continuous function reaches its maximum on some sufficiently large ball in CV. Then
logPy(v,e) = log <f Q5802050 2 )dA®N (2., ZN)>
o

< —logZy,5—(Bs—2- CO)NJ gxdew v — §NZI* [ ] —I—NlogJ e~(HaltxdA,
o

V,€

Let v¢ be a weak® limit point of {c_x.} (again, as all the configurations &€ belong to a ball of fixed radius

. . *
in CV, the measures w . are compactly supported). Then, along the subsequence for which e . — v¢,

it holds that 4

limsup N~ log Py (v,€) < = < [wi] —IZ[V€]>

N—o0

by Lemma 9, limit (7), and since [ ggdw v — [ ggdve. Let now {vu }S_ys €y — 0as M — oo, be an
arbitrary sequence of weak” limit points constructed above. Since dist (v, v) < €, it holds that ven 5 v
as M — oo. Thus, the principle of descent and continuity of gg yield that liminf,, | I,[v#] > I,[v].
This includes the case supp(v) NK¢ # & and ¢ = 0. In this situation supp(v#) N K* 76 @ for all large M
and I,[v] = I,[v'*] = co. Therefore

limsup limsupN_2 log Py (v,€) < § <I|:a)K] -1, [v]>

e—0 N—oo
Observe also that the above considerations imply the existence of the full limit in (8) when /[v] = co
or when ¢ = 0 and supp(v) N K # & (clearly, the limit is —co). Thus, for the lower bound in (8), it is
enough to consider measures with finite energy and, when ¢ =0, only those that are supported on K.
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Assume first that £ > 0. Let v be a Borel probability measure with finite energy and v, be the mea-
sure defined by (13) for some € > 0. Let further {™>} be a sequence of configurations constructed in
Lemma 10 and Oy . be neighborhood constructed in Lemma 11. It follows immediately from Lemma 11,
the triangle inequality, and Lemma 8 that Oy, C O, . C O, .. Hence,

1 N
7 f CXP{—ﬁSZgK(Zn)} len_zm|ﬁdA®N<Zl"--azN)‘
N,S,/B (0] n=1

N,e m<n

Py(v,2¢) >

Then we deduce from Jensen’s inequality that
logPy(v,2¢) > —log Zysp+ log|Oy |

B dA®N(n,, ..., ny)
-5 <N21*[w,i] +2st ngwv> — b IN

On,e | ON,e |

—logZy 5— g <N2]*[a),]zv,f] +25NJ ngv€> + Nlog <4(c/)27r>

v

—9NlogN — § <c”NlogN+25N <rgaxf gxdw, —f ngv€> >

by Lemma 11 and since dA®~ /|O,, | is a probability measure on Oy, , where |Oy | = (4(6')27r/9N)N is
the volume of Oy . By compactness of Oy it holds that

max J gxdw, = J gxdw,

for some 7, = {7;?[,...,7;%} such that <7;]1\[,...,7;%> € Oy, By Lemma 11, it holds that W, 5 v, as
N — oo and therefore
rgaxJ gxdw, —J ggdv, >0 as N —oo.
N,e

Hence,
li}\r{nian_2 log Py (v,2¢€) > g <I[coK] -1 [v5]>

by (7) and Lemma 10. The lower bound in (8) follows now from Lemma 8.
Finally, assume that £ = 0. Let v be a probability Borel measure with finite energy supported on K and
{v,,} be a sequence of measures granted by Lemma 7. Then (v,,), is supported in K° for every ¢ < 1/2m

and so are the measures w, v and w, constructed in Lemmas 10 and 11 for (v,,),. Thus, the argument we

used for the case ¢ > 0 yields now that

lim iélfli]\r[n inf N=2Py(v,,,€) > g <I [wg]—1, [vm]>

0o €), Where €, =
dist (v,v,,),and I[v,,] = I[v] as m — co by Lemma 7. O

To show the lower bound in (8) it remains only to observe that Py (v,e +¢,,) > Py(v

Proof of Proposition 3. Let {r, }"! be the sequence of orthonormal polynomials with respect to the
inner product

(fg) = f FFexpl—2s gy }dA.
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Denote by «,, ; the leading coefficient of 7z, . Then it holds [5, Sec. 5.4] that

N—1
log ZN)S’2 =logN!— 22 logKn,S.

n=0

It was shown in [16, Thm. 1] that K as described

1 n+1 n+1 1
o=t U [ ()]
> Cpn+ (K) T S na

Hence, it follows from (1) that
logZy o2 ==N(N+ 1)I[wg] + Nlogm + 0(1)

and more generally
N=1
logZy,,=logZy r— Z log(s — &)+ Nlogs + 0(1).
k=0
It follows from the Stirling’s formula logn! = (n +1/2) logn — n + 0(1) that

N-1

—Zlog(s—/e)+Nlogs:N+(S—N)log(l—s_1N)+0(logN)

k=0
which yields (9). O

For e >0, set
N(N-1)

4 U yeerZ NN(z,)> — -
(14) Ny * {21 |rlr:‘[:|2 —Z |Hw CXP{ (I[wg]+e) 7 }}

Lemma 12. For each N €N and ¢ > 0, it holds that

N(N -1
f QN,S’IBdA®NSCXp{—ﬁ(5+0(1))¥}.
CN\UN,s

Proof. For (zy,...,2y) € CN'\ Uy, it holds that

N(N — N N4t
QN,s,,B<Zl"“’ZN) < Zl\j ; exp{—ﬂ([[wl{] +5)%}Hw5(5— )<Zn)
N(N — N 2+,
< exp{_,@(m(l»u} wi(z,),

2 e}

where we used (7) and (5) for the second inequality. Now, the conclusion of the lemma follows from the

fact that
N N
L [ Jw(z,)da®" < < ch12{+c°dA> =exp{O(N)}.

N\UN,s n=1

For f €C,(C"), set

(15) In(ziseeesz

(zotape-2 7o)

where the sum is taken over all distinct permutations o of size n for {1,...,N}.
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Lemma 13. Let f € C,(C")and z ={z,,...,zy}. Then there exists a finite constant c(n) such that

fN(Z“'“’ZN)—dea)f’” C(”).

< -~
< max|f|
Proof. For n=1it simply holds that fy(z,,...,zy) = [ fdw,. When n =2, it is true that

N
Parenin) - [ o3| = |5 [ 1o~ 5 [ Fonidan, )

More generally, it holds that fy(z,,...,zy) is equal to

(N]\—n”)! <anfdw;®n _Nn—12Jfdwfn—1+...+(_1)”—1NJf(u,...,u)dwz(w)>,

where the first sum is taken over all possible combinations of two coordinates being equal, the next sum
is taken over over all possible combinations of three coordinates being equal, etc. Since the number of
terms in each sum depends on 7 but is independent of N, the conclusion of the lemma follows. O

7l

2maxgn

<
- N-1

Denote by C,(C”) the collection of continuous functions on C” with compact support.

Lemma 14. Forany f € C_.(C"), it holds that

lim lim  sup
FRONZoo(, 2y )€Uy

Pz - [ fdog?

Proof. For fixed ¢, let {(ﬂi\[’e,...,/{x"g)}neA, A C N, be a maximizing sequence for the first limit in

. . N,e —
question. Since f has compact support, we can assume that |4,”°| < R for some R = R(f) large enough.

Set
N, ,__ N,e N,e
A= AN
Let v, be a weak* limit point of {cx.}. Clearly, v, is also supported in the disk of radius R. Then it

follows from Lemma 13, the choice of {AN’E} that

limsup  sup
N—0o (z,yzy)€Uy .

Fn(Zis--r2y) —dew?”

= dev?” —dew?”
S V8" since w e = v,). Further, let v be a weak* limit point of {v,} such that
= dev®” —dea)}’?”

The proof of the lemma will be completed if we show that v = cw. To this end, recall that ()]IV’E eeos /1%’5> IS

®n

(observe that w st

limsup lim  sup

e—0 T (2y5m2y )EU

ety - [ fda

Uy . and therefore
Llwpe]+ ZJ grdewo e SI[eg] +e.
Then it follows from Proposition 1, Lemma 9, and the inequality above that
Ieg] <Ly, ] <I[wg]+e.
Applying principle of descent once more, we get that
Ieowg] <L[v] <liminfl[v.] < I[wg].

The desired conclusion now follows from Proposition 1. O
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Proof of Theorem 4. Fix f € C_(C”). That is, we assume that f has compact support. Define f5, by (15).
Then

(N —n)!
JCN fNQN’S’ﬁdAQDN = TZJCN]{ (zg(l),...,zg(n)> QN’S’ﬁ(zl,...,zN)dA®N(zl,...,ZN)

- (n) ®n

= . f Qs ,BdA
as Q5 1s symmetric with respect to the permutations of z,,...,zy. Moreover, since {0y ; 5 is a proba-
bility density function by its very definition, it holds that

fa) jda® - Ln fdw® = LN < fo— Ln fdw§n> Qy, pdA®N.

Hence, by Lemma 12 we only need to show that

lim <N_J fdw§">QNSI3dA®N:O
Uy c ”

c”

N—oco

/|- The desired conclusion now follows from Lemma 14 since

fN(zl,...,zN)—dew}?”

for any ¢ > 0 as supen |fy| = supen

Jo e Jore

where we once more used the fact that €y, 5 is positive and has unit integral over CN.

QN,S’ﬂdAQEN < sup

(Z1552x)E Uy

b

Now, let D be a large enough ball in C” to contain K” and f be a function supported in D satisfying
0<f <1landsuchthat f =1o0n K”. Then

limsup f [Q('” d4® <1 lim i fO) A% =1- f fdw® =o0.

Nevoo N,s,3
Since any f € C,(C”) can be written as a sum f, + (f — f.), where f, € C.(C") and f = f, in D, the
general claim follows. O
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