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ABSTRACT. Let G C C be a bounded simply connected domain with boundary I" and let E C G be
a regular compact set with connected complement. In this paper we investigate asymptotics of the
extremal constants:
. llpalle
= inf su s
PEPy, g,y 124l

where ||+||g is the supremum norm on a compact set K, 2, is the set of all algebraic polynomials of
degree at most m, and k,,/n — 6 € [0,1] as n — co. Subsequently, we obtain asymptotic behavior
of the Kolmogorov k-widths, & = k,,, of the unit ball A% of H* N2, restricted to £ in C(E), where
H® is the Hardy space of bounded analytic functions on G and C(E) is the space of continuous
functions on E.

=1,4,...,

An

1. INTRODUCTION

The Kolmogorov k-width of a set A contained in a Banach space X is defined by
d,(A; X) :=infsup inf ||/ — g||,
{(4i)s=igfsup inf [l g]

where X}, runs over all k-dimensional subspaces of X and ||-|| is a norm on X. Let G be a bounded
simply connected domain with boundary I in the complex plane C, and H* be the Hardy space
of bounded analytic functions in G. Denote by E C G a regular compact set with connected
complement D and A* the unit ball of H* restricted to E. In [12] H. Widom investigated the
asymptotic behavior of d,(A*; C(E)), where C(E) is the space of continuous functions on E
endowed with the usual supremum norm ||-||;. It is proved that

. 1 1
(1.1) lim <Elogdk(A°°;C(E))> =

B cap(E,T)’
where cap(E,T) is the condenser (Green) capacity of E with respect to G (see, for example, [10,

Sec. I1.5]). Further, in [2] (see also [1, Sec. 7.5]) S. D. Fisher and C. A. Micchelli obtained the
following representation for d,(A>°; C(E)):

(1.2) dy(A*;C(E)) = inf sup{||hl|p: h €A™, h(z;)=0, j=1,...,k}.
A

k—’OO

Clearly, it is enough to consider only the Blaschke products instead of all functions from A* in (1.2).
Then it is a consequence of [3] that the zero counting measures of any asymptotically extremal
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sequence of Blaschke products swept out to JE converge weak-star to the Green equilibrium dis-
tribution on E relative to G.

In this paper we investigate the 7-th root behavior of d,(A%°; C(E)), k = k,,, the Kolmogorov
k-widths of the unit ball A% of H* NP, restricted to £ in C(E), and show its connection to the
following extremal problem:

. P ||M||E’
€%, ge2,., |14l
where
.k,
(1.4) lim = =0, 6€[0,1].

n—oo n

Analogous k-width occur in the study of truncated Hankel operators which the authors will ex-
plore in a later paper.

Regarding the minimax problem defined in (1.3), we observe that it connects two well-understood
extremal problems of potential theory. It is an simple consequence of the Bernstein-Walsh inequal-
ity ([11] and [10, Sec. II1.2]) and properties of the Chebyshev polynomials for E that

A
(1.5) lim ( inf =exp {— max g(z, oo)} ,
AT
where g(-,00) is the Green function for D with singularity at infinity. It is easy to see that
1/n
(1.6) lim ( sup lall, =
=\ ge2, 1gllr

and the extremal polynomial is ¢ = 1. Furthermore, it is readily verified that polynomials z” — R”
are asymptotically extremal for (1.6) whenever R is such that {|z| < R} D G. Let us also illustrate
extremal problem (1.5). Put E to be the closed unit disk D and T to be the circle of radius R > 2
centered at 1. In this case g(z,00) = log|z| and therefore the monomials z” are extremal for (1.5)
and the limit is equal to 1/(R + 1). Moreover, the polynomials z” — 1 are asymptotically extremal
for that problem.

This paper is organized as follows. In Section 2 we consider two minimal energy problems,
one for the Green potentials and another for the logarithmic potentials, that are vital for our main
results. The latter are given in Section 3, which contains results on the behavior of y, and the
extremal polynomials (Theorems 3.1 and 3.2) as well as connection with z-width (Theorem 3.3).
In Section 4 we study some extremal problem of the potential theory which can be considered as
an continuous analog of the extremal problem (1.3). In Section 6 we provide a detailed description
of the extremal measures defined in Section 2. Sections 5 and 7 of this paper consist of proofs of
the stated results. In Section 8 we investigate the asymptotics of k-widths.

2. EQUILIBRIUM MEASURES

Let G, T, E, and D be as described. We shall use the standard terminology that a property
holds guasi-everywhere (q.e.) if it holds everywhere except for a set of zero logarithmic capacity (see
[10, Sec. 1.1] or [9, Sec. 5] for the definition of capacity). In this paper we extensively utilize
logarithmic and Green potentials. The logarithmic potential of a finite positive Borel measure v
with compact support supp(v), is given by

U(z)= —J log|z — t]dv(t).
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It is superharmonic in C and harmonic in C \ supp(v). Unlike the logarithmic case, Green poten-
tials are defined relative to a domain. Let v be a positive Borel measure compactly supported in D.
Then the Green potential of v relative to D is given by

Up()= [ se0pivte)

where g(z,t) = gz(z,t) is the Green function for D with singularity at ¢ € D. Since E is a regular
compact set, g(z,t) =0 for z € dD = JE. Here and in what follows we assume that g(z,1) =0
for all z € E. The Green potential of v is nonnegative and superharmonic in D, harmonic in
D \ supp(v), and satisfies U} =0 on E.

Let K be a compact set. Denote by Ag(K), & > 0, the set of positive Borel measures A of mass
8 =|A| = [ d A compactly supported on K.

For each 0 € [0, 1) consider the following weighted Green energy of a measure A€ A;_»(I):

2.1) Jo(A) = J J g(z,t)dA(t)d A(z) — 2f g(t,00)d A(¢).
Then we have the following result.

Theorem 2.1. For each 0 € [0, 1) there exists a unique measure Ay € A;_g(T') such that

2.2) Aeﬁi?(l“)fﬁ(/{) =Jg(4g)-

The extremal measure Ay satisfies the following properties:

2.3) U;‘g(z) —g(z,00)=my, z€Sy:=supp(dy)CT,
and

(2.4) U (z) = g(z,00)> my, z€T,

where

2.5) mg = ﬁ <]¢9(’16)+J g(f’oo)dfla(t)> :

Remarks. (2) Thistheorem is a special case of [ 10, Thm. I1.5.10] for the external field — g (-, 00)/(1—
0). We exhibit the dependence of A5 on ¢ in Theorem 6.1 (see also [6, Thm. 2.4]). In par-
ticular, Ay — Ay, is a positive measure for any choice of 0, < 0,.

(b) In general, (2.3) holds only g.e. on S;. However, as pointed out in [6, Thm. 2.2], the
regularity of I' is sufficient for this property to hold at every point of S.

(c) As shown later in Lemma 4.2, my = 0, Ay = wr, and S, = I', where wy stands for the
logarithmic equilibrium distribution on a set K.

(d) It follows from Theorem 6.1, the limit of 2, as & approaches 1 from the left exists and

2.6 =1 =— ,00).
2.6) my:= lim my = —max g(z,00)
Furthermore, we define 4, to be the zero measure.
(e) The measure Ay is uniquely determined by conditions (2.3) and (2.4). If A€ A;_4(T) has a

finite Green energy, Ug —g(z,00) = ¢ on supp(A) and Ug— g(z,00)>conT,then A= 4y
and ¢ = my (see [10, Thm. IL 5.12]).

Let us consider the special case when I' is a level curve of g(-,00).

Example 2.1. LetT'={z: g(z,00) = R} for some constant R > 0. Then for every 6 € [0, 1) we have
Ag=(1—0)wr and my=—0R.
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It is easy to see (cf. Lemma 4.2) that

ULt (2) - g(z,00) = —0g(z,00)= —OR, z€T.
Therefore, by Remark (), we get
/1(9 = (1 — 6)6()1-, my = —QR

The second extremal problem that we need and which, in a way, is complimentary to (2.2), is
related to the following energy integral:

1= [ UAOd ) +2 [ UF )
where 6 € (0,1] and u € Ay(E).
As in the case of Theorem 2.1, the following is known [10, Thm. 1.1.3].

Theorem 2.2. For each 0 € (0,1] there exists a unique measure uy € Ny(E) such that

2.7 min [, =1 .
2.7) in, () = Ip(1p)

Moreover, the extremal measure g has the following properties:

2.8) Utotto(z) = mp, z €supp(uy) C IE,

and

2.9) Ukot(2)> iy, z€E,

where

. 1

(2.10) M =5 <15(H9>—J UA“’(QdHa(t)) :

Remarks. (a) For 8 =1, (2.7) reduces to the classical (unweighted) minimal energy problem
(cf. [9, Sec. 3.3] and [10, Sec. I1.1]) when & = 1. In this case, u, is the logarithmic
equilibrium distribution w; and and 7, is the Robin constant for E, 7, = —logcap(E),

where cap(E) is the logarithmic capacity of E.
(b) It is a well-known fact that supp(ug) C JE (see, for example, [10, Thm. IV.1.10(a)]).
(c) Asin the case of A,, it is convenient for us to define y, to be the zero measure.
(d) The measure g is uniquely determined by conditions (2.8) and (2.9). If u € Ay(E) has a

finite energy and U#+% = ¢ on supp(u) and U#t% > ¢ on E, then u = u, and ¢ = my,
(ct. [10, Thm. I. 3.3]).

Further properties of A4 and w4 and the constants 74 and 71,4 are given in Section 6, including
asymptotics as ¢ — 0.
3. MAIN RESULTS

Let y, be defined by (1.3) and (1.4). Below we show that lim )(ﬂl/ " exists and provide the as-
ymptotic behavior of the zeros of the extremal polynomials. The latter are defined as follows. Let
(P @} nerns 0w €D and q, €P,_, , be such that

n 1/
(Ul (1 laalle |
(3.1) lim [ — =lim [ — sup =
o0 )(n ”ann”F 00 Xn qee%,kn ||Pn61||r
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We shall call {p,,q,}, satistying the equalities above, a sequence of asymptotically extremal pairs of
polynomials. To each such p, and g, we associate the zero counting measures, v(p,,) and ¥(g,,),
respectively, defined by the rule

Wp) == S8, and vig)=— S8,

7 b (2)=0 7 4.(2)=0

where &, is the point mass distribution at z € C and the sums are taken counting multiplicities of
zeros of polynomials p, and g,,. It also will be convenient for us to sweep out (balayage) measures
v(p,) and v(q,) onto JE and T, respectively. Recall that for any finite positive Borel measure
v compactly supported in C and, with finite energy if supp(v) N D # 0, there exists a unique
measure V, the balayage measure of v, supported on JE, such that |v| =|v],

UV(Z):UV(Z)+Jg(t,oo)dv(t), z€E, if supp(v)C D,

and
U'(z)=U"(z), zeD, if supp(v)CE.

We remark that for any positive compactly supported in D measure v,
(3.2) U)(z)= U"_V(z)+f g(t,00)dv(t), ze€C.

Denote by 7 the balayage of a finite positive Borel measure v compactly supported in C \ G onto
I'. We have [V] = |v| and

(3.3) U(z)= UV(z)+J ga(t,00) dv(t), z€G,

where gz(z,00) is the Green function of the domain C\ G with singularity at infinity. Now we
define measures a(p,,) and 5(q,) as

(3.4) a(p,) =Y(p,)p Y Padprors
and

—k, —d
(35) IB(qn) = V(qn>|6 + V(q,,)lc\g + nnfeg(%) wr,

respectively, where a notation Ax means restriction of a measure A on aset K. Let 4(E) = {v:
vEMH(E), V= ug}.
The following result holds.

Theorem 3.1. Lez {k,}, oy satisfy (1.4) for some 6 € [0,1]. Then

1
(3.6) lim <—log)(n> = my,

n—0o0 n

where my was defined in (2.5) and (2.6). If {p,,,q,} is a sequence of asymptotically extremal pairs of
polynomials in the sense (3.1), then, for 0 € (0, 1) any weak-star limit point of {v(p,,)} belongs to M (E)
and

(3.7) a(p,) = pg as n— oo,
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. .
where — stands for the convergence of measures in the weak-star sense. Moreover,

(3.8) Wq,)— Ay asn— oo, if C\Sy isconnected,
' ﬁ(%)—i Ag as n — oo, otherwise.

Remarks. (a) Since my=0and m; = —max, - g(z,00), (1.3) indeed connects extremal prob-
lems (1.5) and (1.6).
(b) Observe that a(p,) =v(p,) when E has empty interior. In this case (3.7) is a statement on
the convergence of counting measures themselves, rather than their balayages onto JE.

The following theorem is related to the case when k, — co and k,, = 0(n) as 7 — co. To formu-
late the result, we need to slightly modify the definition of an asymptotically extremal sequence.
We say that a sequence {p, } is asymptotically extremal it

1k,
1
(3.9) lim | — sup w =1.
720\ X qe?, ., |1244lIr
Notice that for & > 0 definitions (3.1) and (3.9) coincide. Let
1
(3.10) Vb= 2. 8,
n py(2)=0
and
6.11) 2 () =V (05 +V (P

We remark that [v*(p,)| < 1and |a*(p,)| < 1. Let A(E) = {v:v € A(E),V = w )}, where an
(g 1y is the Green equilibrium distribution on £ relative to G.

Theorem 3.2. Let k, — oo and k,, = o(n) as n — oo. Then

1 1
3.12 lim ([ —1 S —
(3.12) nggo<k og)(n> ap(E.T)

n

Moreover, if { p,} is an asymptotically extremal sequence in the sense of (3.9), then any weak-star limit

point of {v¥(p,,)} belongs to N (E) and
(3.13) a*(pn)Lw(E’r) as n— oo.

The last theorem provides the asymptotic behavior of the Kolmogorov k-width, k = &,,, of A
in C(E). To formulate this theorem we need to introduce more notation. Fix § € (0, 1] and define

Gy = {z eC: Ug‘g(z)— g(z,00) > mg}.

For 0 = 0 we simply set G, := G. Clearly, the maximum principle for harmonic functions implies
that Gy = G whenever Sy =T and it follows from (2.3) and (2.4) that G C Gy forall & € [0, 1]. Let
G C G’ C Gy, H™(G’) be the space of bounded analytic functions on G, and A>°(G") stand for
the restriction to E of the unit ball of H*(G')N#,. The following theorem shows that the n-th
root limit of d;, (A°%°(G'); C(E)), k,/n — 0, is independent of G'.

Theorem 3.3. Let {k,},oy satisfy (1.4) for some 6 € [0,1], G’ be a simply connected domain such
that G C G' C Gy, and A = A%(G"). Then

/1
(3.14) lim <;logdkn(AZ°;C(E))> = my.

n—0o0
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In particular, when 0 = 0 and k,, — oo as n — oo, we have that

1

1
3.15 li —logd, (A>%;C(E)) ) =————.
615) fim (- logd (550N ) = -

4. AN EXTREMAL PROBLEM OF THE POTENTIAL THEORY

We now state the main theorem of this section. Let o be a compactly supported positive Borel
measure. Define
M(o):=minU° —min U°.
r E
Theorem 4.1. For each 0 € [0,1] we have

(4.1) mg= inf sup M(u+A)= sup inf M(u+A).
g HER(E) pen,_,(r) # Jeh_y (1) HEN(E) #

Moreover, if u*, |u*| < 0, and A, |A*| £ 1—0, are compactly supported positive Borel measures such
that

(4.2) mog=M(u" +A)= sup M(u"+2A)
A€l _4(T)

tbsn supp(u*) CE, //1\* = ug, and A* = Ay when S, does not separate the plane and supp(A*) C C\ G
, A=Ay — (1= 0 = |X|)wr , otherwise.
The proof of Theorem 4.1 is based on several auxiliary lemmas.
Lemma 4.2. We have
(4.3) Ay = wrs :1\0 =wy, and my=0.
Proof. Since U“r(z) = —logcap(T') for z € G and U (z) = —logcap(E) for z € E, it holds that
U“t(z)=U“"(z)+¢, z€E,

where ¢ = —logcap(E) + logcap(I'). Using now the fact supp(w;) = JE and the uniqueness of
the balayage (see, for example, [10, Thm. II.4.4]), we can immediately conclude that

and
(4.5) J g(t,00)d ewp(t) = —logcap(E) + logcap(T').
From this, on account of the formula
(4.6) U®t(z) = —logcap(E)— g(z,00), z€C,
we obtain that for every z € C,
Up'(z)—g(z,00) = Uwr_wf(z)ﬂLf g(t,00)d or(t) — g(z,00)
(4.7) = U“r(z)+logcap(I).
So,

U (z)— g(z,00)=0, zeT.

Therefore, relations Ay = e and m, = 0 follow from the uniqueness of the measure A, satisfying
conditions (2.3) and (2.4) (see Remark (¢) after Theorem 2.1). O
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Lemma 4.3. For each 0 € [0,1] we have

(@3) o =do=dg=cop = Ao,

(4.9) my = —logcap(E) —f g(t,00)d Ay(t),
and

(4.10) U (z) = g(2,00) = U+H9(2) — iy, 2 €C.
Moreover,

(4.11) supp(ug)=7JE, 0€(0,1].

Proof- It is easy to see that for 6 =0and 6 =1 (4.8), (4.9) and (4.10) are valid. In the case & =0,

o =0 by definition, and Lemma 4.3 implies that Ay = co and Ay = wj. From this, on account of
(4.5) and (4.7) we get (4.9) and (4.10). For 8 = 1, A, = 0 by definition. It follows from Theorem
2.2 (see Remark (a) after Theorem 2.2) that y; = wj and m,; = —logcap(E). We also note that
since supp(wy) = JE, (4.11) holds for = 1.

Let us consider now the case 6 € (0,1). We start from the next observation. As noted in the
Remark (b) after Theorem 3.1, it follows from [6, Thm. 2.4], that Ay — A is a positive measure. It

is easy to see that | Ay — Ag| = 6. Hence, A, — Ay is a positive measure, and |4, — Ay| = 6. Moreover,
it is a simple application of the second unicity theorem [10, Thm. II.4.6] to see that

L —

/10—/1‘9:;1\0—;1\(9.

So, ;1\0 - ;1\5 =wp — ;1\6? is a positive measure and |y — ;1;| = 6. According to the property (3.2) of
the Green potential,

(4.12) UDA@(Z) —g(z,00)= UAF?_I@(Z) +J g(t,00)d Ay(t)— g(z,00), z€C,
and, by (4.6),
(4.13) U;e(z) —g(z,00) = U’15+”E_’Tﬁ(z)+logcap(E)+J g(t,00)d Ay(t), z€C.

Since U;g(z) — g(z,00) =0on E, (4.8) and (4.9) follow from the uniqueness of the measure g
satisfying conditions (2.8) and (2.9). So, we have (4.10). Using now the facts that E is a regular
compact set, 14y is the balayage of A, — A5 and properties of the balayage (see, for example, [5]) we
can conclude that supp(uy) = JE. O

We can consider equation (4.10) as the basic equation of this section, it allows us to connect the
Green potential U;G(Z) — g(z,00) and the logarithmic potentials U**#¢(z) — m, of the extremal

problems from Section 2. Since U;ﬂ(z) — g(2z,00) =0 on E and ming( U;ﬁ(z) —g(z,00)) =my on
I', we get immediately from (4.10) the equality:

The function U%*#s satisfies the following property. The logarithmic potential U%+#s of a
probability measure A5+ w4 is equal to constants on supports of ug and Ay:

(4.15) Ubtti =, on E and UtHo = mrin U*tH = my+m, on SyCT.



RATIOS OF NORMS FOR POLYNOMIALS AND CONNECTED 7»-WIDTH PROBLEMS 9

Lemma 4.4. For each 0 € [0, 1], we have
(4.16) my=1infM(u+ Ay),
14
where infimum is taken over all compactly supported positive Borel measures with |u| < 0. Further,
the equality in (4.16), for 6 € (0,1], is possible if and only if supp(u) C E and @ = uy.

Proof. Let € = 0. In this case uy, = 0 by definition and by Lemma 4.2 m, = 0, Ay = cwy. Since
U®r(z) = —logcap(T') for z € G, M(Ay) = M(cwy) = 0. This yields the equality my, = M(A,).
Let 6 € (0,1]. Consider a logarithmic potential U#~#¢. This function is superharmonic and

bounded from below in D = C \ E. Then by the generalized minimum principle for superhar-
monic functions [10, Thm. 1.2.4],

(4.17) min U¥~# < UF#4(2), z€D.

In particular,

(4.18) mEin Ut™He Smrin Ut=re,

Moreover, there are strict inequalities in (4.17) for z € D and in (4.18), unless
supp(u) CE, U*H(2)=0, zeD.

That is if and only if 7 = uy by Carleson’s unicity theorem (see [10, Thm. II. 4.13]).
With the help of the equality

Uitk (z) = UF~Ho(z)+ UYH9(z), z€C,

and (4.15), we can write
min U#*% = min U#*#0 + my
E E
and
mrin Uttt er}inU”_W + my+ my.

Therefore, by (4.18),

M(u+ Ag) = min st — min Utt% > my,
and the equality in (4.16) is possible if and only if supp(u) C E and @ = . O
Lemma 4.5. For each 0 € [0,1] we have
(4.19) my=supM(ug+ A),

A

where supremum is taken over all compactly supported positive Borel measures with |A| < 1 —0.
Further, the equality in (4.19), for 0 € [0, 1) is possible if and only if A= A, when Sy does not separate

the plane and supp(A) C C\ G, A= Ay — (1 — 0 — |A|)ewr, otherwise.

Proof. Let 6 = 1. In this case A; =0 and 7, = — maxp g(z,00) by definition and y; = wg. On the
basis of (4.6) we can write

M =min U —min U®E = — ,00) = m,.

(1) = min min max g(z,00) = m,

Let us consider the case when & € [0,1). Denote by A any compactly supported positive Borel
measure with mass at most 1 — 6. It is enough to show that

min UFotA — n}:in yroth < my.
S
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Consider a logarithmic potential U*~*%. This is superharmonic and bounded below function
in C\ Sy. Then by the generalized minimum principle for superharmonic functions,

(4.20) min UY < U*%(z), zeC\S,,
4
and
(4.21) min U*~% < min U*~%.
[ E

From this, using (4.15), we get

min UFot4 — min UFHA < mg
[ E

and therefore (4.19) holds. Observe also that the equality in (4.19) is possible if and only if we have
the equality in (4.21). That is if and only if

4.22) U (z)=UNz)+c*, ze€Q,

where ¢* is some constant, 2 = C\ S, if Sy does not separate the plane and Q = G otherwise. In
the former case ¢* = 0 and we get A = Ay by Carleson’s unicity theorem. In the latter situation
supp(d) € C\ G. Using the continuity of potentials in fine topology (see [10, Sec. 1.5]) and

regularity of I', we may continue equality in (4.22) up to G. Let 2 be the balayage of A onto I’
relative to C\ G (we balayage only the part of A which is supported outside of G). Then

UXz)=UXNz)+c, z€G,

where ¢ :J g5(t,00)d A(t). Thus,

(4.23) UI(Z): UY(z)—c"+¢, z€G.
Using now the maximum principle of harmonic functions in the domain C\ G, we get
(4.24) UX(z) = U (2) + (1-6-17) g5(z,00) = ¢ +¢, 2€T\G

(we applied the maximum principle of harmonic functions for the difference of the left and right
hand sides). Taking now on an account (4.23), we obtain the equality (4.24) for all z € C. From
this with help of the formula U*7(z) = —logcap(I') — gz(2,00), and the unicity theorem [10,

Thm. II 2.1], we can conclude that A+ (1 =60 — |A)wr = Ay, which finishes the proof of the
lemma. O

Proof of Theorem 4.1. It is a straightforward application of Lemmas 4.4 and 4.5 to obtain

inf sup M +/1> 1nf Mu+i)=m
ki) p() (u+4) ot (p+Ag)=my

and

inf  sup M(u+A)< sup M(ug+A)=my.
uehs(E) jen, ,(T) Aeh,_(T)

This establishes the first equality in (4.1). Clearly, we have

inf  sup M(u+A)> sup inf M(,u—l—/l).
HEAG(E) Jen,_,(T) de,_(r) HEAG(E)
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On the other hand, it follows from Lemmas 4.4 and 4.5 that

sup M(ug+A)= inf M(u+Ay).
deA,_y(I) uehy(E)

Therefore,
inf  sup M(u+A)< sup inf M(u+A),
HERG(E) Je,_,(T) Jeh,_,(T) HEAG(E)

which finishes the proof of (4.1). Let now u* and A* be as in (4.2). Then by Lemma 4.4, we observe
that
my SM(u" + Ag) Ssup M(u" + A) = my.
A

Thus,
my=M(u" + )
and supp(u*) € E and u* = uy again by Lemma 4.4. Furthermore, in this case
my=M(ug+A")
and, by Lemma 4.5, A* = A, when S does not separate the plane and supp(1*) C C\ G, X =
Ag — (1 =6 — | A*|)wr, otherwise. O
5. PROOFS OF THE THEOREM 3.1

Before we present the proof of Theorem 3.1, we introduce the analogue of the Tsuji points ([8],
[3]) that corresponds to the weighted Green energy problem (2.2). Set

2/m(m—1)
g(z;,00) | 8(2),0)
85 ::zl,ﬁgfer 1Sil<_j[§meXP{_g(Zi)Z]->+ —0 + 7 }
Then
32 > 8Z+1’ m €N, and n%i_r)lgologé\g =—J(A)/(1=6).
Moreover, if {{},...,{,,} is any extremal set for 32, then
(5.1) Amg—>Ag as m—00, A, 4= %ié\g.
=1

Here and in what follows we keep to the notation

1 n—k,
Av== 228 ok,
nis

: G
where {51),1_,6”, cees En—nk,n—kn} is an extremal set for 5‘n_k . We remark that

(5.2) A, 5 Ay as n—oo.

The proof of these facts needs only minor modifications comparing to the case of the logarithmic
kernel [10, Thm. III.1.1-3].
We also need a discretization of uy. So, we introduce the Leja points (see [10, Sec. IIL.1]) that
correspond to the weighted minimal energy problem (2.7). Set
2/m(m—1)

1
S, = max_ 1_[ |zi—z]~|exp{—§(Uie(zi)+U/15(Zj)>}
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Then
8,>38,,.1, meN, and lim log8,, =—1I(uy)/0"

Moreover, if {z,,...,z, } is any extremal set for & ,,, then

(53) M6 = Mg Mo =

3|

m
229,
=1
Here and in what follows we keep to the notation

k
1 n
=229,
n- ]»kn
7=l
where {z,}, ,...,2, ; } isan external set for &, . We have

(5.4) Uy = Ug as m—>00.
It is easy to see that for any compact set K, p€ P, , p Z0,andg €2, _; , g Z0, we have

lpglly” =y exp {_ min Uv<p>+v<q>} ,

where y is the leading coefficient of pq, and

Zé‘ and v(q 28

(the sums are taken counting multlphcltles of zeros of p and q). Therefore, we get

g Ll
—lo

llpall:
Proof of Theorem 3.1. Let

) = min U0 — min OO0 = M(v(p) +¥(q)).

ES;p M(u, +v(q))=M(u, +¥(Q,))

for some polynomial Q, € 2, ,Q, Z0. Denote by

0= V(Qn)|6 + V(Qn)|c\6-
By properties of the balayage, supp(c,) C G, |o,| = [Y(Q,)|, and
M(p, +4(Q,) =M(u, +0,).

We now choose a convergent subsequence such that

(5.5) 0,0, neACN,

and
limsupM(yu,+0,)= lim M(,un+c7 ).

n—00 n—oo,n€A
We remark that supp(c) € G and |o| < 1— 6. Since E and T are regular sets, conditions (5.4) and
(5.5) imply (cf. [4]) that

min V4 1% 5 min V¥t  as n—o00, neA,
T T

min VAt% 5 min V#1?  as n—o0, neA,
E E
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and then
llm AM(!Un + an) :M<iu€ +0)’

n—00,nE

where, by Lemma 4.5, M(ug + o) < my. Therefore,

1
lim sup <; log)(n> < limsup sup M(u,+v(q))=limsupM(u, +v(Q,))

n—00 n—00 qe‘@n—k” n—00
(5.6) = limeAM(M§+U”>:M(H5+U>Sm6.

For any polynomial p € &, , p 0, consider the following function
u(z)= U (z) = rr}Ein Urerh U;"(z) +g(z,00), ze€C.

This function is superharmonic in D. Using the generalized minimum principle for superhar-
monic functions, we obtain that #(z) >0, z € D. In particular,

in 0P+ — min U > min (U (2) —
(5.7) min U min U 2 min (UD (2) g(z,oo)> .

Since (5.7) is valid for any p € &, , p Z0, we get

5.8 " log y, > min (U
(5.8) - og)(n_mrm< D(z)—g(z,oo)).
Further, in view of the properties of weakly convergent sequences,
Y (A _
min <UD (z)— g(z,oo)> — min <UD9(Z) - g(z,oo)) =my as n— 0o.

Then, by the relation (5.8), we get

1
(5.9) liminf <— log)(n> > myg.
n

n—00

So, (3.6) follows from (5.6) and (5.9).

Fix a positive R such that G C U, where U ={z:|z| < R}. Let L={z :|z| =R}.

Let now {p,,,q,} ,en> P € P and q, € 2P, _, , be asequence of asymptotically extremal pairs
of polynomials. First, we show (3.7). Let {v(p,)}, » € Ay C N, be a convergent subsequence. Let

(510) 0, :V(pn>|ﬁ+rn’
where 7, is the balayage of v( pn)mﬁ on L. By the properties of balayage, for any polynomial
VAS ‘@n—kn’ q ¢ 0,

M((p,)+v(q))=M(o,+¥(q))
Hence,

(5.11) sup M(W(p,)+v(q)) = M(o,+4,).
9€EP, 4,

We choose a convergent subsequence

(5.12) 0, v, n€ACA,CN,

where |v| < 0, supp(v) C U. On the basis of the fact that E and I are regular sets, we get
(5.13) M(o,+A,)>My+2Ay) as n—oo, neA.



14 V.A. PROKHOROV, E.B. SAFF, AND M. YATTSELEV

By (3.1),
limsup sup M((p,)+v(q))=myg.

n—00 geP, 4,

From this, on an account of (5.11) and (5.13), we obtain that M(v + 4) < m,. Applying Lemma
4.4, we can write M(v+ Ag) = my, supp(v) C E, and V= .
Since supp(v) C E, we obtain from (5.10) and (5.12) that

*

7,—0 as n—o00, n€EA,

Wp,)—v as n—oo, neA,
and, then,
wp,)—v as m—oo, nEAN,

From this, by properties of the balayage,

a(p,) = pg as n—oo, nel,,
and, then,
a(p) >y a5 nooo.

The relation (3.7) thereby is obtained.

It only remains to prove (3.8). By properties of the balayage, M(v(p,) +v(q,)) = M(a(p,) +
¥(q,))- Define

(514) Yo :V<qn>|ﬁ+’7n’

where 7,, is the balayage of W(g,) ¢,z on L, when S, does not separate the plane and v, = B(q,)
otherwise. Then M(a(p,)+v(p,)) =M(a(p,)+v,) and (3.1) yields that

hm M(a(pn)+vn): m@‘

. *
As above, taking a convergent subsequence, v, — v, n € A CN, we get

lim_ M(a(p,)+v,)=M(u5+)

n—00,nE

and M(uy+v)=my.
Let us consider now the case when S, does not separate the plane. Since, by Lemma 4.5, v = Ay,
supp(Ag) CT', we obtain that

n,—0 as n—o0, ne€A,

wg,)—>v=2>A) as n—oo, neEA,
and then
Wgq,)— Ay as 71— oo.

In the case when Sy does separate the plane, we have by Lemma 4.5 that supp(v) € C\ G, |v| =1,
and V= Ay. Moreover, by definition of 3(g,,) (see (3.5)) we can conclude that supp(v) CT'. From
this and the fact that V= A, we obtain that v = A, and then

B(q,) = Ay as n—oo. O
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6. SOME PROPERTIES OF Ay AND

In the next two theorems we describe some properties of the extremal measures Ay and ug,
their supports, and the constants m4 and 7. It will be convenient for us to use the notation

w,or) and cap(K,JE)

for the Green equilibrium distribution and the condenser capacity of a compact set K C D, re-
spectively (cf. [10, Ch. II and VII]).

Theorem 6.1. () The family {Sy}, 0 € [0,1], is a decreasing family of sets such that

Sp= U S.C m ST:{ZEF: Ug‘g(z)—g(z,oo):m@}

f<r<1 0<r<b

and

S;:= (] S.={z€T: g(z,00)=—m,};
0<r<1

(b) the family { Ay}, 0 € [0,1), is decreasing and continuouns in the weak* sense. Moreover,

1
Ag= Je C‘)(ST,SE)dTQ

(c) my is a continuous and strictly decreasing function of @ on [0, 1]. Furthermore,

B +J1 dt
e = g cap(S,,dE)
and .

my

—_——— 6 —0;

g cap(T', JE) “

Ag— Ay &
d O—gaw(r’ab—) as 0 —0;

6

g -
(e) if S, has positive capacity then N d

77 Ps.n) B 0 — 1.

Proof. Statements (a), (b), and the first part of (c) follow from [6, Thm. 2.4]. (We should remark
that it is required in [6, Thm. 2.4] for any compact set K C I' to have connected complement.
However, a direct examination of the proof shows that the theorem still holds when E is contained
in G and the later is simply connected.) Further, by Lemma 4.2, my = 0 and S, =I". This means

that

my _ 1 4 dr
0  0J)o cap(S_,JE)
Thus, the second part of (c) follows by the continuity of cap(Sy, dE) as function of 0 at zero from
the right [9, Thm. 5.1.3].

It has been proved in [6, Thm. 2.4] that
dAg

6.1) a0 = Ts,,0E)

for any point of continuity of cap(Sy, dE) as a function of &. Then (d) follows from continuity of
cap(Sy, JE) at € = 0 and the fact S; = I'. Now, assume that §; has positive logarithmic capacity
and therefore well-defined Green equilibrium distribution wys ;7). As above, we can use (6.1).
The continuity from the left of cap(Sy, dE) at one follows from [9, Thm. 5.1.3] by the definition
of §,. O
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The following theorem describes the connection between u, and A4, some properties of uy
and m,.

Theorem 6.2. @) The family {uy}, 6 € (0,1], is increasing, continuous in the weak* sense, and
such that R
supp(up) = E and ug=cwy— Ay
Moreover,

%—*)O)(E,r) as (9—)0,

(b) my is a continnous and strictly increasing function of 6 on [0, 1]. Furthermore,
my = —logcap(E) — J g(t,00)d Ay(t).

Proof. Part (b) follows from (4.9) and Theorem 6.1(b). First part of (a) follows from Lemma 4.3,
the formula uy = Ay — Ay (see (4.8)), and Theorem 6.1(b). The continuity of {u,} follows from

continuity of the family {4}, formula uy; = A, — Ay, and properties of the balayage (see, for
example [5]). We have
Ao—Ag

— wrop) as 0—0.

Thus, by properties of balayage,

Ao—Ag « —
: €—>a)<r)55) as 00,

and then
#6’/6_*’0)/({,3\5) as 0 —0.

It remains only to remark that
—_—

Wr,oE) = WETD): U

7. PROOF OF THEOREM 3.2

Proof of Theorem 3.2. Since k, = o(n) as n — oo, [k,/0] < n for any fixed § € (0,1) and n
sufficiently large. Let [, = [k, /0]. Therefore,

lpalle _

< Xn Sy (A% C(E))

S Tl
(compare (1.2) with the definition (1.3) of y,,). Then by (3.6) and (1.1), we have
7.1) @Sliminf<ilog)( > <limsup <ilog)( > S—;.

4 n—oo \ k. n nooo \ k, " cap(E,T)

Taking the limit & — 0, we obtain (3.12) from Theorem 6.1(c) and the fact that cap(E,T’) =
cap(T, JE).

Let now p, be asymptotically extremal polynomials in the sense of (3.9). Fix an arbitrary
6 €(0,1). Let

1 L=k,
n_Z_Z: oL, =k,
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where {51,1”—/%» 51 ki —k }isan extremal set for 31 e Observe that

0, Ay as n—oo.

1—k,
Denote by Q,(z) = H (z—=¢;, _¢ ) the corresponding polynomial degree /, —k,,. By (3.9),

j=1
(7.2) limsup < 17,2, ”E> <1

nooo \ X 1125 Qullr
We have
U 2 Qlle L,

7.3 — log =MV — .
. R XN

As in the proof of Theorem 3.1, we fix R > O such that G € U = {z: |z| <R}. Let L={z: |z| =
R}. Let

Vo = V*(pn)|ﬁ + Nns
where 5, is the balayage of v*( p”)lc\ﬁ onto L. According to the properties of the balayage,

l l
M <v*(pn)+ k—ion> =M <vn+éan> .

[ 1
7.4 li M -z <
74 el <Vn * k, 0") ~ cap(E,T)

By (3.12) and (7.2),

*
We select a convergent subsequence v, — v, n € A CN, |v| <1, such that

l l
limsupM (v + 20, |= lim M(v +-Z0o ).
n—»oop < n kn n> n—oo,n€N < ” kn n>

Since E and I" are regular sets,

Therefore, by (7.4), we get

(7.5) <v+ /19> an E T

Since Ay = o and U*T(z) = —logcap(I') on

Ay —A
M<V+§/16> :M<V— 09 €>

Ao — A9 1
M(v— - .
0 cap(E,T)

A=Ay .

—wrop as 0—0.

and

IA

According to Theorem 6.1(d),
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Taking now the limit as & — 0, we get

1
(7.6) M(v—a)(r,aE)) < —m.
Since
U«en=@worn = ; on E
cap(E,I)
and

U®ED™®rde) =0  on 1",

we obtain that
1
My —w =Myv—ow -
(= c0m) = MOz~ =
Thus, we derive from this and (7.6) that
M(v— w(E,F)) <0
and

(7.7) min U""“ED < min U™ “ED,
r ~E

Applying now the generalized minimum principle for superharmonic functions, we can conclude
that minp U”~“¢EN = min; U~%¢0, U¥~2eD =0 in D and supp(v) C E. By Carleson’s unicity
theorem, we obtain from this that V= e 1. Since supp(v) C E, we get

nn—*>0 as n—o0, neEA,
and

Vi(p,)—v as n—oo, neA.

From this, by the properties of the balayage, we can write
o (p,) — wEry as n—o00, nEA,

and then
a*(pn)Lw(E,r) as  n—oo. O

8. PROOF OF THEOREM 3.3
Proof of Theorem 3.3. We start by showing the lower bounds in (3.14) and (3.15). Since
AT (Gy) CAY(G), G'CGy,

we may take G’ = G,.

Let {A,} be a sequence of measures defined as in (5.2). For each 6 € [0,1) we take {g,} to be
the sequence of monic polynomials such that v(gq,) = A,,, where v(h) be the counting measure of
the zeros of a polynomial h normalized by 1/n. For § =1 we take ¢, = 1. Then {pq,: p€ P, }
is a linear space of continuous functions on E of dimesion k, + 1. Hence, it follows from [7, pg.
137] that for any linear space of continuous functions on £ of dimension &,,, say X, , there exists
a polynomials py  such that

gler)l(fkn ||pan q,—&llz > ||kan ZullE-
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In particular, it means that

lpx, anlle
8.1) dy (A% C(E) > inf —2 " > inf P,
" %, [1px, @alle, ~ 2670 |4,
When 6 = 1, we get from the Bernstein-Walsh inequality and (8.1) that
.2) dy (A5 C(E) > exph, .

For 8 €[0,1), the lower estimate in (8.1) yields

dy (A5C(E)) > inf exp {n <rrr1in UY+A, mEin UV“’)H”) }

PEZ, 9

(8.3)

v

exp {n min (U ()= g(z,00)) } ,

where I'y := d G, and we used (5.7) with I, instead of I". As before, by the properties of weakly
convergent sequences, it holds that

(8.4) 1‘1‘111911 <U1;1”(z) - g(z,oo)) — n%;n (Uge(z) - g(z,oo)) =my as n— oo.
Thus, we get from (8.2) and (8.3) with (8.4) that
1
(8.5) liminf <— logd, (A% C(E))> > my.
n—00 n nton

When 6 =0, we have that G, = G. Further, we get exactly as in the first inequality in (7.1) that

1 I 1
liminf <k—logd/e (Af,C(E))) > liminf <k_ﬂl_ logd, (A?O(GT>;C(E))> > e
n—o0 n n—00 n n T

n nn

for any 7 € (0,1], where [, := [k, /7] and we used (8.5) and the fact that G C G,. Therefore,

1 1
8.6 liminf [ — logd, (A®;C(E))) > ————
(8.6) imin <k ogd,, (A5 C( ))>_ D)

n

by Theorem 6.1(c).
Now we shall show the upper bounds in (3.14) and (3.15). Observe that

dy, (A7 C(E)) < dy (A™; C(E)).

Thus, (3.15) follows from (8.6) and (1.1). Since for & = 0 limit (3.14) follows from (3.15), we may
assume that 6 € (0, 1]. Moreover, since

AZ(G)CAT(G), GCG,

we may take G’ = G. To proceed with the upper bound we need to construct a special sequence
of domains. Fix 0 € (0,1] and define

Qg s = {z eC: Ug“)(z) —g(z,00) < my +é‘}, S €(0,—my).
Each such domain £ 5 is unbounded and contains Sy = supp(44) by (2.3). Also denote

G? = {ZGC: gg(z,oo)SS},
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where g=(:,00) is the Green function with pole at infinity for C\ G. Now, for each fixed & €

(0,—my) take Uy to be a connected domain (possibly unbounded) with regular boundary and
such that

S;cC\Us, EcUs, and Lg:=3UsCQysnG’.
Then the harmonic measure (cf. [9, Sec. 4.3]) for Uy, say wy(-,-), exists,
8.7) 1611, <11hllage <llbllrexpind}, he2,,

by the Bernstein-Walsh inequality, and
dor <
(8.8) niix (UD (z) g(z,oo)> <mg+34.

Therefore, if S5 =T, then Uy is an open subset of G that contains E and whose boundary is
regular and close enough to I' so (8.8) holds. If Sy is a proper subset of T', the Uy is an unbounded
open set that contains £, whose boundary is regular, encompasses Sy, and is close enough to it so
(8.7) and (8.8) hold.

Let {u,} be defined as in (5.4) and {p,,} be a sequence of monic polynomials such that v(p,) =
U,- Further, let {g,} be a sequence of polynomials defined as at the beginning of the theorem

when 6 € (0,1) and take g, to be an arbitrary polynomial of degree 7 — k,, with zeros on §; when
6 = 1. Define

h(t
T2 = | 20

Then Tf is an operator from 22, N H*(Uy) to C(E) such that

P4l
(8.9) 170 hll: < <—E 121l -

minLa |pnqn|

ns

)da)g(r,z), z€E, he?

Recall that

I2saully” = exp{ = min Usre} = expl=ing} a5 100
by (5.2) and (5.4), (4.15), and since E is regular. Moreover, the counting measures of zeros of p,q,,,
namely u, + A, are supported on E UT and converge weakly to u+ A that is supported on EUS,.
Therefore, we always can modify ¢,, if needed, in such a manner that no zeros of ¢, lie in some

neighborhood of L and A, still have the same asymptotic behavior. Hence, since the supports of
U, + A, stay away from Ly, it holds that

|Pn‘]n|1/n—’eXP‘{—U”5H§} as n—oo uniformlyon Ljg.

Thus, we get for the operator norm of Tns that

A

limsup||Tn3||1/” < exp {rriax Utetho — 7%}
n—00 )

(8.10) = exp{nzix<UDA€(z)—g(z,oo)>} <exp{my+J}
by (4.10) and (8.8).
On the other hand, it holds that
T°h=h, h(z,)=0, heP,

n
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where 7 ,,...,2, , are the zeros of p,. Indeed, this holds because the ratio 5/p, g, is analytic in
Uy (including at infinity since deg(p, g,) = ) and continuous on Lg. Let ¢,...,$, be polyno-
mials of degree at most 7 such that ¢;(z; ,) = 8;;, where & is the usual Kronecker symbol Then
for any h € 2, we have

k,
(8.11) (T2 h)(z) Zh ) (¢;(2) = (T2 $,)(2)).

Clearly, the sum on the right-hand sum of (8.11) belongs to a k,-dimensional subspace of C(E)
spanned by 915]- — Tn‘%qﬁj, j=1,...,k,. Hence,

(8.12) dy (A5 C(E)) <exp{nd}||T?||
by (8.7). Combining (8.12) with (8.10), we get

limsup (~ logd, (43 C(E)) < my

n—o0

since & was arbitrary. Thus, (3.14) follows from (8.5) and the last limit. O
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