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The Hardy Hilbert space on the unit disk, D = {z € C: |z| < 1} is:

©.@)

H? = {f analyticin D: f(z) = Y ap2" with [|f|* = |a|* < o0}

n=0

where for f and g in H?, we have (f,g) = > a,b,

and we will consider two types of operators on H?:

For ¢ an analytic map of I into the complex plane,

the analytic Toeplitz operator T is

(Tuf)(2) = () f(z) for fin H?
and, for ¢ an analytic map of ID into itself,

the composition operator C, is

(Cof) (2) = flplz))  for fin H’



For example, if ¢ is defined by

() 3z + 1
Z p—
14 z+3

1
then ¢ is an automorphism of the disk D with p(£1) = 1 and ¢'(1) = 5

The spectrum of C,, is the annulus

1
a<0¢>={A:E§IAI§¢§}

and each \ with
1
V2

is an eigenvalue of infinite multiplicity for C.,.

< |\ < V2



Similarly, if 1) is defined by
1— & (ilog2)/m
o) = (152)

14+ 2

then 1) is the covering map of the disk ID onto the annulus

6D) = {A: =< A < V3)

The spectrum of the Toeplitz operator Iy =1, J is the annulus

¥(D) = {A: 2= < I\ < V2)
and each A with
1
7 < |\ < V2

is an eigenvalue of infinite multiplicity for T Jf .



Both of these operators are part of one-parameter groups of operators:

(1+eHz+(1—e
(1—efz+ (1+et)

pi(z) =

for —oo < 5,1 < 0

with C,,Cy, = Cpiop, = C

Ps+t

1 _ it/m
Ui(z) = (1 T z>

with T*STZ = TJS% = TZH for —oo < 5,1 < o0

and

and each \ with

e 2 < |\ < €'?

is an eigenvalue of infinite multiplicity for each of C,, and TZ .



IDEA!!

If there were a connection (e.g. similarity or unitary equivalence)
between these operators,

then the eigenvectors for each of these operators should correspond

to the eigenvectors for the same eigenvalue for the other operator!
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IDEA!!

If there were a connection (e.g. similarity or unitary equivalence)
between these operators,

then the eigenvectors for each of these operators should correspond

to the eigenvectors for the same eigenvalue for the other operator!

BUT there are too many eigenvectors!

TRY Infinitesimal generators!



The infinitesimal generator of a (semi)group A; of operators

is an operator G such that for each f (in the domain of G)

d
=—| A
Gf il . of

and analogous to the ideas from solution of first order linear elementary

differential equations, we imagine that

At “_» etG



The infinitesimal generator of the group of composition operators is

d

(@07 = & 7ot
(o AL e (1= 2)
= fei(2)) [g —e Dzt (1+e—t)P|,_,
S

so (7 is the differential operator

(GF)(e) = 51— 2)(2)

A similar calculation gives the infinitesimal generator, H, of the group T’ Jt .

Eigenvectors for the same eigenvalues of G and H should also be connected!



GOOD NEWS!!

The corresponding eigenspaces are 1-dimensional!

Let’s try to match them up!



GOOD NEWS!!

The corresponding eigenspaces are 1-dimensional!

Let’s try to match them up!

For —1/2 < Re A < 1/2, the eigenvectors of G and H are multiples of

1—2\ " —1 sin ()\5) -
W) = < ) and V) = 1 — 2 z
1+ 2 COS ()\%)

and, for each G and H,

the eigenvectors corresponding to —1/2 < A < 1/2 have dense span in H?



If G and H are to correspond to each other,
for —1/2 < A\, p<1/2,
the relationship between w) and w,, should be analogous to

the relationship between vy and v,,.



If G and H are to correspond to each other,
for —1/2 < X, p<1/2,
the relationship between w) and w,, should be analogous to

the relationship between vy and v,,.

BAD NEWS!!

Nasty computations give:

2(vy, vy,) = (wy, w,) + 1

Not a good correspondence!



Let [1] denote subspace of H? spanned by constants so that H* = [1] ® zH?.
For each ¢, the subspace zH? is an invariant subspace for Ty, and for C’;ft.

Letting z) = wy — 1 and uy = vy — 1, each in zH?, work above means that
x) and u) are each eigenvectors of the compressions of C,,, and TZ to zH?
and they are eigenvectors of the compressions of G and H to zH?

that correspond to the same eigenvalues.



Let [1] denote subspace of H? spanned by constants so that H* = [1] ® zH?.
2H? is an invariant subspace for Ty, and for C7, for each ¢.

Letting ) = wy — 1 and uy = vy — 1, cach in zH?, this means that
x) and u) are each eigenvectors of the compressions of C,,, and TZ to zH?
and they are eigenvectors of the compressions of G and H to zH?

that correspond to the same eigenvalues.

A MIRACLE:

2<u)\7 uu> — <$)\7 $M>



Theorem.

(1) The operator U defined by
Ul(zy) = V2u,
can be extended to a unitary operator of zH? onto itself.
(2) For each real number t,
U ngt JH2 Tyl .2 U

so the operators C;kt‘z g2 and Ty,|. g2 are unitarily equivalent.

That is, there is a unitary operator on zH? that shows the restrictions of

C’:t and T, to zH?* are unitarily equivalent for each .
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