Math 444 (Cowen) Solution to Prob. 10, page 86 5 October 2010

10. (page 86 of Bartle and Sherbert)
Let x1 < z2 be real numbers and define the sequence (x,,) recursively by

Tn = i(xn—Q + xn—l)

for n > 2. Show that the sequence (x,) converges and find its limit.

Solution:
We will solve this problem by a series of lemmas, some of which are more general than the
problem itself. The solution given does not directly use the Contraction Mapping Theorem
(Theorem 3.5.8) but is clearly closely related to it.

The first lemma shows that the between-ness that follows from the averaging process
gives an order relation among the terms of the sequence (x,) that is helpful in the analysis.

Lemma 1. Suppose (z,) is a sequence with xyi1 (strictly) between xy and xi_1 for each
integer k with k > 2 and x1 < x2. Then

(1) T <x3< x5 <7< <28 <Tg < Ty < T2
that is, the sequence satisfies xop_1 < Topy1 < T2j12 < X2 for each j and k in N.

Proof. We are given that x1 < x2. By hypothesis, with £ = 2, we know z3 is between zs and
T1, 80 T1 < r3 < x2. Now, for k = 3, we have x4 is between x3 and z9, so 11 < 3 < 14 < 2.

Thus, for n = 1, we have za,—1 < Topt1 < Topta < To,. We establish this inequality
for all » by induction. Suppose this inequality is true for n = £ > 1, that is, xop—1 < Top+1 <
ZTop+2 < Zog, then we want to show it is true for n = ¢ + 1. For k = 20 + 2, we have x9p11 =
Tr—1 < T = Toe+2 and by hypothesis, x4 is between x, and xg_1, that is, xx—1 < k41 < Tk,
and again, xyio is between xy; and xg, so we have zp_1 < Tp41 < Tpr2 < xg. Recalling
that k = 2¢ + 2, this means zopy1 < Topr3 < Toprg < Topys which is the desired inequality
Ton—1 < Tont+1 < Topt2 < Top forn=~0+1.

By induction, this means that xo,—1 < Zop+1 < Tanto < Xo, is true for all positive
integers n. Now, suppose k and j are integers in N. If k = j, then this is just one instance of
the inequality we have proved. If k < j, then, for n = j, we have x2j_1 < x2j41 < Toj42 < T2;.
But since the inequalities on the left hold for all n, we have

Top—1 < Tog+1 < - < Tj41 < T2j4+2 < T2;

and the inequality in the conclusion holds. Similarly, if & > j, then for n = k, we have
Top—1 < Top+1 < Topro < Tor and since the inequalities on the right hold for all n, we have

Tok—1 < T2h41 < Topt2 < -+ < Tj42 < T
and the Lemma is proved for all £ and j in N. U

The second lemma shows that the order relations from Lemma 1, together with a hy-
pothesis on successive terms being close, imply convergence of the sequence.

Lemma 2. Suppose the sequence (y,) satisfies Inequality (1), that is, it satisfies yor—1 <
Yor+1 < Y2j4+2 < yo; for each j and k in N. Then the sequence (y,) converges if and only if

hmn—>oo |yn - yn+1| =0.

Proof. If the sequence (y,) converges, then the sequence (y,) is Cauchy, and for any e > 0,
there is N, so that when n and m satisfy n,m > N, then |y, — ym| < €. Choosing, m = n+1,
this means when n > N, then |y, — ynt1| < €. This means that lim, 0 |y — Ynt+1| = 0.
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Conversely, if (y,) satisfies Inequality (1), then the sequence (yax—1) is an increasing
sequence and the sequence (y2;) is a decreasing sequence. We will see that this means that
(yn) is a Cauchy sequence. If € > 0 is given, then since limy, o0 [y — Yn+1]| = 0, there is M, so
that n > M, implies |y, — yn+1| < €. Choose k so that 2k —1 > M, and let j = k. Then, we
have (2k—1)+1 = 2k = 2j and we see |y2;—1 — y2j| < €. On the other hand, if n and m satisfy
n,m > 2k = 2j, then y, satisfies yor_1 < yn < y2; and y,,, also satisfies yorp_1 < Ym < y2; s0
we have |y, — ym| < |y2k—1 — Y2;| < €. Since this is true for all € > 0, this means that (y,) is a
Cauchy sequence, and therefore (y,) converges. Il

The following lemma shows that we can normalize the sequence and thereby simplify our
calculations.

Lemma 3. Let the sequence (ay,) be defined recursively by a1 =0 and ay = 1 and

1
ap = §(an72 + anfl)

forn > 2. Then the sequence (xy,) defined above satisfies T, = x1 + an(r2 — 21).
Proof. Notice that the hypotheses on the sequence (a,,) give
r1+ai(r2 — 1) =21 +0(22 — 1) = 711
and
xr1 + GQ(Z'Q — xl) =x1 + l(xg — 1‘1) = X9
so the formula works for n = 1 and n = 2. We continue by using (strong) induction. Suppose,
Tp = x1 + ap(xe — 1) for all n < k. Then

1 1
Thy1 = 5(17@ +a)-1) = 5(1‘1 + ap(r2 — 1) + 21 + ap—1 (22 — 1))
1
=1+ i(ak +ag_1)(r2 — x1) = 21 + apy1(r2 — 21)
and the formula works for n = k + 1. Thus, the formula holds for all n in N. U

Lemma 2 says that to establish convergence, we need to look at the differences of suc-
cessive terms.

Lemma 4. Suppose (ay,) is the sequence of Lemma 3. Then for n > 2, we have |an4+1 — an| =
|an, — an—1|/2 and the sequence (ay) is convergent.

Proof. For any n > 2, we have
1 1 1 1 1 1
Un+1 — p| = |z\@n—1 T Qp) — An| = [50n—1 70n — On| = |50n—1 — 70n| = 7 |Apn—1 — an
| | = 5 (an1 + an) = anl = 5an 1 + 5an = anl = |5an1 = 5l = 5 |
so the desired relationship holds.

We will use induction to show that for n > 2, we have |a,, — a,_1| = 1/2"72. For n = 2,

we see that |ag — a1 = |1 — 0] =1 = 1/2° so the formula is correct for n = 2. Now suppose,
we have the formula is correct for n = k > 2, that is, we have |ay — ap_1| = 1/2¥72. Then,
using the relationship just proved, we have
1 1 1 1
lag+1 — ag| = §|ak —ag-1| = 99k—2 — gk—1

and the formula is correct for n = k£ + 1. Thus, the formula is correct for all n > 2.

Now, lim,, o, 1/2771 = 0, so this says that lim,, oo |ans1 — an| = 0. Now the sequence
(an) satisfies the hypotheses of both Lemma 1 and and Lemma 2, so this means that the
sequence (a,) converges. O



The following establishes a relationship that is useful in finding the limit of the sequence
(an).
Lemma 5. Suppose (ay) is the sequence of Lemma 3. Then for k = 3,4,5,---, we have
akt2 — ag = (ar — ag—2)/4.

Proof. Suppose (a,,) is the sequence above. Then for k = 3,4,5,---, we have |a — ax—1| =
lag—1 — ax—2|/2. We know from Lemma 1 that the even numbered terms of the sequence
are larger than the odd numbered terms, so being aware of the parity of k, we have az —
ax—1 = (ag—2 — ax_1)/2 where both sides are positive if k is even and both sides negative
if k£ is odd. We also have axy1 — ar = (ax—1 — ax)/2. Adding these two equations, we get
ak+1 — ag—1 = (ag_o — ay)/2 for every k > 3.

Now replacing k by k+ 1, we get agio — ax = (ag—1 — ax+1)/2. Combining this with the
equality in the preceding paragraph, we get

1 1/1 1

A2 — af = 5(%—1 —Qpq1) = 3 <2) (ar — ag—2) = Z(Gk — ak—2)

as we wished to prove. ]
Finally, we can put these results together to get the answer to question 10, page 86.

Theorem 6. If v1 < x2 are real numbers and the sequence () is defined recursively by

Tp = i(xan + 557171)

forn > 2, then (x,) converges and

) 1 2
nh_)rr;o Ty = gxl + g.%'g
Proof. Lemma 3 allows us to consider the normalized sequence (a,) rather than the given
sequence (). This should make the calculations more transparent.
The formula in Lemma 5, for k > 3, gives
1
Qk+2 — Ak = l(ak — ay—2)
Writing k = 25 + 1, we have, for j > 1
1
azj+3 = azjr1 = (azj41 — azj-1)
Now for j = 1, this says that a5 — ag = (a3 — a1)/4. Since a3 = 0 and as = 1, we have
a3 = (14 0)/2 =1/2 and, therefore, a5 — ag = 1/8.
Now, an easy induction argument gives agjy3 — azjt1 = 2~ 2+ Tt is true for j = 1. If
it is true for j = k, then

1 9 _
A2(k+1)+3 — G2(k+1)+1 = 1(a2k+3 — agpy) = 27227 R = 9= (k)
and it is true for j = k4 1, so it is true for all j in N.
Now for k a positive integer, we have
1 1 1 1
azk+3 = (a2k43 — G2+1) + (G261 —aze—1) +- -+ (a5 —a3) +a3 = gy o+t 3ty

Thus,
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Since the sequence (a,,) converges and this subsequence converges to 2/3, we must have
lim,, o0 an, = 2/3.

Now, Lemma 3 says that z, = z1 + a,(x2 — x1), so

lim z, = lim (x1 + ap(xe — 1)) =21 + ( lim an> (g — 1)
n—00 n—00 n—0o0
+ 2 )= sy + 2
=z1+ (29 —21) =21+ =2
1+ 322 1 301+ 372

as we were to prove. O



