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Math 55400 (Cowen) Test 1 March 1, 2017

There are 6 pages, 5 questions, and 100 points on this test.

e Proofs should quote results from the class to justify assertions, as in ‘By the rank-nullity theorem,
we can see - .

e If you need to use a property of a vector space or transformation or use a theorem in your answer,
explain what property or theorem you are using and indicate specifically why the hypotheses of the
theorem are satisfied.

e Explain your answers for each question in such a way that your reasoning can be followed!!

NOTE! Throughout this test, unless otherwise specified, assume that you are working over a field F.

(20 points) 1. A matrix A is called a rank one matriz if the dimension of the range of A is 1.
(a) Find a 4 X 4 real matrix A that is a rank one matrix such that -
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(b) Let C be an n x p matrix over F that is a rank one matrix.
Prove: If B is m X n matrix, then the matrix BC is either 0 or is also a rank one matrix.
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(c) In the situation of part (b) above, when is BC =07
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(20 points) 2. Let @ be an m x n matrix over F. Let P and R be invertible matrices over F
where P is m x m and R is n X n.

(a) Prove that the nullspace of PQ is the nullspace of Q.
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(20 points) 3. In this question, all matrices have real number entries.

(a) Let G and H be n X n matrices such that GH = HG.
Let M denote the range of G and N denote the range of H.

Prove that R(GH), the range of GH, is a subset of M N N.
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Find a basis for the range of S acting on R3.
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adx 3 real matrix T so that the range of ST is NOT the range of TS
and show that you are right by finding a vector in range(ST') that is not in range(TS)
(or vice-versa,).
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(20 points) 4. For V a finite dimensional vector space, a linear transformation E on V that satisfies E2 = F is
called a projection on V.
Recall that in an exercise, you proved that if a linear transformation T on a finite dimensional vector
space is invertible, its inverse is a polynomial in T
Let E be a projection on the finite dimensional vector space V. Show that 3E — I is an invertible
linear transformation by finding its inverse.
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(20 points) 5. Let V be a finite dimensional vector space over the field F, let T be a linear transformation
on V, and let v be a vector in V.

(a) Let J = {p € Flz] : p(T)v = 0}. Prove that J is an ideal in F(z].
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(b) Let D={ 1 andletv=1| 1 |].
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Find a monic polynomial of degree 2 in the ideal K' = {q € R[z] : ¢(D)v = 0}.
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1 1 0 2
5. (continued) Recal: D=| 1 0 1 Jandletv=] 1
0 1 1 0
and the ideal, K, is K = {q € R[z] : ¢(D)v = 0}.

(c) Show that there is no monic polynomial of degree 1 in the ideal K in part (b) and explain why
this means that the polynomial you found in part (b) is the monic generator of K.
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