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Math 55400 (Cowen) Test 1 March Lr 2OL7

There are 6 pages, 5 questions, and 100 points on this test.

o Proofs should quote results from the class to justify assertions, as in 'By the rank-nullity theorem,

we can see . "t.
o If you need to use a property of a vector space or transformation or use a theorem in your answer'

explain what property or theorem you are using and indicate specifically why the hypotheses of the

theorem are satisfied.
o Explain your answers for each question in such a way that your reasoning can be followed!!

NOTE! Throughout this test, unless otherwise specified, assume that you are working over a field F'.

(20 points) 1-. A matrix A is called a ranle one matrir if the dimension of the range of A is 1'

(a) Find 
" 

- 
i;.;::;:niTTj T"i:Tffir#1:T:" .f 4 is (, i )

Si^c. A has ',4LVI, de^ R(A) :1. S'i^" ru .r,W\ 1 )

o{ ^'.^ttt" is +Lst-bspau- "i",^"a 
bJ +furol.ru^r.E, J4"; satg^ce is t-ltr'nu\

f^^ prk r.)n"u, "y coLurr^r. 4 A is a- rrta-S/.|ti"&v:tf otu^r.

^ l-::oult\sD n, \ i :,t:? fe /
(b) Let C be an n x p matrir ov-er F' that is a r-dnk one matrix'

prove: If Bis Tnxnmatrix,thenthematrix BCiseither0orisalsoarankonematrix.

Bt*p $e i,.xp to'nFt;v C h5 c-trr.uws C=(C, C-' Ct)

b4,,r^- C; is t'L i+ cotqv,.n. Sii^- C it -3 l, -{Ro"ne is A

yrota.-zr^o cot*r*n, cnLl u{ a' E2 ccL-^ ''d 
C $ e rtu*ttL 4 nt

U

BC : B (0,u e.tr arr ,.. apo) = [qg* QTBu o'r8o '" of gt

* % c&t",.'*- 4 tsc is A n"*a'i'tt ') B'^ v Bc i( rz^L t

;l Bu*o A Bc= o iF &=i

(c) In the situation of part (b) above, when is BC :0?

W 6l r'L &4 BC=o if b"(4 + B'^:o,r

lU rs h afl (B).
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(20 poi,nts) 2. Let Q be an nL x n matrix over lF. Let P and R be invertible matrices over lF

where Pism xrnand Risnxn.
(a) Prove that the nullspace of PQ is the nullspace of Q.

kL do*At ca!^taLu,\€^* cLS L pl,,'.+S[" tgy"

S^,ep"* v eflf.g) ) & &..r=O . 1l'o* tfot'=P(&u\--?6-*D

5 ve|XlPql , Tl^^s H(&) <TLTQ"\'

L.t t^l e "tl[Pe) r sD (]0 -: ?to*) :o'
pu *-t", fl7ri, Iu,uns'.s P-'P [u*) : ?*o -*O

o**l &-.,o : o Ao I'.. d{{..- uuals weV@)

/,,'-) .,< sL Zf?cl) c?t(Q)

11,'*W n0q:-%/&)"
(b) Prove thatvthe range of QR is the range of Q'

Su+,.o" x e F - is ^+L 
rry '6 .QR' ^ /

11,^1{,"*e Jb F^" s! y ,.{oA)J - efl) 
&.

'ffi,Hi^;,#-;:3*] 
se F *'%t:

54prs- u rh tr;";-o Rfo) ' 
-it''A t^tb\t

+U b ., L F^ *'+t^l uL=e;:' ts*"^'-p anw'r{'14'

l;r^. s.ue*./ 2 L^ F" so dL# /= P l' ,. R(OR )t, is I

P .,A}4"ffi5t*,r%; 
=h*;; @c=u.ta*)-

'".T;,'".;t[i = N.AR)'ffii *r*L "l a n^,.,rp R t{* da>,nt^
L

/h4* ryLrerruJr, ;; t^}'-td-- nnJ(o?)'

fu* ?ceo1 :.qLe) w su- )u.'a,,ru:,t n(N\:J*.',"7(0]'

pau 
"u* 

rny*L vJffi\.!|h2tr:. sj+s "lwylfQ) 
-r rz*t(&): !\

a,*l Ai^ ?1(w) { ctr^ Krot =A J,;"t(g) __ rrJ(q
T-l'us g*' vil"@) = r'-d""7lCRil--t/\-

6e Y&Fo) - rr""'LN- rrJ@R)'
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(20 poi,nts) 3. In this question, all matrices have real number entries'

(")'i:,";T"fl 
,:",fr "iJ"ilT'E'":Ti"::lf,Lilf"f *"'.,

Prove that R(GH), the range of GH, is a subset of M n N.

B{t E *l l{ ,,^^4 'R";stRi f,F u * dt 1'l'^ Hv * lR^

a^l (GrtM = G(wu) sp [6u)0] !L K(G)-M'

s;l*l,j G^,*TR^ aa' @;0i-G&{v)= t{CG') srD

(Crulc', ls t^^G{t{) = N'

Tl^x yfi'rs qHtr' : {A N' S;"' #^t 's

d*^'S, d-; t*f flPrt) . l4AN'

(b) Let ,:(-? i -l )\ i t z)

"'"H;T'it'c5"1JTtr".J;^ x* 4s' 'Y te^"d

)RL$ rs =rn^^J/"b5 (3.) , i Ll ,uoJ ri \

CluA,\ fi\ is *,4,_ 
^^^br.rn^ 4Fl) , to t+\ Jfi)**'l@

d, H;] rljtl:j',",;,*jlJ Hi *, ;.:# k Rre'
(c) For

and show that you are right by finding a vector in range(S?) that is not in range(?'9)

(or vice-versa).

S'-r. l1- rd,uro ,) (D nr;^k ,,^,[ #* RCST) ' f,6]
A KF.) t .R(T) , + K$) w**a' c\

\d-* ,Y^'lv i* YtCs) ) Gtst) + CCrs)

S,h. (u> thoot RF) ts effiry^";*lTnLnvatrtt'
",f [s %; {,"a oe:'ff"','-* pcsi

TN ryr^,,,rL (i) 6^6t ^k* co6*frq UJ-;l^"tI)

Tn!,*s \=LrS^: 
\0/^ 

T= [?lt *-= t?;lL*,
;; H;': i tal, n^'G\ $ -- r{i is L &tst) *'r' ;^8ftd'R?
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(20 points) 4. For V a finite dimensional vector space, a linear transformation ,E on V that satisfies E2 : E is
called a projectr,on on V .

Recall that in an exercise, you proved that if a linear transformation ? on a finite dimensional vector

space is invertible, its inverse is a polynomial in ?.
Let E be a projection on the finite dimensional vector space V. Show that 3E - I is an invertible

linear transformation by finding its inverse'

'Tlo 
"r,rr4r&\A s&tll^rs tl,"+ ll- ,xrc.rv al 3 E-f k cL Prg'^t"*^lDv

fi^ 3E-T. 
'

Yv\ 
*-r4*frU, ,+ 'PLz)= * +2+-S {- J

-ll^'^'-. P[38 -C)
: 1*- be +T+LE--2r-t-f : ?E-t-Lr

St-rs Jq*-&^ *l,t J&, r'tr"lh Jd' T* is

^ p*SJ ; 6 ;t*;e'$ ilo1.r'i'^'kJ;3E-f,
- ts A P%1-I.dJ ; E'

F,-Wh^a* i+ g@) -- a'"f* A*t{'*-* + oJa4tu tQo

+N^qrc\:Q^En*4*-'{-'*---+'tE-*Q''E+aoI
3t e'--E t b 6-t--^ E''E = E'E= eZ-E '4-

Eo ryb qG): (o^ *en-p +'-' t-Qzta,) E'* a'T !(
\

iou ,C^ swf W#1""1 #'\*Y4t7''
tiL4*t#d*;^Pt5"-^dvb4-{^,.''^qE+bT-

Suueo 
'1e+bf, t t'Li-vr^ts'$3F-"['

rU T = Qe.bCG E -T)'g^th3tc 
-^E* [f,'

T1,,,.5 w'u-.*s r = 3aE +3b6- c'F - tT= @^*$e-Jr

l^L hr)^,t + ulnou a '^"-l b '''A 'n''-L-s * -i;r' 
-

u,-d" Le+3!=o I^rW,^. $v'A'5 b = - \ o^r ^3C#fl.-'
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(20 poi,nts) 5. r::rr::fttn 
ffTj:r:i;1j- 

space over the field F-, ret r be a rinear transformation

(a) Let J : {p e F'[r] : p(T)u:0]' Prove that J is an ideal in F[r]'

lzirrl uL ww T rs a* suhspu.i" i;f;"-U4"po"'16 LLT *J aeE

'11% Gdtr) tu\ -- c-?td"'-- c-'o -*o sio uq :5"
A{s' G.trtlt\ -- Gc1t '-6O)ur = $CrJv + xo)v = ot0 =o

o*A PrX ts ^f,, 50 f,is o'*Jry'-"6 
'y"

Ts.- Tr\ a^ iJA) fuFs. f "f a"*l 5 e-fzffl'{rFp"s 'gt?,2;ffr;-{A
,0, *,r:(i I ?)*oretu:f ?)Dcvu-\t; 

i)-" \o/
Find a monic polynomial of degree 2 in the ideal K : {q eR[r] : q(D)u : 0]'

fl cuhnowrr- {,JI*;A 4 Wq W 7tA- >tnav+b

^rb 
oTP,

7eK) so c^E ','*rl Prc) = T-+aD-" tI

90 P Cb) =frq0t b'f

ttjc

$

Pis
ufl,*
Itz.'^+

fi i'J- ^t'jri).r'

"- " [i\ -,il]--

59 un -\

is

r)

t:: i)"
7'I vt er2"'s

(i

F]Ti?)
o(tilv =o i^)L

For t*ts 
3c.-tzb = -f
?g<b=-k

c-= -j*l t: L rJorhs,

p[*\ = f-Ev+Z1',^t B 4 twtw,z- {atbhrt^^d d^ K,



5. (continued)

and the ideal,

Recall: D:

K,isK:{q
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/t 1 o\
Ir o 1lunaletu:
\o r r)
e R[z] : q(D)u:0].

(i)

(c) Show that there is no monic polynomial of degree 1 in the ideal K in part (b) and explain why

this means that the polynomial you found in part (b) is the monic generator of K.

S;;t *b, iI 1k) -- x+c 
)

$,1r,6**1, tt^ g(.l)[i): o

xH=D+ cr qr 
Eb) 

v- (ji
=F)

SD W ovr{ W tu\,6v;\r- pdlb^fidtlo 
b

S^.. *" IA^^,; tLi=*! 'd*A t R L"l

(Wa.*' I

:)6
"o [:)

44*
t^-
A

'*

L,

& qv'rni< -W

.Lf.j;i)[)

--(+)-H
N%t

@taC
l"- a*

/f46\r^6 @, Ct"^il
-t{.-tC*L r\D t'wMic N

i* W>z'
I .[ MLL-

w L*rt iL bt-'**"r

yLv) -- f- 3r+2- r:; '^

^^l\tu 
nrb-rd,{ "{ hfirl W ;"\ dM7,

qw^Al t Jt ,r,An,t 
Ar,r"*Mf


