
NAME: SJA*s
Math 55400 (Cowen) Final Exam May 3, ?OLT

There a,re 9 pages, 8 questions, and 160 points on this test.
o Proofs should quote results from the class to justify assertions, as in 'By the rank-nullity theorem,

wecansee.-.t.
o If you need to use a property of a vector space or transformation or use a theorem in your answer,

explain what property or theorem you are using and indicate specifically why the hypotheses of the
theorem are satisfied.

o Explain your answers for each question in such a way that your reasoning can be follovrcd!!

NOTE! Throughout this test, unless otherwise specified, assume that you are working over a field IF.

1. Let Abe an rnxn matrixover the fieldlF and let B be an nxp matrixoverlF.
(a) Prove: lf u1,u2,...,I)j a^re vectors inF" such that {u1,'u2t..',u_r} b a linearly dependent set,

then {Aq, Auz,- - . , Aui} is a linearly dependent set in F 2.
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(b) Use the result of part (a) to show that if the range of B has dimension /c,

then the dimension of the range of AB is no more than k, that is, rank(aB) < rank(B).
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(20 points) 2. I€t S and ? be linear operators on the finite dimensional vector space V such that S? :TS.
Show that if p is any polynomial in lF[r], the nullspace of p(S) is an invariant subspace for T.
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(20 points) 3. Let C and D be n x n matrices over the field lF.

(a) Prove that if I - CD is invertible, then I - DC is also invertible and

(I - DC)-I : I * D(I -CD)-LC
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(b) Use this result to show that CD and DC have the same eigenvalues over the field lF.
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(20 points)  . The complex number 1 is tbe only eigenvalue of the matrix G: t : -l t
\r o o i)

q^l fud^i',"J n{rr-,aa tr e -t) L'

(b) Find a matrix J in Jordan Canonical Form that is similar to G. Explain your how you know

that your answer is correct. (While one possible solution is finding a matrix ,S so that S-IG,S
is in Jordan form, you aren't required to find an ,S if you can determine J in some other way.)
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(20 points) 5. L€t ,B be an n x n matrix with entries in C that has n distinct eigenvalues. Prove that if Q is an

n x nmatrix with 8R : RQ,then there is a polynomial p for which Q : p(R).
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The characteristic polynomial for f/ is (r * 3)2(r - 6).

The vector (L,2,2) is an eigenvector for the eigenvalue 6.

Find a unitary matrix U so that U|HU is a diagonal matrix.
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(b) Let ? be an n x n complex matrix such that Tt : T. Prove that if the eigenvalue's of T ate

non-negative real numbers, then there is a matrix S with Ii, : '9 such that Sz : T and

the eigenvalues of S are all non-negative real numbers'
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(z0points)8.rhevectors",:r-i 
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These vectors a^re expressed in terms of the usual, Euclidean ba.sis for Ra, €a: {er, e2t€ste4}, in
the sense that ur - e1 - e2 * e3.

(a) Chome a vector ua so that B: {ut,rl2,rri,ua} k a basis for R.a and shovr that it is a basis.
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(b) Find linear functionals ft, fz, /3, and /a that form a dual basis for 6 (chosen in (a)), and thus
form a basis for the dual space of Ra. To explain precisely what linea.r functionals you mean,

tell what the values of li acting on the basis ta are, that is, give the values fi@), fiG)'
f i!i, and fifta), for 1 ( i < 4.



(b) Find linear functionals fr, fz, /3, and /a that form a dual basis for 6 (chosen in (a)), and thus
form a basis for the dual space of lRa. To explain precisely what linear functiona,ls you mean,
tell what the ralues of fi acting on the basis ta are, that is, give the values fiki, fi@z),
f ik), and fi@a), for 1 ( i < 4.

fh^nhr\ ctvst^,' W-- (0, t,o,O) , tiL u'L 1" '['"'t {,,1''l''1,

$ -tJ 41iu;) : I "l i=i {.(*;)=o tl r?i"

f,^ p^A^t"r , '; 0^t4^]- #, t i,t =i,, {, [u,,) -- fi t"s] -- l'tu') -*o

f {z.ws ,1.,& Lad', lQ, %nQ=,eq\, ry tn'|fft'
;;::,1i4; i, +1'^'$'r'*'1 = 

'q-b1L --t'

"A'-' 1 b^ -&=o b -- o

t o_ -g;d- o c=il,t
=D A"-- Y-

{o" l,. td.- f+ r 0--h+ c =o 50 o= L+

\-z^ -A-*t u =,o
1 & -c *'t--o L

L& b eo 6=-1lu

Sr,r.mrudnfi?*\ | l* #

Lhr -' v"F {'te'1 -- i l-(q') = 
"q

L-Lq\'o l.LeJ-o ['k'1='I

F-Vr\ '--1/q l.tu, ) - -14 f'1e'1 - zn

FJe.\'--t/' lr[e") = i lrte*\= t-

ilh*i*.',,1 , t
d L<-r \ '='/+

t,@) -- ()

$,lq) --Z

[,Le,+l 
* \



8. (continued) 

Page I

(c) Find the annihilator of the subspace l,l, that is, find l,l" the subspace of the dual of iR4 that

annihilates the vectors in U. Express your answer in terms of the vectors in the basis

B* : {h, tz, fs, fa)'
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