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Math 55400 (Cowen) Final Exam May 3, 2017

There are 9 pages, 8 questions, and 160 points on this test.

e Proofs should quote results from the class to justify assertions, as in ‘By the rank-nullity theorem,
we can see - - -,

¢ If you need to use a property of a vector space or transformation or use a theorem in your answer,
explain what property or theorem you are using and indicate specifically why the hypotheses of the
theorem are satisfied.

o Explain your answers for each question in such a way that your reasoning can be followed!!

NOTE! Throughout this test, unless otherwise specified, assume that you are working over a field F.

1. Let A be an m x n matrix over the field F and let B be an n x p matrix over F.

(a) Prove: If vy, vs, - - -, v; are vectors in F™ such that {vq,vs,---,v;} is a linearly dependent set,
then {Avy, Ava,-- - , Av;} is a linearly dependent set in F™.
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(b) Use the result of part (a) to show that if the range of B has dimension &,
then the dimension of the range of AB is no more than k, that is, rank(AB) < rank(B).
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(20 points) 2. Let S and T be linear operators on the finite dimensional vector space V such that ST =TS.
Show that if p is any polynomial in F|z], the nullspace of p(S) is an invariant subspace for T'.
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(20 points) 3. Let C and D be n x n matrices over the field F.

(a) Prove that if I — CD is invertible, then I — DC is also invertible and
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(b) Use this result to show that CD and DC have the same eigenvalues over the field F.
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(20 points) 4. The complex number 1 is the only eigenvalue of the matrix G = (
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(a) Find the characteristic polynomial and the minimal polynomial for G

%Mzﬁﬂfh’c P M‘-Q. & s CX*() becunne 1w
H“N;oﬁ W(m‘”.-wja‘rdmoz G «a ‘(""L(’Z‘;W
5o K2 haveckeniThic phyomid of & maeﬁmjé (<-1)" &
e 4t e e - (. B0

(b) Find a matrix J in Jordan Canonical Form that is similar to G. Explain your how you know
that your answer is correct. (While one possible solution is finding a matrix S so that S71GS
is in Jordan form, you aren’t required to find an S if you can determine J in some other way.)
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(20 points) 5. Let R be an n x n matrix with entries in C that has n distinct eigenvalues. Prove that if Q is an
n X n matrix with QR = RQ, then there is a polynomial p for which @ = p(R).
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(20 points) 6. Let H= (

|

The characteristic polynomial for H is (z + 3)*(z — 6).
The vector (1,2,2) is an eigenvector for the eigenvalue 6.

Find a unitary matrix U so that U'HU is a diagonal matrix.
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(20 points) 7. (a) Prove that if S is an n x n complex matrix such that §' = S,
then the eigenvalues of S? are non-negative real numbers.
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(b) Let T be an n x n complex matrix such that T’ = T. Prove that if the eigenvalues of T are
non-negative real numbers, then there is a matrix S with S’ = S such that $? =T and
the eigenvalues of S are all non-negative real numbers.

Slgpose T=T" sd o sgnknd) T are
e oot T /\/dw '#ud‘/o a




page 8

1 2 1
(20 points) 8. The vectors u; = "i Uy = g and uz = _2 span the subspace ¢/ in R*.
0 -1 1

These vectors are expressed in terms of the usual, Euclidean basis for R4, & = {e1, 2, 3,4}, in
the sense that u; = e; — es +e3.

(a) Choose a vector uy so that B = {u1,u2,u3, us} is a basis for R* and show that it is a basis.
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(b) Find linear functionals fi, fo, f3, and fs that form a dual basis for B (chosen in (a)), and thus
form a basis for the dual space of R%. To explain precisely what linear functionals you mean,
tell what the values of f; acting on the basis & are, that is, give the values f;(e1), fi(e2),
fi(es), and f;(eq), for 1 <j <4



(b) Find linear functionals fi, f2, f3, and fy that form a dual basis for B (chosen in (a)), and thus
form a basis for the dual space of R*. To explain precisely what linear functionals you mean,
tell what the values of f; acting on the basis & are, that is, give the values f;(e1), fi(e2),
fi(es), and fi(eq), for 1 < j < 4.
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8. (continued)

(c) Find the annihilator of the subspace ¥/, that is, find U° the subspace of the dual of R* that
annihilates the vectors in I{. Express your answer in terms of the vectors in the basis
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