UNITARY EQUIVALENCE OF ONE-PARAMETER GROUPS
OF TOEPLITZ AND COMPOSITION OPERATORS

CARL C. COWEN AND EVA A. GALLARDO-GUTIERREZ

ABSTRACT. The composition operators on H? whose symbols are hyperbolic
automorphisms of the unit disk fixing £1 comprise a one-parameter group and
the analytic Toeplitz operators coming from covering maps of annuli centered at
the origin whose radii are reciprocals also form a one-parameter group. Using the
eigenvectors of the composition operators and of the adjoints of the Toeplitz
operators, a direct unitary equivalence is found between the restrictions to zH? of
the group of adjoints of these composition operators and the group of Toeplitz
operators. On the other hand, it is shown that there is not a unitary equivalence
of the groups of adjoints of the composition operators and the Toeplitz operators
on the whole of HZ.

1. INTRODUCTION

Our goal in this note is to explore equivalence between the adjoints of the
composition operators on H? coming from the hyperbolic automorphisms of the
disk with fixed points at +1 and the usual analytic Toeplitz operators associated
with covering maps of annuli centered at the origin whose radii are reciprocals. The
unitary equivalence we find is on zH?, not on H?. In fact, we show (Theorem 8)
that there is a unitary operator on zH? that gives a unitary equivalence of the
group of adjoints of the composition operators and the group of analytic Toeplitz
operators. In addition, we show (Theorem 4) that there is not a unitary equivalence
between these groups on all of H?.

Our approach is to look at the eigenspaces of the adjoints of the Toeplitz
operators and the eigenspaces of the composition operators, or more precisely, of
the infinitesimal generators of their groups because these are one-dimensional, and
construct a unitary equivalence of these operators directly by using their
eigenfunctions. As a corollary, since the compressed adjoint Toeplitz operators and
the compressed composition operators are unitarily equivalent, the restricted (to
zH?) Toeplitz operators and the restricted adjoint composition operators are also
unitarily equivalent.

Understanding the structure of adjoints of composition operators as
multiplications by analytic functions, especially relating to subnormality, extends
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back to the first few years these operators were studied. Subnormality of the Cesaro
operator on H? was shown by Kriete and Trutt [12] in 1971 and Deddens [7] showed
in 1972 that the adjoints of some composition operators on H? are analytic
functions of the Cesaro operator, so are subnormal. The connections between
subnormality and composition operators were extended by Nordgren, Rosenthal,
and Wintrobe [14], Cowen [4], and finally Cowen and Kriete [5] by giving proofs
showing that the class of composition operators with subnormal adjoints on H?
includes some composition operators whose symbols are hyperbolic linear fractional
maps of the disk into itself, in particular, it includes the hyperbolic automorphisms
with fixed points at £1. However, in contrast to our direct approach in this note,
in [14] and [4], the subnormality was established indirectly through moment criteria,
which does not usually tie closely to the structure of the operators as
multiplications by analytic functions. In [5], like in [12], measures were constructed
to show that the operators studied are restrictions to P?(u) of the normal operator
of multiplication by a bounded analytic function on L?(u).

2. COMPARISON OF THE ADJOINT TOEPLITZ AND COMPOSITION (GROUPS

We wish to find a relationship between the Toeplitz operator whose symbol is the
covering map of the disk onto an annulus and the composition operator whose
symbol is a hyperbolic automorphism of the disk with fixed points +1. We believe
(hope?) this might be true because the Toeplitz operator is subnormal and the
composition operator has subnormal adjoint and the composition operator and the
adjoint of the Toeplitz operator both have point spectra that are open annuli, each
eigenvalue having infinite multiplicity. Rather than use an approach that uses
measures or moments, as in [5], we try a novel approach that uses their groups.

Consider the set (for —oo <t < 00) of composition operators with symbols Cy,
where
14+eHz+(1—e)

(I—eHz+(1+e?)

which has fixed points at 1 and —1 and derivatives at these fixed points e~ and e’.
Thus, for £ > 0, the Denjoy-Wolff point of ¢; is 1. Easy computations show that
this is a one-parameter group of operators, C,,C,, = C,,,,, and it is not too
difficult to see that this group is strongly continuous.

Let us compute the infinitesimal generator of this group:

@ne = (G caf)o=5| s

2(1+e e t(1 - 22)
(1 —e )z + (1+e-t)]?

pi(z) =

t=0

= f(ee(2))

t=0

(We note, but will not prove because our focus will be on the eigenfunctions, that H
is a closed operator with domain {f € H? : f'(2)(1 — 2%) € H?}.)

We want to find the eigenvalues of this differential operator that correspond to
eigenvectors that are in H2. That is, we want to solve the differential equation
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f'(2)(1 = 22)/2 = Af and choose those A that correspond to f in H2. We get
1 2 1 1
Sdf = A dr = A —— d
f 4 1- 2% <1+z 1—z> -

which has solutions (up to an additive constant)

1—=z2

The functions w), are eigenvectors of the infinitesimal generator corresponding to A

wir-- (129 - (=)

and they are in H? for —1/2 < Re X < 1/2. Note that the eigenspaces of the
infinitesimal generator are one-dimensional! Use of the theory of semigroups or a
direct computation from the expressions for ¢; and wy shows that C,,wy = eMwy,.

In particular, for ¢t > 0, the point spectrum of C,, is
op(Cy) = {A: e 2 < |\ < e?}

Let us now consider the Toeplitz operators whose symbols are maps of the disk
onto annuli centered at the origin with radii that are reciprocals of each other, that
is, the same family of annuli as occur above as the spectra of the composition
operators. Such maps are (for s > 0)

D)
_ esilos(52) _ (L2
g(z) = e T2
and the point spectrum of the adjoint of the Toeplitz operator is
g(D) = {¢: e ™2 < [¢| < ™2}

Since our goal is to match up with the group above, we choose a normalization so
that ¢ = 1 corresponds to the annulus {¢ : e='/2 < |¢| < €'/}, and we let

ti

by(z) = el E108(12)) _ (1 - )

A
log f = A (log(1 + 2z) — log(1 — 2)) = log (1 i Z)

1+ 2

These Toeplitz operators also form a strongly continuous group, Ty, Ty, = Ty, .,
and we want to find the infinitesimal generator. For h in H?2,

(Gh)(z) = (thm(thh)) (=2

'L’ 1—Z ﬂl 1—2
21 wa(1+z)
(7T Og<1+z> €
z

- s (12) 9

That is, the infinitesimal generator, G, of the group is an (unbounded) analytic
Toeplitz operator. As is well known, the kernel functions for evaluation at « in the
disk, Ko (z) = (1 —az)~!, are eigenvectors for adjoints of analytic Toeplitz operators

i 1-a
G*K,=——1 - K,
@ s Og(l—i—a) @

t=0
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and we see, also in this case, that the eigenspaces are one dimensional. We also have

_t

- 1 _a b
Tj Ko = thi(a)Ky = <1 +a> K,

Now, we need to get the relationship between o and A\ to compare eigenfunctions
for the same eigenvalue. Using ¢t = 1, we have

A <1—a>
1+a

3 |

677;7'/\ = eiTF)\ = 1 _ g
14+«
so finally,
- 1— eiw)\ 6—i7r/\/2 _ 6z'7r>\/2 —isin ()\g)
T 14t T e—imA/2 4 eimA/2 T oS ()\%)

We will match up the eigenspaces for the infinitesimal generators of the two groups
to try to obtain the equivalence we are looking for.
For —1/2 < Re X < 1/2, let

1—2\"" —isin ()\3) -
wy = and wvy=1[1- 7ﬂ2z
1+=2 cos (M%)

which are the eigenvectors found above that correspond to the eigenvalue A for the
infinitesimal generators for the two groups. Of course, we are aware that we have
made natural, but ultimately arbitrary, choices of eigenvectors for the two cases.
We hope that these choices will suggest an isomorphism of the space that will
connect the composition and the Toeplitz operators. The following lemma says that
at least we have enough vectors in each case to use linear combinations of
eigenfunctions to get close to every vector in the space.

Lemma 1. Let wy and vy be as above. Then the span of {vy : —1/2 < X < 1/2}
and the span of {wy : —1/2 < X\ < 1/2} are each dense in H>.

Proof. The vy are just kernels for point evaluations for functions in H2. If f in H?
is perpendicular to each vy then, for a = isin (A7/2) / cos (A7/2) as above, we have
0 = (f,vn) = f(a), and this is true for each a in the intersection of the unit disk
with the imaginary axis. Since f is analytic in the disk, we must have f = 0. This
means the span of {vy : —1/2 < X\ < 1/2} is dense in H?.

For the second half, let us prove that the span of {w) : 0 < X\ < 1/2} is dense in
H?, from which, clearly, the statement of the lemma will follow. Let us consider the
natural surjective isometry from H? onto L?(0,00) (see [15], for instance). This
means that it is enough to prove that the linear span of the functions in L2(0, co)
given by

ex(z) = / e (@1 gy, (x >0)
0

for 0 < A < 1/2 is dense in L?(0,00). In order to show this, assume f in L?(0,c0)
satisfies

/ (@) F@ dz =0
0
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for any 0 < A < 1/2. The Fubini theorem yields

/OOO A1 </too e~ @ f(2) da:) dt = 0. (1)

Let us denote by F the L?(0, 00) function

Ft) = /t T @@ dr, (te (0,00))

Note that expression (1) is related to the Mellin Transform of F', defined for those
w € C such that the integral

F(w) = /OO tY=LP(t) dt,

0

converges. Since F is an analytic map on the fundamental strip of convergence

{0 < Rew < 1/2} and from expression (1) one gets F(\) = 0 for every 0 < A < 1/2,
one deduces that F = 0. Hence, F(t) = 0 for any ¢ € (0,00). From here, it follows
that f = 0, proving the statement of the lemma. O

Corollary 2. If M is any subspace of H?> and P is the orthogonal projection of H?
onto M, then the span of {Pvy : —1/2 < XA < 1/2} and the span of
{Pwy : —1/2 < XA < 1/2} are each dense in M.

Proof. Suppose u is a vector in H? and z is a vector in M. Because ||P|| = 1, we
have

| = Pul| = [Pz — Pul| = [[P(z —w)|| < [z - u|

In particular, for every linear combination of the vy’s or the w)’s, the distance
between x and the linear combination is no less than the distance between x and
the projection of the linear combination, so the density of the projections in M
follows from the density of the linear combinations in H?2. O

If there actually is an isomorphism, then the internal relationships between the
vectors wy for different A must have a strong connection with the same relationships
for the vy. Thus, we will compute both (wy,w,) and (vy,v,) for A and p in the
strip, indeed, it should be sufficient to do so for just the real numbers
—1/2 <X\ p<1/2.

Because the vectors vy and v, are just kernel functions, their inner products are
easy to calculate. Recalling that we are taking A\ and p real,

ot = (1- (T2 ()

cos(5A) cos(G ) _ cos(5A) cos(Gu)
cos(5A) cos(G ) —sin(GN) sin(§u) cos(5 (A4 p))
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The corresponding calculation for wy and w,, is somewhat more difficult.

1— 629 —i0\ —H d9
<w)\7wll> = / <1+6Z9> <1+€ 'L9> o1t
T(1- N ag
- /0 (1—{—61(9) <1+e 19> 27

1- 1—e ™\ " do

1+ 619 1+e % 27
™ . —i0\ —H d9
- /0 <1+619 <1+ew> 2m

1 —i6 —A 1— i@ K de

0 (1+e 19) (14—629) o
T\ 1= e\ T dh
- /0 (1+ei9) (_1+ei9> o

Tl e\ TN 1= e\ " df

+/0 <_1+6i9> <1+ei9) o

Making a change of variables, by taking the disk to the half plane to replace the
unit circle by the imaginary axis,

1— et
T+e®

and integrating on the real line, we get

0 (—jx) " AMiz) M dx ® (i)~ M—iz)"* dx
oy = [ s

1+ a2 T 14 a2 T
)T LA (R OO — A
_ (=)~ MH 407 (—1) / x dx
s 0o 1+ a?
eig)\efi%,u +e —iZ )\e SH poo A
= / dx
T o 1+z22
2cos(5 (A — ) /°° zTAH
= dx
™ o 1+a2
where we have used +i = e*2. A computation using a computer algebra system

(for example [13]) or a standard table of integrals (for example [16, p. 423, #486])
gives

—A—pu T
[
0o l+=z 2cos(5(A+ p))
S0 we get

(w0, 10,) = 2cos(5 (A — ) T _ cos(
alite T 2cos(5(A+p))  cos(

(A—p)
(A+p)

ISENNTE
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Comparing the formula above for (vy,v,) with this result for (wy,w,), we see
that they are similar in form but not exactly equal.

cos(5 ) cos( )
cos(3On+ 1)

However, consider the following computation

(3)

<U>\7 Uu> =

2cos(5A) cos(Gu)
cos(5 (A + )

2(vz,vy) =

~

cos(§A) cos(Gpu) 4 sin(FA) sin(Fp) N cos(§A) cos(G ) — sin(FA) sin(F )
cos(§ O+ 1) cos(§ 00+ 1)

(A=) | cos(5(+ )
() eos(50+ )

If a unitary operator shows two operators are equivalent, the unitary operator
must carry the eigenspaces of one onto the eigenspaces of the other. In our case, if
G* and H are unitarily equivalent, the unitary must carry the eigenspace spanned
by vy onto the eigenspace spanned by w). However, we will see Equations (2)
and (3) are inconsistent with this relationship.

cos(

= (W, wy) +1 (4)

ISENSIE]
ISR

cos(

Lemma 3. Let H be a Hilbert space, let w1, vy, ue, and vo be non-zero vectors in H,
and let My = span{ui}, N1 = span{vi}, My = span{us}, and Ny = span{va}. There
is a unitary operator U on H such that UMy = Ms and UN; = Ny if and only if

[(ur,v1)| _ [(ug,v9)|

lulloall— fluallfvzll

Proof. (=) If U is unitary and UM; = My and UN; = N, then there are complex
numbers « and 3 so that Uu; = aus and Uv; = PBve. Since unitary operators
preserve inner products, we know that

lurll =[]l = [lavs|| = |af[[uz]]
[o1ll = [[Uvi]| = [|Bvall = [B]|v|
[(ur, o) = [(Uur, Uv1)| = [{aug, Bug)| = ||| B][(uz, v2)|
Combining these three equalities, we get the desired conclusion:
[(ur, v _ Jef[B]|{ug, v2)| _ [{uz, v2)]
Jur[llvall lallul[l1Blllvall [Juz]ll|vz]

(<) On the other hand, suppose we have vectors as above so that

[(ur,vi)| _ [ug, va)]
Jur[[flvall lluelllv2]]
If we let a = ||uy||/[|uz|| and v = ||v1]|/||v2]|, then this equality gives
oz, yo)] = oyl g, va)] = @y L — g )
[[u[[flo1]]
Since these absolute values agree, we can find 8 so that |5| = v and

(cug, Pug) = (ug,v1).
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Since we now have

(ur,uy) = |of*(ug, ug) = (aus, auy)
(v, v1) = B (v2,v2) = (|Bua, |Bua)
(ur,v1) = (aug, Bug)

it follows that, defining U on the subspace M; + Ny by
U(auy + bv1) = acug + bfBvy

yields a unitary operator mapping M; + N; onto My + Ny with UM; = My and
U N1 = N, because, for all a and b,
llaus + bv1H2 = (aui + by, au; + buy)
= |a|*(uy,u1) + 2Re ab{uy,v1) + |b|*(v1,v1)
= |a]*(aug, aug) + 2Re ablaus, Buz) + [b*(Bva, fu)
= |acusg + bBus||?
Since dim(M; + Ny) = dim(Msy + N2), we also have
dim((My + Np)*) = dim((Mz + N2)t). Choosing any unitary map of (M + Nyp)*+

onto (Ms + N3)*, we can extend U to all of H so that it is unitary on H and
satisfies UM, = My and UN; = Ns. O

We are ready to show that the one parameter groups of adjoints of composition
operators and analytic Toeplitz operators on H? are not unitarily equivalent.

Theorem 4. There is no unitary operator U on H? such that U*C’WU = TJZ for
every real number t.

Proof. Suppose U is a unitary on H? such that U *C¢tU =T ;;t for every real
number ¢. If f is a function in H? such that U f is in the domain of H, then

N - *

lim - (U*C, U f = U )

1
_ Ol E _
= U lim - (Cp,Uf = Uf)

N R
lm —(Ty, f— f) =

= U*H(UY)

This shows that f is in the domain of G* and that G*f = U*HU f. That is, U™
takes the domain of H into the domain of G*. Reversing the roles of G* and H
shows that U takes the domain of G* into the domain of H. Thus, we see that U
takes the domain of G* onto the domain of H and that, therefore, H and G* are
unitarily equivalent.

This unitary equivalence implies that U takes eigenspaces of G* onto eigenspaces
of H. Since all the eigenspaces of G* and H are one dimensional we can apply
Lemma 3 to pairs of eigenspaces.

For example, if we take M7 and Ms to be the eigenspaces spanned by w) and vy,
respectively, for A = 0 and N7 and N> to be the eigenspaces spanned by w,, and v,
respectively, for p = 1/4.
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Using Equation (2) to compute the square of the left hand side of the equality in
the Lemma, we see that

cos(m/8)\2
[(wr,wd?  Gomrm)” 1

[[wall?[|w,ll 1@ V2
On the other hand, from Equation (3), the right side is

1 cos(m/8)\2
[(va; v)? _ (W) _ cos(m/4) _ 1
[olPlloll? — eonm/B2 = cos(m/8)2 /2 cos(n/8)?

Thus, the two sides are not equal, which contradicts the fact that U is unitary. [

The comparisons we are trying to make, if they will work at all, will work
because w) and vy are eigenvectors corresponding to the eigenvalue A for their
respective operators. Equation (4), which expresses their relationship, is
inconsistent with a unitary equivalence on the space H2. Let us consider the
possible restriction of our operators to another space.

Lemma 5. If D is a bounded operator on the Hilbert space H and M is an
invariant subspace for D, then M~ is an invariant subspace for D*. Furthermore,
if v is an eigenvector for D with eigenvalue A and r = p 4+ q where p is in M and g
is in M+, then either ¢ = 0 or q is an eigenvector for the eigenvalue \ for the
compression of D to M, which is the adjoint of the restriction of D* to its
invariant subspace M.

Proof. Suppose z is in M and y is in M. Since M is invariant for D, then Dz is
also in M. This means that (Dx,y) = 0. However, (x, D*y) = (Dz,y), so we have,
for all z in M and all y in M+ that (z, D*y) = 0, so D*y is also in M+, which
shows that M~ is an invariant subspace for D*.

We can write a block matrix for D with respect to the decomposition of H as

H =M@ M=t so that
A B
p=(5 ¢)

where the 0 is in the lower left corner because M is invariant for D and A is the
restriction of D to M. The operator C is the compression of D to M*, that is, if P
is the orthogonal projection of H onto M=, then for y in M+, Cy = PDy. Now

Dr = Mr and r = p + ¢ as in the hypothesis means that

oo (1) (1)-(%)

On the other hand, we have
P Ap
Ar =\ =
' <Q> <AQ>

so that Ap + Bg = Ap and Cq = A\q. The latter equation is exactly the penultimate
statement of the Lemma.
Finally, the matrix for D* is

A* 0
D*:<B* C*)
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so the restriction of D* to M, an invariant subspace, is C* as the final statement
of the Lemma asserts. O

Let [1] denote the subspace of H? spanned by the constant functions so that
H? =[1] ® zH?. Let P be the projection of H? onto the subspace zH?, so that, in
fact, for f in H?, we have Pf = f — f(0).

Corollary 6. Let ¢ be a hyperbolic automorphism of the disk with fized points £1
and let C, be the associated composition operator on H?. Then [1] is an invariant
subspace for C, and [1]* = 2H? is an invariant subspace for C’f;. Furthermore, if r
is an eigenvector for C, with eigenvalue X\ and r = p + q where p = pl and q # 0 is
in zH?, then q is an eigenvector for the eigenvalue X\ for the compression of C, to
2zH?, which is the adjoint of the restriction of C’:; to its invariant subspace zH?.

Proof. This is a direct consequence of Lemma 5 with the observation that
Cyl =10 ¢ =1 which means [1] is an invariant subspace for C,. O

Corollary 7. Let ¢ be the covering map of an annulus as above and let T, be the
associated composition operator on H%. Then [1] is an invariant subspace for T;;

and [1]* = zH? is an invariant subspace for Ty. Furthermore, if v is an eigenvector
for T:; with eigenvalue X\ and r = p + q where p = pl and q # 0 is in zH?, then q is
an eigenvector for the eigenvalue A for the compression of Tjj to zH?, which is the
adjoint of the restriction of Ty, to its invariant subspace 2H?.

Proof. This is a direct consequence of Lemma 5 with the observation that
Tjjl = TJ;KO = 1(0)Ko = 1(0)1 which means [1] is an invariant subspace for
TJ; . U

For the composition operator group, we have been considering the eigenvectors
wy; let z) = Pwy. Because w)(0) =1 for each A under consideration, we have
wy = 1+ x, and this is the splitting of w) with respect to the decomposition
H? = [1] ® zH? because 1 is in [1] and z is in zH?. This will be valuable because
Lemma 5 says xy is an eigenvector for e for the compressions of the operators Cy,
to zH?. Note that

<x>\7x,u> = <w>\ - 1,11}“ - 1>
= (wx,wy) — (wx, 1) = (1, wy) + (1,1)
= (wy,wy) —1—-14+1= (wy,w,) —1
Similarly, for the adjoints of the Toeplitz operator group, we have we have been

considering the eigenvectors vy; let uy = Pvy. Because vy(0) = 1 for each A under
consideration, we have vy = 1 4+ u) and this is the splitting of vy with respect to the
decomposition H? = [1] @ zH? because 1 is in [1] and uy is in zH?2. This will be
valuable because Lemma 5 says uy is an eigenvector for e for the compressions of
the operators ijt to zH?. Note that

(ux,up) = (vn—1,v,—1)
(vrsvu) = (ua 1) = (Live) + (1, 1)
= (unvu) —1-=1+1=(vy,v,) —1



EQUIVALENCE OF TOEPLITZ AND COMPOSITION OPERATORS 11

Putting these together with Equation (4), we have

20un, up) = 2((ox,vu) — 1) = 2(ox, vp) — 2
= ((wr,wy) +1) —2 = (wy,w,) — 1
= (zn ) (5)

The following theorem summarizes our conclusions.

Theorem 8. Let the vectors x) and uy be as described above for —1/2 < X\ < 1/2.
Then the following are true:

(1) The sets {xx: —1/2 <A <1/2} and {uy: —1/2 < X < 1/2} are each
linearly independent and have dense span in zH?>.
(2) If U is the operator obtained from

U(l‘)\) = \/§U)\

defining it to be linear from the span of {x) : —1/2 < X\ < 1/2} to the span
of {uy: —1/2 < X\ < 1/2}, then U is an isometry between these spans and
can be further extended to a unitary operator of zH? onto itself.

(3) The operator U gives a unitary equivalence of the one-parameter groups
{C<P;k‘zH2}t€R and {Ty,|, 2 ber. In particular, for each real number t,

UC, = Ty | g2 U

o
tlzH?

Proof. (1) Corollary 2 shows that the projections of the wy and the vy, that is, the
x and the uy, are dense in zH?2. Notice that wy = vy = 1, so if some of the z)’s or
the u)’s were linearly dependent, then the corresponding w)y’s with wg or the
corresponding vy’s together with vy would be dependent since each wy = 1+ x) and
each vy = 14 u). Since they are linearly independent, the conclusion follows.

(2) Equation (5) implies that the map U is isometric as a mapping from the span
of the x)’s to the span of the uy’s. Indeed, if —1/2 < A\; < 1/2 and a; and b; are

complex numbers for j =1,2,--- ,n, then
n n n n n n
Q_asmn, Y bken) = DD aibelm, o) = D) b2, )
j=1 k=1 j=1k=1 j=1k=1
n n

= (Z aj(\/§u>\j), Z bk(ﬂuAk)>
j=1 k=1

= (U Zajx,\j ,U <Zbkx,\k>)
Jj=1 k=1

Since these sets are dense in zH?, the isometry U of the span of the z)’s onto the
span of the u)’s can be extended to a unitary of zH? onto itself.

(3) For each t > 0, ) is an eigenvector for e’ for the compressions of the
operator Cy, to 2H?, so we see that

U(PCy,)zy = U(eMry) = eM(V2uy)
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On the other hand, for each ¢t > 0, uy is an eigenvector for e* for the compressions
of the operator TJZ to zH?, so we see that

(PT})Uzy = (PT})(V2uy) = eM(V2u,)

Since the span of the z)’s and span of the uy’s are both dense in zH?, this means
that U(PCy,) = (PT:L)U on zH?. Taking adjoints, we see this is equivalent to

(PC,,)*U* = U*(PT;L)*. Since the adjoints of the compressions are the

restrictions of the adjoints, we get C@ﬂZHQ U* =U* Ty, |, ;2 Which is equivalent to
the result of (3). Since the same unitary works for every ¢, the groups are unitarily
equivalent. O

Corollary 9. For each real number t, the operators C'@ﬂZHQ and Ty, on H? are
unitarily equivalent.

Proof. The operator T}, is a unitary map of H? onto zH?. For any function h in
H®°(D), the analytic Toeplitz operator T}, on H? is unitarily equivalent to T}| LH?
because

T Tl g To = TS T T, = TS T T, = Th,

Thus, Ty,|, ;- is unitarily equivalent to Ty, on H 2 and the corollary follows. O

Theorem 8 gives us a new, easy proof of the subnormality of the operators
wa 2+ The earlier proof of the stronger result that wa is subnormal on all of
H? depends on the ideas in the papers [12, 7, 14, 5] noted earlier. The result of
Corollary 10 follows immediately from that because the restriction of a subnormal
operator to an invariant subspace is also subnormal.

Corollary 10. For each real number t, the operators C¢f‘ZH2 are subnormal.
Proof. Each Ty, is subnormal on H2. O

There are clearly connections between analytic Toeplitz operators and
composition operators, for example (see [1, 2]), the commutant of an analytic
Toeplitz operator often consists of the algebra generated by the composition
operators that commute with it and the analytic Toeplitz operators. On the other
hand, it is often thought that the structures of these operators are quite different
from each other. The results of this paper show that this is not always the case and
suggest that this issue needs further examination.
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