HERMITIAN WEIGHTED COMPOSITION OPERATORS
AND BERGMAN EXTREMAL FUNCTIONS

CARL C. COWEN, GAJATH GUNATILLAKE, AND EUNGIL KO

ABSTRACT. Weighted composition operators have been related to products of
composition operators and their adjoints and to isometries of Hardy spaces.
In this paper, Hermitian weighted composition operators on weighted Hardy
spaces of the unit disk are studied. In particular, necessary conditions are
provided for a weighted composition operator to be Hermitian on such spaces.
On weighted Hardy spaces for which the kernel functions are (1 — wz)™" for
x > 1, including the standard weight Bergman spaces, the Hermitian weighted
composition operators are explicitly identified and their spectra and spectral
decompositions are described. Some of these Hermitian operators are part of a
family of closely related normal weighted composition operators. In addition, as
a consequence of the properties of weighted composition operators, we compute
the extremal functions for the subspaces associated with the usual atomic inner
functions for these weighted Bergman spaces and we also get explicit formulas
for the projections of the kernel functions on these subspaces.

1. INTRODUCTION

In this paper, we give necessary conditions (Theorem 3) on the symbols f and
@ for Wy, to be a Hermitian weighted composition operator on a weighted Hardy
space. For the standard weight Bergman spaces A2 for a > 0, all of which are
also weighted Hardy spaces, we establish the converse (Theorem 6) and identify all
of the Hermitian weighted composition operators for these spaces. In Sections 2
and 3, we identify the spectra and spectral decompositions of these operators.
Section 3 covers the Hermitian weighted composition operators with continuous
spectra and we establish a unitary equivalence (Theorem 17) between these oper-
ators and multiplication operators on an L?([0, 1], 1) space. In addition, we show
that these operators are part of an analytic semigroup of normal weighted com-
position operators (Corollary 19). In the final section of the paper, we apply the
results of Section 3 to find the extremal functions (Theorem 25) for the invariant
subspaces for multiplication by z in the Bergman spaces A2 for @ > 0 that are
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associated with the usual atomic inner functions on the disk. Finally, explicit
formulas for the kernel functions for these subspaces are computed (Theorem 26).

Weighted composition operators have been studied occasionally over the past
few decades, but have usually arisen in answering other questions related to op-
erators on spaces of analytic functions, such as questions about multiplication
operators or composition operators. For example, Forelli [13] showed that the
only isometries of HP for p # 2 are weighted composition operators and that
the isometries for HP with p # 2 have analogues that are isometries of H? (but
there are also many other isometries of H?). Weighted composition operators
also arise in the description of commutants of analytic Toeplitz operators (see
for example [3, 4]) and in the adjoints of composition operators (see for exam-
ple [6, 7, 8, 10]). Only recently have investigators begun to study the properties
of weighted composition operators in general (for example, see [15]). Our goal in
this paper is to characterize the self-adjoint weighted composition operators on a
very broad class of spaces, the weighted Hardy spaces.

A Hilbert space H whose vectors are functions analytic on the unit disk D
is called [9, p. 14] a weighted Hardy space if the polynomials are dense and the
monomials 1, z, 22, ---, are an orthogonal set of non-zero vectors in H. Each
weighted Hardy space is characterized by a weight sequence, (3, defined for each
non-negative integer j by 3(j) = ||27||. For this paper, we will assume that the
norm has been scaled so that 5(0) = ||1]] = 1. For a given weight sequence, 3, the
corresponding weighted Hardy space will be denoted H?(/3), and its inner product
is given by

o0 ) oo ] o0
D0 ) ey =) aGBi)?
=0 =0 =0

for functions in H?(3).

If f is analytic on the open unit disk, D, and ¢ is an analytic map of the unit
disk into itself, the weighted composition operator on H?*(3) with symbols f and
¢ is the operator (Wy,h)(z) = f(2)h(¢(2)) for h in H?*(3). Letting T denote
the analytic multiplication operator given by T¢(h) = fh and C,, the composition
operator given by Cy,(h) = ho ¢ for h in H*(3), if Tt and C, are both bounded
operators, then clearly Wy , is bounded on H 2(3) and

Wrell = ITsColl < T4 Cooll

Although it will have little impact on our work, for any weighted Hardy space, if
Ty is bounded, then f is in H°°, but it is not necessary for T to be bounded for
Wy, to be bounded (see [15]).

In an earlier paper, Cowen and Ko [11] identified the Hermitian weighted com-
position operators on the standard Hardy Hilbert space, H?, that is, in the case
B(j) = 1. Specifically, they showed that if Wy, is Hermitian, then f and ¢ are
related linear fractional maps that can be separated into three distinct cases, some
for which W, is a real multiple of a unitary operator as well as being Hermitian,
some for which Wy , is compact, and some for which W , has no eigenvalues. In
each case, the spectral measures were computed and in some of the cases, further
information was provided. Generally speaking, the results for more general spaces
H?(f) divide into the same three cases. Many of the techniques used in that paper
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carry over to cases studied in this paper, as will be noted in the specific results.
In the cases in which the proof in the general weighted Hardy space is essentially
the same as in the usual Hardy space, we will omit the proof and refer the reader
to [11].

In this paper, we give necessary conditions (Theorem 3) on the symbols f and
¢ for W, to be a Hermitian weighted composition operator on H?(3). We prove
the converse of this theorem (Theorem 6) for weighted Hardy spaces where the
kernels for evaluation of the functions in the space are K, (z) = (1 — wz)™" for
k > 1; we will write H2(3,) for this weighted Hardy space. In the classical Hardy
space, K = 1 and in the Bergman space, x = 2. Spaces with other values of x
are studied in [21], for example, and in [9, p. 27], it is noted that these spaces are
equivalent to the “standard weight Bergman spaces”. In particular, for £ > 1, the
weighted Bergman space A2_, consists of the same functions as H?(f3,) and

L 1P = = 2y a4

T
is another expression for the norm for the space.

Specifically, we show that, as in the usual Hardy space, the Hermitian weighted
composition operators fall into three classes, the compact weighted composition
operators, the multiples of isometries, (both covered in Section 2), and those that
have no eigenvalues (Section 3). In the first two cases, we identify the eigenval-
ues and eigenvectors in H2(3), (providing spectral resolutions for these opera-
tors) and in the third case, for general spaces H?(f3,), we see that the Hermitian
weighted composition operators are cyclic, are part of an analytic semigroup that
includes normal weighted composition operators, and have no eigenvalues. We find
measures 4 = fi,; on [0,1] that allow us to identify the spectral resolutions and a
unitary equivalence with multiplication operators {M,:} on L?(x). In addition,
as a consequence of the calculation of the spectral measures, using properties of
the weighted composition operators and the unitary equivalence, we compute the
extremal functions associated with the Bergman shift-invariant subspaces associ-
ated with the usual atomic inner functions and we find the reproducing kernel
functions for these subspaces (Theorems 25 and 26).

The authors would like to thank Peter Duren, Alexander Schuster, and Kehe
Zhu, not only for their books [12] and [17] but also for their help with references
to the literature concerning extremal functions for Bergman spaces.

We begin by proving a result that allows us to choose standard forms for the
operators under study.

Proposition 1. Let f be analytic on the unit disk and let ¢ be an analytic map
of the unit disk into itself. For 6 a real number, let Uy be the composition operator
given by (Uph)(2) = h(e’2) for h in H*(B). The operator Uy is unitary on H?(f3),
and if Wy, is bounded, then

Ug WioUs =W

where f(z) = f(e72) and 3(z) = (e ?2)

Proof. The calculation is essentially the same as in the proof of the corresponding
result in [11], and is omitted. O
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This proposition will permit us to choose convenient symbols for the weighted
composition operators we study without losing any generality of the properties of
the operators we are trying to understand.

Corollary 2. If f analytic in the unit disk and ¢ an analytic map of the disk
into itself determine a bounded weighted composition operator, Wy ,, there are g
analytic in the disk and 1 an analytic map of the unit disk into itself with 1)(0) > 0
so that the weighted composition operator Wy o, is unitarily equivalent to Wy .

Proof. Choose 6 in Proposition 1 so that ¢(0) = e?p(e0) = ?p(0) is non-
negative. Letting g = f and ¢ = @ satisfies the conclusion of the Corollary. U

As in Proposition 1.3 of [11], if f and ¢ determine a bounded weighted com-
position operator on H?(3) and if g and h are functions in H?(3) such that gh is
also in H?(3), then (Wy,)(gh) = ho oWy ,g9 = go oWy h.

Following the book of Cowen and MacCluer [9, p. 16], the generating function
for the space H?(f3) is the function

© i

He) = E_% 5(23)2

The function k(z) is analytic on the unit disk and, for each w in the disk, the
function K, (z) = k(wz) belongs to H?(3). The K, are the kernel functions for
H?(f3), that is, the functions for which f(w) = (f, K,,) and this implies || K,||*> =
k(Jw]?).

First, we wish to characterize the functions f and ¢ of bounded Hermitian
weighted composition operators.

Theorem 3. Let k be the generating function for H*(B). If Wy, is a bounded
Hermitian weighted composition operator on H?(3), then f(0) and ¢'(0) are real,
2 K (a02)
BT

k(aoz)

f(2) = ck(apz) = cKag(2)  and  ¢(2) = a0 + a1 (1)

where ag = ¢(0), a1 = ¢'(0), and ¢ = f(0).

Proof. Let W, be a bounded Hermitian weighted composition operator on H 2(3).
Let w and z be points of the open unit disk, . Now, from the definition of Wy .,

WieKuw)(z) = f(2)Ku(p(2)) = f(2)k(we(2))

and, using the special properties of W}k o acting on kernel functions,

(Wi oKuw)(2) = f(w)Kyw)(2) = fw)k(p(w)?)
Because W; , is self-adjoint, we have

(1) F(2)k(@p(2)) = f(w)k(p(w)z)

Putting w = 0, this means

F(2)k(0p(2)) = f(0)k(4(0)z)
Recalling that we have assumed that k(0) = 1/3(0)? = 1 and that ag = (0), we
have

f(2) = f(0)k(ao2)
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Putting z = 0 also, we get

£(0) = f(0)k(ao0) = £(0)
so ¢ = f(0) is real, and we have
f(2) = ck(az) = cKay(2)

Since we are not interested in the case f = 0 which gives Wy, = 0, we will
assume c is a non-zero real number.
Using this expression for f in Equation (1), we have

ck(T@2)k(Wp(2)) = ch(@w)k(p(w)z) = ch{@w)k(p(w)2)

The Taylor coefficients of k are real numbers, so k(u) = k(u) for any complex
number u. The above equality can be rewritten as

k(@o2)k(wp(2)) = k(aow)k(p(w)2)

Taking the derivative with respect to z gives

K (a0z)aok(wp(2)) + k(ao2)k (We(2))wg (2) = k(ag)k (p(w)2)p(w)
Letting z = 0, we have
K (0)agk (we(0)) + k(0)K (wp(0))wy' (0) = k(ag@)k' (0)p(w)

or, noting that ¥'(0) = 1/8(1)? and ¢'(0) = a1, taking conjugates and solving for
, we have

¥ (@w)

Faow)

Finally, taking the derivative again, and setting w = 0, we get

p(w) = ag + arf(1)*w

a2 K (@00) __K'(0)
'0) = 1)? = ((1)? =
¢0) = aB(12 [ B = B =
Since ¢'(0) = a1, this latter equality says ¢'(0) = ¢/(0) which means that ¢’(0)
is real and the proof is complete. O

We prove the converse of the above theorem for weighted Hardy spaces where
the point evaluation kernel is given by K, (z) = (1 —wz)~" for k > 1, that is, the
generating function is k(z) = (1 — z)~". For k > 1, since the weighted Bergman
space A2_, consists of the same functions as H?(83,;) and

L 1P = 1 = ) a4

T
gives the norm for the space, it is clear that multiplication by an H function
gives rise to a bounded operator on H?(3,). It also follows that if f is in H?(3,)
and g is analytic on D with |g(2)| < |f(2)] for all z in D, then g is also in H?(3,).
These facts and similar ones will be used below without special reference.

Corollary 4. For xk > 1, let H*(f3,;) be the weighted Hardy space with kernel func-
tion Ky(z) = (1 —wz)™". If Wy, is a bounded Hermitian weighted composition
operator on H?(f3), then

a1z

f(z) =c(l —apz) " = cK, )(2) and ¢(2)=ao+ o
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where ag = p(0) is a complex number and a; = ¢'(0) is real number such that ¢
maps the unit disk into itself and ¢ = f(0) is a non-zero real number.

Proof. The generating function for H?(8,) is k(z) = (1 — 2)7%, so k(0) = 1, as
was assumed for the scaling. We also see that k'(z) = k(1 — 2) "1 s0 1/8(1)? =
K'(0) = k and B(1)? = 1/k.

From this, we conclude that

sz"(cToz) 1 k(1 —apz) "t

+ alz
=ay+ar—=z
k(aoz) 0Ty

o(z) =ap+ a15(1) =ag+

(1 —agz)—" 1 —apz
]

Not surprisingly, this duplicates the corresponding implication of Theorem 2.1
of [11] for the standard Hardy space for which k = 1. Since the function ¢ is
independent of , Corollary 2.3 of [11] describes the conditions on ay and a; that
result in the map ¢ taking the unit disk into itself. This result is recorded below.

Lemma 5. Let a; be real. Then ¢(z) = ag + a1z/(1 — agz) maps the open unit
disk into itself if and only if

(2) lap| <1 and —1+ \a()]? <ap <(1- ]ao\)2

We are now ready to state the necessary and sufficient conditions for the func-
tions f and ¢ that guarantee Wy, is a bounded Hermitian weighted composition
operator on H?(f3,).

Theorem 6. For x > 1, let H?(3:) be the weighted Hardy space with kernel
function K,(2) = (1—wz)~". If the weighted composition operator Wy, is bounded
and Hermitian on H?(83,), then f(0) and ¢'(0) are real and

¢(2) =ao+a1z/(1 —apz) and f(z)=c(l—apz)"" = cK,(2)

where ag = p(0), a1 = ¢'(0), and ¢ = f(0).
Conversely, suppose ag is in D, and suppose ¢ and ai are real numbers. If
K

©(z) = ag + a12/(1 — agz) maps the unit disk into itself and f(z) = ¢(1 —agz) ™",
then the weighted composition operator Wy , is Hermitian and bounded on H?(B,).

Proof. The first statement follows from Corollary 4. If ag, a1, ¢, f, and ¢ are as in
the hypothesis, the results of [9, p. 27 and Section 3.1] show that W, is a bounded
operator on H?(3.). Also, a straightforward calculation shows that Equation (1)
holds for all z and w in the disk, which means that W, is Hermitian. ([l

When ag = 0, the resulting operator is a constant multiple of a composition
operator. In this case, Wy self adjoint implies ¢(z) = rz with —1 < r < 1.
For » = +£1, the composition operators are C, = £I and for —1 < r < 1,
the composition operators are easily understood compact operators, so we will
only consider non-zero values for ag. Furthermore, without loss of generality, we
may take ag to be a positive number by using the transformation in Corollary 2.
With these hypotheses added, in the remainder of the paper, we will look at the
different cases suggested by Lemma 5: —1+ a2 < a3 < (1 —ap)?, a1 = —1 + a3,

and a; = (1 — ag)?.
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2. COMPACT AND ISOMETRIC HERMITIAN WEIGHTED COMPOSITION OPERATORS

We will see that the Hermitian weighted composition operators are all compact
when the parameters defining ¢ satisfy —1+ |ag|? < a1 < (1 — |ag|)? and they are
isometries when a; = —1 + |ag|?. Using Proposition 1, without loss of generality,
we may assume 0 < ag < 1.

Easy calculations (see, for example, the discussion following Corollary 2.3 in [11]),
show that when 0 < ag < 1 and —1 + a3 < a3 < (1 — ag)? the function ¢ maps
the closed unit disk into the open unit disk. In particular, since ¢ is continuous
and maps the interval [—1,1] into (—1,1), it must have a fixed point in (—1,1).

Similarly, when a; = —1 + a3, we see that
a1z —1+ad)z ag — z
o) = ag+ —Z_ _ gy 4 ELF G0 _ G0
1—apz 1—apz 1—apz

so that ¢ is an automorphism of the unit disk that satisfies pop(z) = z. Moreover,
since (1) = —1 and ¢ maps [—1,1] onto itself, it must have a fixed point in
(—=1,1) in this case as well. The most important part of the argument in these
cases depends on the presence of the fixed point.

First, we show that in the first case, the operators are Hilbert-Schmidt and
therefore they are compact operators.

Theorem 7. For k > 1, let H*(3:) be the weighted Hardy space with kernel
function K, (z) = (1 —wz)~". Suppose

p(z) =ao+a1z/(1 —apz) and f(z)=c(l—apz)"" = cKy)(2)
where ¢ is a real number. If 0 < ag <1 and =14 a3 < a1 < (1 —ap)? then Wy,
s Hilbert-Schmidt.

Proof. Let f,(2) = B(n)~'z". Then {f,}>°, is an orthonormal basis of the

o
weighted Hardy space H?(3.). We will show that Z W (fa)||? is finite which
n=0
will show W, is Hilbert-Schmidt [9, Theorem 3.23]. The comments above imply
that in this case, there is r < 1 so that |p(2)| < r for z in D. Now, because the
spaces H?(f3,;) and A2 _,(DD) are equivalent, there are constants M and M’ so that

S IWre P <20y [ AR @POG) el a2
j=0 Jj=0
c? = N2 21 n—Q%
<M | sw2ia - =)
YD
(L —ag)* ™
2
- (1_07%)%1\4%(7«2)
Thus Y [[Wy,(fn)||? is finite, O

n=0
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We will next explore the eigenvectors of these operators.

Lemma 8. Suppose a1 # 0 and ag are real numbers such that 0 < ag < 1 and

o(z) =ap + 1 @z maps the disk into itself with fized point o in the disk.
— apz
This implies
(1 —apa)(1l — az)

3 1— =
3) ap(z) =

2

- + ap
4 / — (al aO)
(4) Fla) = BT
and

oa—z ,

(5) for g(z) = —— then  g(p(z)) = ¢'(a)g(2)
_ 2
Proof. That « is a fixed point of ¢ means o = ag + Mma ;o a0~ 6pe
1—apa 1 — apo

(6) a(l —apa) = a—apd® = a1a+ ag — ada
and, rearranging the terms in this equation, we get
(7) a—ay = aia+ ape® — aia = ala; + apo — al)

If a1 + aga — a% = 0 then a = ag and a; = 0, contrary to our hypothesis, so we
may also assume a1 + aga — a(% = 0. Similarly, if « were 0, we would have ag = 0,
so a # 0.

The definition of ¢ means ¢(z) —ag = a12/(1 — agz), so for z = a, we get
a1

04—610:%0(04)—@0:1_@0&

This, together with Equation (7), gives

aq o — agp
= :al—i-aooz—a%

1—aa  «
Taking the derivative of ¢, we get ¢'(a) = a1/(1 — agar)? and we see
, a ai 1 a1 + apo — a}
(1 — apav) 1—apa/) 1— apc 1 — apa

as we wanted to prove.
Writing ¢ as ¢(2) = (a0 + (a1 — ad)z) /(1 — agz), we get

ap + (a1 — a%)z
1—apz

1-ag(z)=1-a

(1 —ap) — (a1 + ag — ada)z
1—agpz

Using Equation (6), this becomes

(8) 1— ap(z) = (1 —apa) — (1 — apar)z _ (1 —apa)(1l — az)

1—apz 1—apz

as we wished to show.
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From the definition of g and Equation (8), we see

( (Z)) _ Oé—@(z) _ (O[_SO(Z))(]'_G’OZ) _ (a—ao— 1212,2)(1_%2)
ALt C l—ap(z)  (1—-apa)(l—az) (1 —apa)(1l — az)
_ a—ag—aaz+aiz—az (o —ag) — z(ar + apa — af)
(1 —apa)(1 — az) B (1 —apa)(1l — az)
Using Equation (7) and our calculation of ¢'(«) in this result, we get
a(ay + apa — a?) — z(a1 + aga — a?)
o(o(z) = = 0
—apa)(l — az)
_ al—i—aoa—ag a—z\
- < s ) (1 _az) e
which completes the proof of the lemma. O

We are now ready to collect the information we have to characterize the eigen-
vectors and eigenvalues of these weighted composition operators.

Theorem 9. For x > 1, let H*(3:) be the weighted Hardy space with kernel
function Ky (z) = (1 —wz)™". Suppose ag and ay are real numbers such that

0<ap<1landp(z)=a+ maps the disk into itself with fized point « in

1
1—agpz
the disk and f(z) = c(1 — apz)™" = cK (o) () for some real number c. For each
non-negative integer j, the function

1= (=g ()

is an eigenvector of the operator Wy, with eigenvalue f(a)¢'(a).

Proof. Since g; is a bounded analytic map on the unit disk it belongs to H?(8,,).

e 1 a—e(z) )’
Wy (95)(2) (1 —agz)® (1 — ap(2))~ (1 — 0480(2)>

Now using Lemma 8, we get,

Wie(9i)(2) = a _Zoz)ﬁ = (11004)& ((11—_6222)): <90'(Oc) <;Z__a1>>j

c , j 1 oa—=z j_ oo () an (2
e ) s (1) = S @

1—az

We can apply this to the case in which Wy , is compact.

Corollary 10. For x > 1, let H?(3,) be the weighted Hardy space with kernel
function Ky (z) = (1 —wz)™". Suppose ag, a1, and ¢ are real numbers such that
0<ap<1land —1+4+a < a; < (1—ap) If g, f, and g; are defined as in
Theorem 9 and « is the fized point of ¢ in the disk, then {g; 520 s an orthogonal
basis for H*(f3,) consisting of eigenvectors for Wy, with Wy ,(g;) = f(a)¢'(a)’g;.
In particular, Wy, is a compact Hermitian operator and the spectrum of Wy, is
{0} u{f(a)¢'(a) :j=0,1,2,---}.
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Not surprisingly, this agrees with Theorem 1 of [16] which describes the spectra
of compact weighted composition operators on H?(f,).

Proof. Since « is the fixed point of a non-automorphism of the unit disk, |¢/(«)] <
1, and each eigenvector given by Theorem 9 corresponds to a different eigenvalue
of this self-adjoint operator. Thus {g;} is an orthogonal sequence of eigenvectors.
Because the functions in H?(3.) are analytic in a neighborhood of a, an easy
power series argument shows the span of this sequence is dense in H?(3,). O

We next look at the case —1 + a% = aq, for which

z —14ad?)z ag — 2
mz o 0)2 _ a0
1—apz 1—apz 1—agpz

p(z) =ao +

is an automorphism of the unit disk with ¢ o ¢(z) = z. From this, we see that
W]?W = Wiop,pop = Top, S0 it is worth looking at Wj%,so'

Lemma 11. Suppose

12 _

P a0t T and f(2) = el - a0) = Ky (2)
If0<ayg<1,a =—-1+a3, and c = (1 — ad)"? then Wy, is an invertible
1sometry.

Proof. Let g be in H?(83,). Then,

(Wi,9)(2) = Wyo(Wrpg)(z) = Wre(f-go@)(z)
(f - fop-glpow))(z)
= f(2) f(p(2)) - g9(p(v(2)))
2

- - (2) = T——9(2)
= - g\z) = 77— 5 . 9\%
(1 —aoz)* (1 — a2 %)" (1 —ad)"
= g(=)
where the last equality holds by the choice of ¢ in the hypothesis. The operator
Wy, is self-adjoint therefore Wf’w = W}k @me = WfWW;j o Thus the above

computation tells us that W}k Wie = Wf,SDWJZ‘j o is the identity operator which
means Wy, is an invertible isometry. ([

In this case, the fixed points of ¢ are (1 £ /1 —a3)/ap and it is clear that

= (1—+/1 —a?)/ap is inside the open disk. Hence ¢ is an automorphism of the
unit disk with a fixed point inside the open unit disk. In the previous section, note
that the hypotheses of Lemma 8 and of Theorem 9 refer to ¢ having an interior
fixed point and therefore apply to the case we are considering.

In complete analogy to Corollary 10, we characterize the Hermitian isometric
weighted composition operators on H?(3,).

Corollary 12. For k > 1, let H?>(3:) be the weighted Hardy space with kernel
function K (z) = (1 —wz)™". Suppose ag, a1, and ¢ are real numbers such that
O0<ag<1,a =-1 —I—a%, and ¢ = (1 — a%)”/Q. If o, f, and g; are defined as in
Theorem 9 and « is the fived point of ¢ in the disk, then {gj}Jo-‘;O s an orthogonal
basis for H?(B3,) consisting of eigenvectors for Wy, with Wy ,(g;) = (—1)7g;. In
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particular, Wy, , is Hermitian and unitary and the spectrum of Wy, is the set

(~1,1}.

Proof. The map here is the map ¢ of Lemma 8 with a; = —1 —|—a(2). From Lemma 8,
— g2 —
we get g(p(z)) = M) a7z Because a; — a2 = —1, it follows that
1 — ap 1—az
oa—z
9(e(2) = (D22 = —g(2)
1 ; a—z

If j is a non-negative integer g;(z) =

Then,

m(g(z))J where g(z) = 1—az

-ad 1
(I —aoz)" (1 —ap(z))

Wi o(95)(z) =

using Lemma 8 we get,

W) = (ot (=apat—a) (e )j

(1 —apz)® \ (1 —apa)(1 —az 1—az

—(g(¢(2)))’

1—/1-a2
but o = — Y=~ % pence 1 — apar = /1 — a}. Thus

ao

Wrl0)(2) = (-1 (a‘z) — (“1)igy(2)

1—az)f \1—az

In Corollary 10, we showed that {g;}3%, is an orthogonal basis for H 2(B3,), and
for this reason, we know that the spectrum has no other elements besides +1. [

3. ABSOLUTELY CONTINUOUS HERMITIAN WEIGHTED COMPOSITION
OPERATORS

To study the remaining cases of Hermitian weighted composition operators,
when a; = (1 — ag)? for 0 < ag < 1, we first show that the operators Wi,
belong to a continuous semigroup of Hermitian operators. Recall that an indexed
collection {A; : t > 0} of bounded operators is called a continuous semigroup of
operators if Ag4; = Az A, for all non-negative real numbers s and ¢, Ay = I, and the
map t +— Ay is strongly continuous. Similarly, for 0 < 6 < 7, an indexed collection
{A: : |argt| < 0} of bounded operators is called an analytic semigroup of operators
if Ay = AsA; for |args| < 0 and |argt| < 6, the map t — A; is analytic in the
angular domain {t : ¢ # 0 and |argt| < 0}, and lim;_q | argt|<g Ath = h, in norm,
for all h.

An easy calculation, presented in [11] and other sources, shows the collection of
weighted composition operators {T,C, } satisfies the semigroup property if and
only if

9) fs - (frows) = fstt

and

(10) Pt O Ps = Ps+t
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In other words, the composition operator factors in a semigroup of weighted
composition operators form a semigroup of composition operators and the Toeplitz
operator factors form a ‘cocycle’ of Toeplitz operators. It is worthy of note that
for each t with Ret > 0, the linear fractional map ¢; maps the unit disk into itself,
properly if Ret > 0 and ¢; is an automorphism if ¢ is on the imaginary axis and
for each such ¢, p(1) = p}(1) = 1.

Let P = {t : Ret > 0} denote the right half plane. For ¢ in P, let A; = T},Cy,
where

1
(11) fi(z) = A+t—ta)r
and
(12) oulz) = S E D2

Note that the relationship between ay and ¢t can be expressed as ag = (0) =
t/(1+t) for |ag — 4| < 3. However, a; = ¢}(0) = (1+t)~2 is not real unless ¢
is real, so A; is not Hermitian on H?(3,) for ¢ not real. It is somewhat tedious,
but not difficult, to use the semigroup structure proved in Theorem 13 and the
calculation Af = Az to show that the A; are all normal operators, but we put this
off to do it more easily later (Corollary 19).

Theorem 13. The A;, fort in the right half plane P, form an analytic semigroup
of weighted composition operators on H? ().

Let A be the infinitesimal generator of the semigroup {A;}. The domain of A
is Da = {f € H*(Bx) : (z — 1)2f' € H*(B.)}. For such f,

A(f)(z) = (2 = 1) f'(2) + 6(z = 1) f(2)

Proof. To show AiAs = Asrs, it suffices to show that the cocycle relationship
(Equation (9)) and the semigroup relationship (Equation (10)) hold. For the f;
and ¢y given above, the required equalities are

1 1
BB e = s e )"
1
= A+ (s+10) —(s+0)2)" = fstt(2)
and
s+ (-5 (- (1)
pelartel) =~ sz T4 (s+1) — (s+t)z Pontl?)

Thus, the set {A4; : Ret > 0} is a semigroup of weighted composition operators.

Since operator valued functions are analytic in the norm topology if and only if
they are analytic in the weak-operator topology (Theorem 3.10.1 of [18, p. 93]), it
is sufficient to check that the map ¢t — (A;h, K.) is analytic for each ¢ in the right
half plane. This is easy to see because h is analytic and

(Aeh, Kz) = fuz)h(ei(2)) = 7 +t1_ el <t1++(1 - ZZ>

which is clearly analytic in ¢ for fixed z.
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Finally, we must show the strong continuity at ¢ = 0. First note that for
|t| < 1/3, when |z| < 1,

1 1 1

= < < = 3F
14+t —tz|® = (L—|t|1 —2])F = (1 —=2/3)~

|fi(2)]

so for |t| < 1/3, we have | fi]lcoc < 3%. Similarly, the results of Exercises 2.1.5

and 3.1.3 of [9] imply that the norms ||Cy,|| are uniformly bounded if || < 1/3

and t is in P, so, we see that the norms || A4;|| are uniformly bounded on this set.
Observe that for « in the disk,

1
(I+t—tz—a(t+ (1 —1t)z))"~

(AiKa)(2) = fi(2) Kalpi(2)) =

As t approaches 0, the functions A; K, converge uniformly, and therefore in H?(f,),
to K,. Since the kernel functions have dense span in H?(3,) and the norms ||A|
are uniformly bounded for ¢ in P with |¢| < 1/3, it follows that for each f in
H?%(B,), we also have lim;_o4cp Arf = f. Thus, A; is strongly continuous at
t = 0 and the proof that {A;} is an analytic semigroup is complete.

To consider the infinitesimal generator, let f be a function in H?(3.) and sup-
pose z is a point of the disk. Then we have

ANHE) = lm 2 (4 - Df) ) = tim 2 @2) = FG)

t—0+ & t—0+ t
o floe(2) = f(2) ou(z) —2 | fulz) =1
N tli%i 1i(2) or(z) — 2 t + t /()

= 1-f(2)- (1= 2)* = k(1 = 2)f(2) = (2 = 1)*f'(2) + K(z = 1) f

This means that if f is in the domain D4 of A, then (z — 1)2f/(2) + k(2 — 1) f(2)
must be in H?(3). Since the operator of multiplication by z — 1 is bounded on
H?(B,), when f is in H?(8,), (z — 1)f is also in H?(,), so we conclude that if f
is in the domain of A, then (z — 1)2f" = A(f) — (2 — 1) f must be in H?(8y).

To complete the proof, we must show that if f is a function in H?(j,) such
that (z — 1)2f’ is also in H?(8,), then f is in the domain of A. Clearly, every
polynomial is in D4 because for a polynomial, the convergence of the limit in the
calculation above is uniform on the closed disk, and therefore is a limit in the
H?(j,) norm.

The remainder of the proof closely follows the proof of the determination of the
domain of the infinitesimal generator in [11]. We very briefly outline and update
that proof here.

Suppose f is a function in H?(3.) and suppose (z — 1)2f’ is also in H?(8,).
Letting f(2) = > re, ar2”, a straightfoward calculation gives

(z = 1)%f(2) = a1 + (—2a1 + 2a2)z + Z ((k — Dag_1 — 2kay, + (k + Dagy1) 2~
k=2

Since (z—1)2f"is also in H?(3,), this series converges in H?(j3,) norm to (z—1)2f".
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For each positive integer n, let p, be the polynomial

n

n—k
pn(z) = Z apz"

n
k=0

which is the polynomial approximation to f suggested by Cesdro summation. Then
lim,,—oo pn = f and the convergence is in the H? (Bx) norm. In addition, we let r,
be the polynomial r,,(z) = (z — 1)2p/,(2).

Now, let g, be the polynomial

n—1

a(z) = a1+ (—2a1 + 2a9)z

" n—k
+ ((k — Dap_1 — 2kay, + (k + Vagy1) 2~
2.7

which is the polynomial approximation to (z — 1)?f suggested by Cesiro summa-
tion. Then lim, oo ¢, = (2 — 1)?f" and the convergence is in the H?(8,) norm.

In [11], it was proved that lim,, e ||gn—7n||z2 = 0. The norm of any polynomial
p in H?(0,) satisfies |[pl|g2(g,) < [Pl 2, so we have limy, o0 [|gn — 7| mr2(5,) = O.
Since lim,, oo gn = (2 — 1)2f', this means that lim, .. 7, = (z — 1)2f" also.

Now, lim,, 0 pr = f which implies, because multiplication by z —1 is bounded,
that lim,, oo (2 — 1)p, = (z—1)f. We note that A(p,) = (z—1)2p), +x(z—1)p, =
rn + k(2 — 1)p, which means that lim, . A(py) = limy—oo 7 + limy, o0 £(2 —
Don = (2 — L2+ (s — 1)

Thus, we have lim, oo pp, = f and lim, oo A(pn) = (2 — 1)2f + k(2 — 1)f.
Since A is a closed operator, this means that f is in Dy, the domain of A, and
that A(f) = (z = 1)2f' + k(2 — 1)f. O

We want to find the potential eigenvectors and eigenvalues of the infinitesimal
generator and consider their contribution to the spectra of A and the Aj.

Lemma 14. If f is analytic in the disk and (z — 1)?f' + k(2 — 1) f = Af(2), then
C A

f(z) = faz) = me“z

for some constant C'.
Proof. If (z — 1)2f' + k(2 — 1)f = Af(2), then

(2= 12f'(2) = (=K(z = 1) + X) f(2)
Thus
flz) & A
o) T a1 ey
Integrating both sides, we get

1

z —

Inf(z) = —kln(z—1)— X

1—|—c

for some constant c¢. This implies
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for some constant C. O

Corollary 15. For k > 1, the functions fx of Lemma 14 do not belong to H?(f3),
and for t > 0, the operator A; has no eigenvalues.

Proof. Because {A;}+>0 is a strongly continuous semigroup of bounded operators,

op(Ay) C ™) U {0}

and specifically, if A is in 0, (A), then e* is in 0, (A;). (See [22, p. 46], for example.)

Because A; = T}, C,, and both the Toeplitz operator and the composition operator
are one-to-one, 0 is not in the point spectrum of A;. From Lemma 14, we know
that A is in 0,(A) if and only if
A
= 2
—el-= € H°(By)

1
A ==

and if fy(2) is in H%(3.) then the above containment means that e* is an eigen-
value of A;. Now for ¢t > 0, the operators A; are Hermitian and this means any
eigenvalues must be real and e real for all ¢ > 0 implies A is real. In this case, if
v < A, then |£,(2)| < |fr(2)] for all z in D, so £, is also in H?(8,) and e is also
an eigenvalue of A;. For self-adjoint operators on a Hilbert space, the eigenvectors
corresponding to distinct eigenvalues are orthogonal. Since the number of real
numbers less than ) is uncountable and H?(f3,.) is a separable Hilbert space, it is
not possible for e’ to be an eigenvalue for every v < A, so it is not possible for
eM to be an eigenvalue for any real number \. It follows that no fy is in H?(8,),
and that the operators A; have no eigenvalues. ([l

Besides being part of an analytic semigroup, these Hermitian weighted compo-
sition operators have another special property: each of these operators is cyclic on

H?(B).-

Theorem 16. For k > 1, let H?(j3,) be the weighted Hardy space with kernel
functions K, (z) = (1 —wz)™". If Wy, is the Hermitian weighted composition
operator on H?(B,) with

a1z

fO) = (1=az) ™ and () = a0+ T

where 0 < ag < 1 and a1 = (1 — ao)?, then Wy, is a (star) cyclic Hermitian
operator, indeed, the vector 1 in H?(8,) is a (star) cyclic vector for Wy ,.

Proof. We note that because W; , is Hermitian, a vector is a star-cyclic vector
exactly when it is a cyclic vector.
Since 0 < ag < 1 and a3 = (1 — ag)?, for t = ag/(1 — ag) we have Wy, = Az in
the notation above. For w in the unit disk,
AtKy = CJTH Ky = fi(w) Ky, (w) = [1(W0) Ky, w)
Since the vector 1 in H?(f,) is Ko, we have A,(1) = f,(0

At (f1(0)Kpy(0)) = Ar(An(1)) = Aze(1) = f2(0

and in general, clearly, A?(1) = fn:(0) K, (0)-
To check cyclicity, we need to investigate the span of these vectors. Since the
factor fn¢(0) is just a non-zero number, 1 is a cyclic vector for A; if and only if

K, (0)- Now,

~— —

K@zt(o)
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span{ K, ()} is dense in H?(f3,). This span is dense if and only if 0 is the only
vector orthogonal to all the vectors K, (). Since (h, K o)) = M©nt(0)), this
means that the span is dense if and only if the only function h in H?(3,) such
that A(pn(0)) =0 for n =1,2,3,--- is the zero function. Note that since ¢ is real
and positive, each of the points ¢,,+(0) = nt/(1+nt) is in the interval [0,1) on the
real axis.

Because K, (z) = (1—wz)~", we see || Ky|| = (1—|w|?)~*/? and by the Cauchy-
Schwartz inequality, for each h in H?(f3,), there is a constant C so that for all w
in the unit disk,

h
s < Cexpl(1 = ) 2)
This means that every function in H?(3,) satisfies the growth condition in the
hypothesis of a theorem of Shapiro and Shields [25] (or see [12, p. 116]) on zero
sets of analytic functions on the disk. It follows from this theorem that the set of
points {p,:(0)} is the zero set of a non-zero function in H?(3,) if and only if the
sequence is a Blaschke sequence. To check this, consider the sum

Z(l_’@”t(o))_z<l_1+nt) :Zl+ntzoo

n=1 n=1 n=1
Since this sum is infinite, the sequence is not a Blaschke sequence and therefore
the vectors {K, (o)} have dense span in H 2(3.). This means 1 is a cyclic vector
for Ay = Wy, O

[h(w)] = [(h, Kuw)| < [[All[[ Kuwll =

We will see that the estimate used in the proof of Theorem 13 above for || A¢|| can
be improved: in fact, it follows from Theorem 17 and Corollary 19 that ||A¢|| =1
for all ¢ in P.

Theorem 16 says that, for ¢ > 0 (i.e. 0 < ap < 1), each of the operators A; is
cyclic, which means that each is unitarily equivalent to an ordinary multiplication
operator (see, for example, [2, p. 269]). The following result gives this explicitly.
The results here are similar to those in the Hardy space case as presented in [11],
but the strategy here will be to use the weighted composition operators to discover
facts about the invariant subspaces in the weighted Bergman spaces, rather than
using facts about invariant subspaces of the Hardy space to get properties of the
operators A;.

The relevant L? space is L?([0, 1], 1) where y is the absolutely continuous prob-
ability measure [14, p. 581] given by

(In(1/z))~!
dpy=———"="—4d
T
In the theorem below, the multiplication operator M) is defined as usual:
(Mhg) (x) = h(z)g(z) for g in L*([0,1], p).

Theorem 17. For each t in P, the multiplication operator M, on L*([0,1], 1)
and the weighted composition operator Ay on H?(B.) are unitarily equivalent.
In fact, the operator U : H*(B:) — L? given by, for s in P,

U(fs) = *
is unitary and satisfies UAy = M U.
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Proof. First note that functions in L°°([0, 1]) are in L?(]0,1], 1) so the Lebesgue
Dominated Convergence Theorem shows that uniform convergence on [0, 1] implies
norm convergence in L2([0, 1], u). It also follows that if & is in L°([0, 1]) then Mj,
is a bounded operator on this Hilbert space with norm ||[Mp|| = ||A||co-

The Stone-Weierstrass Approximation Theorem shows that {z"},—01,2,.., has
dense span in L?([0,1],u). In particular, this means the span of {z° : s € P} is
dense in L2([0,1], u).

In the proof of Theorem 16, we saw that

fn(z) = fn(O)Kwn(O)(z)

for n = 0,1,2,---, has dense span in H?(3,), so the span of {fs : s € P} is dense
in H?(B,).

Thus, if U satisfies U(fs) = x*, we see that for each s in P, using Equation (9),
we have

UAi(fs) = Ufspr = 2°T = Mpa® = M U(f5)

Since the span of {fs : s € P} is dense in H%(3,), we conclude UA; = M. U.

We will show that U is isometric on the span of {fs} for s in P. For r and s in

P, we have
1 g 1 \" 1\
1+s—sz)>:<fr(z)’(1+s> (1—&92) )

<f7’7fs> = <f7“(2)7

1+8 1+s
I+s 1—|—7“—r(1j_8)
B 1
(1 +7r)(1+35) —ra)~
B 1
(454

Similarly, for » and s in P, in L2([0, 1], 1), we have

1 7(_1nx)l€71 1 /1 ~
" xfY e = x" xS dx = 2 (—Inz)" tdz
e = [T o Jy Y

1 (k)
S T(R) (L +5+7)8

1
(14+5+r)
(When & is a positive integer the integral above can be evaluated by applying
integration by parts repeatedly but the general integral can be found in integral
tables, for example, see [14, p. 581].)

Now, the vectors {fs} have dense span in H?(8.) and the vectors {z*} have

dense span in L?([0,1], ). The inner product calculations above show that U
is isometric on these spans and therefore has a unique extension to an isometric
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operator of H%(3,) onto L?([0, 1], i), that is, it is a unitary operator between these
spaces. U

Corollary 18. For eacht witht > 0, the Hermitian weighted composition operator
Ay is unitarily equivalent to M. In particular, for each t > 0, these operators
satisfy ||A¢|l = 1 and have spectrum o(A:) = [0, 1].

Proof. For each t with 0 < ¢t < oo, Theorem 17 implies A; = U*M,:U so
[Ae]l = [|Mye || = sup{|a’] : 0 < 2w < 1} =1
and
o(Ay) =o(My) ={z':0<z <1} =[0,1]
O

Corollary 19. For each t in the right half plane P, the weighted composition
operator A is unitarily equivalent to M. In particular, for each t in the right half
plane P, the weighted composition operator A; is normal and satisfies Af = As.
Moreover, for t = a + ib with a > 0, these operators satisfy ||A¢|| = 1 and have
spectrum that is a spiral, o(A;) = {0} U {e%¥e® . y < 0}.

Proof. For each t in the right half plane P, Theorem 17 implies A; = U*M,.U.
Multiplication operators M}, are normal for every h in L°°([0, 1]) and satisfy M) =
M. Since unitary equivalence preserves normality and adjoints, we have

Af = (UM U)* = U*MLU = U MU = A;
and
[Adll = [[Me]| = sup{|a’] : 0 <2 <1} =sup{a®:0<w <1} =1
and, letting x =e¥ for 0 < x < 1
0(A) =a(My)={z':0<z <1} ={0}U{e¥ :y <0} = {0} U {e¥e™ :y <0}
O

As we would expect, from the Hermitian and the non-Hermitian, normal cases, t
imaginary corresponds to A; being unitary. Such weighted composition operators
have been considered by Forelli [13] who showed that they are isometries of H?
and Bourdon and Narayan [1] who showed that they are unitary on H2.

Corollary 20. For each t imaginary, the weighted composition operator A; is
unitarily equivalent to My, which is a unitary operator. In particular, for each t
on the imaginary axis, the weighted composition operator Ay is unitary and satisfies
Af = A; = A_;. Moreover, for such t, these operators have spectrum the unit
circle, o(Az) = {e¥ : y < 0}.

Proof. The calculations in the proof of Theorem 13 that show A;A; = As4y do not
depend on Ret > 0, so the equation A = A; = A_; shows that AfA; = A, Af =1
and A; is unitary for ¢ on the imaginary axis.
For each t in the right half plane P, Theorem 17 says UA;, = M :U. Writing
t = a + ib and taking weak operator limits we see that
UA;, = W—lilgl+ UAagtiv = W—li%l+ M aras U = M U

a— a—
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so Ay and M, are unitarily equivalent also for ¢ on the imaginary axis. The
spectral result is correct because o(M,:) = {x! : 0 <z < 1}. ]

In the case of the usual Hardy space, H?, the spectral subspaces for the weighted
composition operators were [11] the subspaces yH? where x is an atomic singular
inner function with atom at {1}. Our goal will be to prove the analogue of this
result for the weighted Bergman spaces H?(8,) = A2_,

We define subspaces H, of H?(83,) = A2_, as follows: Let Hy = H?(3,). For c
a negative real number, define the subspace H, by

(13) H, = closure {e°1=: f : f € H(8,)}

These subspaces are well known and have been studied because they are rela-
tively simple invariant subspaces for multiplication by z on H?(3) that are not
associated with a zero set. The properties of these subspaces that we need are
summarized in Lemma 21 below, but we will not prove it. Good sources for this
kind of result are the books of Hedenmalm, Korenblum, and Zhu [17], especially
Section 3.2, pp. 55-59, or Duren and Schuster [12], Section 8.2, where proofs are
given for the usual (unweighted) Bergman space. Other sources are Theorem 2 of
Roberts [23] or Korenblum [19].

Lemma 21. For each negative number c, the subspace H. is a proper subspace
of Hg(ﬁn) and if c; and ca are negative real numbers with co < c1, then H., is a
proper subspace of He,. Finally, Ne<oH. = (0).

The idea underlying the focus on these subspaces is that the eigenvectors of our
operators, if they had any eigenvectors, should be

o[>

1 2 e

TS

If these were eigenvectors for Aj, say, then the spectral subspace associated with
[0,7] for 0 < r < 1 would be spanned by the eigenvectors whose eigenvalues
are in [0,7]. This will be the case for A; if and only if A is a number so that
0 < e < 7. So suppose r is given and \g = Inr so that e’ = r. Looking at
the “eigenvectors”, it looks like the subspace containing the eigenvectors for the
eigenvalues with 0 < e} < r ought, if they were actually in H?(f,), to span the

subspace e%%hﬂ(ﬁ,{) = H(inr)/2-

Theorem 22 below shows directly that these are invariant subspaces for the A;.
We want to prove that these are, indeed, the spectral subspaces we are looking for.
In [11], this was accomplished for the Hardy space by using the special properties
of these well-studied subspaces to identify the projections and construct the spec-
tral integrals. However, in the context of H2(3,) = A2_,, these subspaces are not
as well understood as in the Hardy space. Instead, we will reverse the strategy:
we will use the unitary U to carry information from the multiplication operators
on L?([0,1], ), which are well understood, back to the weighted composition op-
erators on H?(f3,), and use this information to better understand these invariant
subspaces of the Bergman spaces.

N

AL+
21—

n

Theorem 22. For 0 <t and c <0, the subspace H. is invariant for A;.
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Proof. Suppose f is in H?(f,) so that (exp(c(1+ 2)/(1 — 2))) f is in H.. Then

1
IV T Jp——— S
—z = —tz @]
e At+t—ta) | ° 7t
1 ( C(zt+;+z)) F = L
= —— | &e —z o = 1-z — o)
1+t t2)" 7t A+t _tz)! °F

= ec%At@Qth)

and we see this latter vector is also in H.. Since
{(exp(c(1+2)/(1 = 2))) f: f € H*(8x)}

is dense in H. and H. is closed, this shows that H, is invariant for A;. Ul

For ¢t > 0, the functions z! are increasing for 0 < x < 1. This means the

spectral subspaces for the (Hermitian) multiplication operators M,: are just the
subspaces Ls = {f € L?([0,1],u) : f(z) = 0for§ < z < 1}, for 0 < § < 1.
Obviously, Ly = (0), L1 = L?, for §; < J, the subspaces satisfy Ls, C Ls,, and
the orthogonal projection of L? onto L is the multiplication operator MXD’ 5" We
want to identify U*Ls in H?(3,).

Theorem 23. Forc <0 and 0 < § < 1, let H. and Ls be as above. If U is the
unitary operator of H2(B,) onto L*([0,1], 1) as in Theorem 17, then

U*Ls = Hung)2 or equivalently UH, = L

Proof. Clearly the two versions of the conclusion are equivalent; we will prove the
first. Since this result follows directly from the work of [11] for H? when s = 1,
we may assume that k > 1. For 0 < a < 1, let f, be the function defined by

(In(1/z))~**1  0<z<a
falw) = { 0 a<zr<l

It is not difficult to see that lim,_,y+ fo(z) = 0, that f, is continuous and increasing
on (0,a] and that therefore f, is in L°°([0,1]) and also in L2([0, 1], u).
For ¢t > 0, computing in L?, we have

R 1 i) = L [Cptge— L
<fa,ZL‘ > = F(H) /0 (ln(l/x))n—l d'u( ) - F(/i) /0 d F(H)t+ 1

Let F, = U* f,, and computing in H?(8,), we have

1 a't! 1
L = (faal) = (U fo, Ural) = (F,,

=)

I(k)1+t (14+t—tz)
1 1 1 t
- (1+t)f”»<F“’ (1—1%@%): (1+t)'fFa(1+t)

where the last equality holds because ¢ is positive exactly when t/(1 + ) is a
point of (0, 1) in the unit disk and the inner product is the point evaluation of Fj,.
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Rewriting the equality, we have, for every ¢ > 0,

t 1
Fa(1+t) _ (1+t)m—1at+1

I'(x)

Since F, is analytic in the disk, the equality for all ¢ > 0 gives equality whenever

z= %th is in the disk. In particular, we find
Ina)/2
Fu(2) = 1 1 ei“f(l — eltna)/ 1 o((na)/2)(1£2)
D(w) (1 —2) Dw) (L—2)"

If s(x) is a simple function defined on [0,1] such that s~1({y}) is an open
interval for each y in the range of s, we can easily approximate s in L* with
linear combinations of functions of the form f, — f for 0 < b < a < 1. It follows
that the closure in L?([0, 1], i) of the span of {f, : 0 < a <4} is L.

Thus, we have

U*(Ls) = span{U*f,:0<a <4}

(Ina)/2 1 14
- € (na)/2)(%2) . <
span{ T(r) (1_2)%16 1 .O<a_5}

1 1+z
— (na)/2)(+Z5) . <
Span { gl Z)H_le -z :0<a (5}

= Hue))2
([l
For 0 < 7 < 1, let P, be the orthogonal projection of H?(f3,) onto the subspace
H1r)/2 and let Py = 0. The set of projections { P }o<r<1 form a resolution of the

identity and each commutes with each A; because each A; is Hermitian and each
H 1 1) /2 is invariant for A; (Theorem 22).

Corollary 24. Let t be a positive real number. Letting Py = 0, the projections
{P, }o<r<1 form a resolution of the identity for the operator A;. Related to Ay, the
projection P, corresponds to the interval [0,7!] as a subset of the spectrum of Ay.

This means we have .
At = / Tt dPr
0

Proof. For each t with ¢ > 0, the subspace Ls = My, s
0 < a2t <6}, 50 My = fol ot dMyq 5-
between A; and M, so Ls is associated with H /2 and Ay = fol rtdP,. O

L? is associated with {z :

The unitary U implements an equivalence

4. EXTREMAL FUNCTIONS FOR INVARIANT SUBSPACES DETERMINED BY ATOMIC
SINGULAR INNER FUNCTIONS

Suppose N is a subspace of the Bergman space A2, = H?(f3,;) that is invariant
for the operator of multiplication by z. If there are functions f in N so that
f(0) # 0 and G is a function of N so that

(14) |G|l =1 and G(0) = sup{Re f(0) : f € N and | f|| = 1}
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then we say G solves the extremal problem for the invariant subspace N and we
say G is an AZ_Q inner function. (For more information about such extremal
problems, see [17, p. 56] or [12, p. 120 or pp. 146-152], for example.)

The subspaces H,. defined by Equation (13) for ¢ < 0 are of interest to us because
they are the spectral subspaces for the operators Ay, but they are of wider interest
because they are invariant for multiplication by z and they are associated with the
atomic singular inner functions e“1+2)/(1=2) for ¢ < 0. In the study of invariant
subspaces for the Bergman shifts, it is important to solve the extremal problem
of Equation (14), but it is not always straightforward to do so. We show that the
unitary equivalence of Theorem 17 can be used to solve these problems for the
subspaces H.. Note first that f(z) = e“(172)/(1=2) is in H,. and f(0) = e° # 0, so
the formulation of the extremal problem given above is applicable.

Our computation of the extremal functions requires the use of the incomplete
Gamma function [14, p. 949] usually defined as

(15) I'(a,w) = /OO t7 le=t dt

w
where a is a complex parameter and w is a real parameter. An alternate defini-
tion [14, p. 950] in which both a and w are complex parameters is

(16) I'(a,w) = e_ww“/ e (14 u)a_l du
0

In our situation, we have a > 0 and for this case, we see that I'(a,w) is analytic
for Rew > 0.

Theorem 25. For c < 0, if H. is the invariant subspace of the weighted Bergman
space A2_, = H?(3,) defined by

clrz 2 2
H. = closure{e“ ™= f : f € A;,_o=H"(0k)}

then the extremal function for H. is
B I(k,—2¢/(1 - 2))

VI(k)y/T(k, —2c)
Proof. The Cauchy-Schwarz inequality implies that to maximize Re (g, f) where f
is given and g is a unit vector in the subspace N, then g = (Pf/||Pf|| where P is
the orthogonal projection onto N and ¢ is chosen with |(| = 1 so that (g, f) > 0.

Suppose ¢ is in H.. Then Reg(0) = Re (g, Ko) = Re (g, fo), where fo = fs
for s = 0 as in Equation (11). Let G, be the function in H. that solves this
extremal problem, that is, G. = (P.2¢ fo/|| P2 fo| for ¢ chosen with |¢| = 1 so that
Gc(0) > 0. We want to find an explicit description of G.. We will ignore ¢ for the
moment, and at the end of the proof, we will find an appropriate choice for (.

We want to move the problem to L?; we have (g, fo) = (Ug, U fo) = (Ug,z") =
(Ug,1) and g is in H, if and only if Ug is in L,2.. Writing J for ¢, we see that
UG, = Qs5(1)/]|Qs(1)|| where Qs is the projection of H?(3.) onto Lg, that is,
Qs = My 5- 1t follows that

(17) Ge(2)

1

UGe = 7—X[0,6]
X0,
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Now, to find the necessary norm,

1 5
HX[o,a]H2=/O |X[o,5}|2d/t=/0 dp

TRV e T
A I() ‘1‘<@K%y %

I'(k, —2c)
I'(k)
where the penultimate equality comes from the change of variables x = e™¥ and

the last equality is the definition of the incomplete Gamma function [14, p. 949].
Similarly, to find the function itself, for s > 0, we have

|Peze fol®

(18) -

6
[ Peze foll{Ges fs) = |Pe2e fol (UG, Ufs) = <X[0,6}’958> = /0 z®dp

* (In(1/z))~1 >
s = (k—=1) ,—(s+1)y d
Ax T(r) H@K%y ‘ Y

1 *° I'(k,—2 1
(19) = / wFD e doy = (K, —2¢(s + 1))
(s + D*T(K) J-2e(s+1) (s +1)*T'(x)
On the other hand, we can find the value of (G, f;) another way because
1 1 1 1
Js(2) (1+s—s2)f (A+s)r(1—s/(s+1)2) (1+s)r YT
where K, is the kernel for evaluation at «. Using this, we see

o R _Gls/(s 1)
(20) (G, fs) = (G, mKs/(s+1)> = W<G07Ks/(s+l)> L

Putting the results of Equations (18), (19), and (20) together, we get
1Pacll LA s g, gy = T2l 1)
and solving for G, we have
Gc< s > _ [(k, —2c(s+ 1))
s+1 VT (k)T (K, —2c)
Examining this result, we have assumed s > 0, so s/(s + 1) is a number in
(0,1) and ¢ < 0, so —2¢(s + 1) is a number on the positive real axis. If z satisfies

0<z<landz=s/(s+1), then —2¢(1 + s) = —2¢/(1 — z) and this result can
be rewritten as

(21) Ge(2)

B I(k,—2¢/(1 - 2))

VI(k)\/T(k, —2c)

The function G, is in H?(8,), so it is analytic in the unit disk. The formulation
of the incomplete Gamma function in Equation (16) is analytic in the right half
plane, so if z is in the disk then —2¢/(1— z) is in the right half plane. Thus, we see

that G¢(z) and the expression on the right side of Equation (21) are both analytic
for z in the disk and they agree when 0 < z < 1. This means that they are equal
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for all z in the disk and Equation (21) gives the extremal function for invariant
subspace H. in the weighted Bergman space A2 , = H?(8,). (Notice that for the

K
choice we have made, G.(0) > 0, so ( = 1 and our expressions are correct.) O

The dependence of the above formula on the incomplete Gamma function is
perhaps disappointing, but it is what it is! However, for x an integer, the incom-
plete Gamma function can be explicitly computed by integration by parts. For
example, for kK = 1, the usual Hardy space, and x = 2, the usual Bergman space,
where the results are already well known, as we would expect, our result agrees
with previous results:

For the usual Hardy space, k = 1, we have I'(1) = 1, and

(o]

Ir'(l,w) = / etdt ="
w

so, in this case,

1—=z

Golz) = I'(1,-2¢/(1—2)) _ e(3£2)
VIT(1)V/T(1,—2c)

as we would expect.
For the usual Bergman space, k = 2, we have I'(2) = 1, and

r'2,w)= / te tdt = (w4 1)e™v

w

so, in this case,

Gule) = T 2L (1) e
c VT(2)\/T(2,-2¢) (1 —2¢)1/2 11—
as we would expect.

For k = 3, we have I'(3) = 2, and

oo
r'3,w) = / e tdt = (w? + 2w + 2)e™ v
w

so, in this case,

Gu(z) = I3, —2¢/(1—-2)) _ 1 ( _ 2 2c2 ) ekt

VIB)VT(B,—2¢) (1 —2c+2¢2)1/2 1—2  (1-2)2

A closed subspace of a reproducing kernel Hilbert space is also a reproducing
kernel Hilbert space and it is often of interest to describe the reproducing kernels
for the subspace more explicitly than just the ‘projections of those for the larger
space’. In the following theorem, we give an explicit formula for the reproducing
kernels for the atomic inner function subspaces of the weighted Bergman spaces
we are considering. Corollary 27 gives these restricted kernel functions for the
usual Bergman space (k = 2) which had previously been computed in a different
way by Yang [29] or see the report in [28].

Theorem 26. For (0 < r < 1, let P, be the orthogonal projection onto the subspace
Hnpy/2 0 H?(B). If u is any point of the open unit disk, then for K,(z) =

(1 —wz)™"
B 1 (Inr)(1 —uz)
(0 = g (= )
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Proof. Let us first consider the case 0 < u < 1.
Let w belong to the unit disk. The subspace H, )2 is closed, therefore K, =

by + dy where by, is in H(y, ) /2 and dy, is in H( Now if g is in H(j,,)/2, then

Inr)/2"

g(’w) = <gaKw> = (g, bw> + <gadw> = <gabw>

Thus (g, by,) = g(w) for each g in Hy, /o and each w in the disk; that is, by, is the
point evaluation kernel for the Hilbert subspace H,,)/2. To compute b,, we put
bw(z) = b(z,w). The subspace Hy,y,)/2 is an invariant subspace of the operator
Wy, o, which is self-adjoint on A? hence the restriction of Wi, 00 80 Hiinpy /o is a
self-adjoint operator on H(i,,)/2. Moreover, because H(y, /2 is invariant for both
Cy, and Ty,, we get

W00 (b(z, w)) = fi(2)b(g1(2), w)
and

W5 4, (b(z,w)) = f(w)b(z, r(w))
but W;Z - is self-adjoint on Hy, )/ therefore

fe(w)b(z, pr(w)) = fi(2)b(pt(2), w)

hence,

fi(2)
fr(w)

Combining Equation (17), with the known relationship between extremal functions
and the kernels, (see, for example, [17, pp. 57-59]), we see that

b(z,0) _Gu(2) = Ik, —(Inr)/(1 - z))
b(0,0) ° VT (5)y/T (s, —(In 7))

Let z = 0 in the above and we get

(22) b(z, pr(w)) =

==0(p1(2), w)

I'(k,—(In7r))

b(0,0) = 00

Therefore

e = i)/ 2)

Now by letting w = 0 in Equation (22) we get,

)
(I+t—tz) " T(k,—(Inr)/(1 — pi(2)))

b 0
(Z (pt( )) (1—|—t) F(,‘Q)
Let ¢¢(0) = u then t/(t + 1) :uhencet:u/(l—u) nd 1+¢t=1/(1—-u).
Substituting this value for ¢ in ¢; we get p(z) = ﬁ (1- ; o) . This results in
lfu T 1-u
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1-2 1-— — 1—u)(l-—
u+ ( u)z and 1— y(2) = utuz—z  (1—u) Z).Then,
1—uz 1—uz

wulz) = 1—uz

(ﬁ T42) " I(k, (ln'r)/( L e ulz Z)))
(Z) L(w)
['(k, —(lnr)/(%&_z)))

['(k)(1 —uz)~

b(z,u)

To summarize the argument so far, we have shown that for 0 < u < 1, we have

B 1 . (In7)(1 — uz)
“”““”rmxrwwwr<’<1—ma—@>

Since the function K, (z) is analytic in z and conjugate analytic in u for z and
w in the unit disk, the same is true of (P.K,)(z). The function

1 o (Inr)(1 —uz)
rmxrwwwr<’<1—wu—z0

in the conclusion above is also analytic in z and conjugate analytic in u for z and
u in the unit disk. Since, for each z in the disk, this function agrees with the
function (P, K,)(z) for 0 <u < 1, they are the same function for all v in the unit
disk. In other words, they are the same for all z and u in the unit disk, as we were
to prove. ([l

Finally, we specialize the result of Theorem 26 to get the restricted kernels for
the usual Bergman space.

Corollary 27. For 0 <r <1, let P, be the projection onto the subspace Hqy,)/2

in the Bergman space A%, which is H?(B,) for k = 2. If u is any point of the open
unit disk, then for K,(z) = (1 —uz)~2

B 1 (Inr)(1 —uz) (nn(-uz)
FRG) = e (1 ()

Proof. According to Theorem 26 using xk = 2,

B 1 (Inr)(1 —uz)
B E) = e ()

Since I'(2,w) = (w + 1)e™", we have

1 (Inr)(1 —uz) | Onna—u:)
B @) = (1_ (1—u)(1—z)> el

as we were to prove. U
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