HERMITIAN WEIGHTED COMPOSITION OPERATORS
ON H?

CARL C. COWEN AND EUNGIL KO

ABSTRACT. Weighted composition operators have been related to products of
composition operators and their adjoints and to isometries of Hardy spaces. In
this paper, we identify the Hermitian weighted composition operators on H?
and compute their spectral measures. Some relevant semigroups are studied.
The resulting ideas can be used to find the polar decomposition, the absolute
value, and the Aluthge transform of some composition operators on H2.

1. INTRODUCTION

If fis in H* and ¢ is analytic map of the unit disk into itself, the weighted
composition operator on H? with symbols f and ¢ is the operator Wy, =TrC,,
where T is the analytic Toeplitz operator given by Ty(h) = fh for h in H 2 Cy, is
the composition operator on H? given by Cy,(h) = ho ¢. Clearly, if f is bounded
on the disk, then Wy , is bounded on H 2 and

Wyl = 1TrColl < 1l flloo | Cell-

Although it will have little impact on our work, it is not necessary for f to be
bounded for Wy, to be bounded (see [10]).

Weighted composition operators have been studied occasionally over the past
few decades, but have usually arisen in answering other questions related to op-
erators on spaces of analytic functions, such as questions about multiplication
operators or composition operators. For example, Forelli [9] showed that the only
isometries of HP for p # 2 are weighted composition operators and that the isome-
tries for HP with p # 2 have analogues that are isometries of H? (but there are also
many other isometries of H?). Weighted composition operators also arise in the
description of commutants of analytic Toeplitz operators (see for example [2, 3])
and in the adjoints of composition operators (see for example [5, 8, 6]). Only
recently have investigators begun to study the properties of weighted composition
operators in general (see [10]).

In this paper, we examine the question “Which weighted composition operators
on H? are self-adjoint?” For composition operators on H?, that is, the case where
the weight function, f, is identically one, the situation is trivial: the only self-
adjoint composition operators have symbol ¢(z) = rz with —1 < r < 1. For
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weighted composition operators, the situation is more interesting, but we will
see that self-adjoint weighted composition operators are rare and there is a strong
connection between the symbols for composition and multiplication. We first show
that for all Hermitian weighted composition operators on H?2, both symbols that
define the operators are linear fractional maps. Then, we show that the possible
symbols are divided into three cases that yield compact operators, real multiples
of self-adjoint unitary operators, and operators with continuous spectrum. In each
of these cases, we compute the spectral measures for the operators. In addition, we
include some results about semigroups of weighted composition operators. Finally,
we use the results of these analyses to find the polar decomposition, the absolute
value, and the Aluthge transform of some composition operators on H?2.

We begin by proving a result that allows us to choose standard forms for the
operators under study.

Proposition 1. Let f be in H* and let ¢ be an analytic map of the unit disk
into itself. For 6 a real number, let Uy be the unitary composition operator given

by (Uph)(2) = h(ez) for h in H?. Then
Up TyCpUs = TiC3
where f(z) = f(e72) and 3(z) = (e 0z)

Proof. Let f(z) = f(e™®2) and @(z) = (e %) as in the conclusion of the
statement above. For h in H?,

(U TrCoUsh)(2) = (U TrCy)(h(e2)) = (U (f(2)h(e”p(2)))
= [ ) p(e72)) = f(2)h(5(2))
= (T;C5h)(2)
Since this is true for every h in H?, the conclusion follows. O
This proposition will permit us to choose convenient symbols for the weighted

composition operators we study without losing any generality of the properties of
the operators we are trying to understand.

Corollary 2. For f in H*® and ¢ an analytic map of the unit disk into itself,
there are g in H* and ¢ an analytic map of the unit disk into itself with 1)(0) > 0
so that the weighted composition operator Wy o is unitarily equivalent to Wy .

Proof. Choose 6 in Proposition 1 so that $(0) = e?p(e™0) = €?(0) is non-
negative. Letting g = f and ¢ = @ satisfies the conclusion of the Corollary. O

The following observation can be helpful in considering the action of weighted
composition operators on products of functions, a situation that arises frequently.

Proposition 3. Let f be in H* and let ¢ be an analytic map of the unit disk
into itself. If g and h are functions in H? such that gh is also in H?, then

(Wrp)(gh) = (Coh)(Wypg) = (Cog)(Wyoh)-
Proof.
(Wrpogh)(z) = (TyCpgh)(z) = f(2)g(p(2)h(p(2))
= (T7Cp9)(2)(Cyoh)(2) = (Cph)(2)(Wye9)(2)
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Similarly,

(Wregh)(z) = (TyCogh)(z) = f(2)g(e(2)h(p(2)) = g(¢(2) f(2)h(p(2))
= (Cpg)(2)(TyCph)(2) = (Cpg)(2)(Wyoh)(2)
It is not difficult to see that all the relevant products make sense in H2, so the

conclusion follows. O

The following lemma isolates a calculation that will be useful in the coming
sections.

Lemma 4. For a; real and ag a complex number, let p(z) = ag + a12/(1 — apz).
Let b be a fized point of ¢ and let ¥(z) = (z — b)/(bz — 1).
Then 1) b= 0 when ag =0 and
1+ |ag* — a1 £ /(1 + |ag|? — a1)? — 4fag|?
2ap

b =

2(10
= forag #0
1+ |aol2 — a1 F /(1 + |ao? — a1)? — 4]ao|?
and 2) Y(p(2)) = arp(z) where
a1 — |ao]* + bag
1 —an

and, when a1 < (1 — |ag|)?, then bag = bag which implies o is real and o = ¢'(b).

Proof. Rewriting ¢, we see that

B az (a1 —lag*)z + ag
@(Z)*ao-Fl_aioz— 1_ao»
Then,
(a1—ao®)z+ao _
o l1—agz
¢(¢(Z)) - B(al—\ao\z)Z'HIO 1
1—agz

(a1 — |aol?)z + ap — b+ bagz
b(ay — |ag|?)z +bag — 1 +apz
(a1 — |a0|2 +bag)z+ap—b
(B(al — \a0|2) + 07))2’ + an -1
1 (a1 — ]ao\Q—i-bng)z—i—ao—b

1 — bag (a1—|ao|)b+a0 , _
1—apb
_ 1 (a1 — |a0|2+bﬁo)z+ao—b
~ 1—bag o)z —1
1 (a1 —|aol* + bag)z +ag— b
~ 1—bag bz —1

Since ¥ (b) = 0 and ¢(b) = b, we see that (¢(b)) = 0 as well, so in particular,
z — b divides the numerator of the expression above for ¥ (¢(z)). More explicitly,
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the statement that ¢(b) = b means that
(a1 — lag|*)b + ag

1 — agh =0
or that
(1) —(a1 — ]a0|2)b —agh® =ag—b
Now,
(a1 — |ao|® + bag)(z —b) = (a1 — |ao|?® + bag)z — (a1 — |ao|*)b — Ggh*

= (a1 — |ao|* + bag)z + ap — b
Using this equality in the calculation above, we see that

Plp(2)) =

a1 — |aol* +bag 2 —b
1 — bag bz —1
Rewriting Equation (1), we have b is a fixed point of ¢ if and only if
(2) %bQ—(1+]ao|2—a1)b+a0:O

a(z)

If ag = 0, we see b = 0 is a fixed point of ¢. If ay # 0, the quadratic equation
gives the fixed points as

_ 1+ |CL0|2 —a1 £ \/(1 + |a0|2 — a1)2 - 4\a0|2
2ag

b

rationalizing the numerator, we get
b— 2ag
1+ Jaol? — a1 F /(1 + lao? — a1)? — 4ao?
Notice that if a; < (1 — |ag|)?, then 1 + |ag|> — a1 > 2|ap| which means

V(1 +]ao|? — a1)? — 4]ag|? is a real number. It follows that agb = bag are both
real as well. Thus, in this case,

a1 — |ag|* + bag
N 1 —agb

Now, by Equation (2),

(a1 — |ag|* + bag)(1 —@gh) = a1 — |ag|* + bag — aragh + |ao|*@gb — b*ag”
= a1 —ag (agh” — (1+ |ao* — a1)b + ag)

= aj] — %(O) = a1
This means that
a1 —|agl* +bag (a1 — |ao|® + bag)(1 — agh) a1
2

a7

1 —agb (1 —agb)
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2. HERMITIAN WEIGHTED COMPOSITION OPERATORS

We first investigate which combinations of weights f and maps of the disk ¢
give rise to Hermitian weighted composition operators. Not surprisingly, self-
adjointness significantly restricts the possible symbols for the weighted composi-
tion operators.

Theorem 5. Let f be in H>® and let ¢ be an analytic map of the unit disk into
itself. If the weighted composition operator Wy, = TyC, is Hermitian on H?,
then f(0) and ¢'(0) are real and ¢(z) = ap+a1z/(1 —apz) and f(z) = ¢/(1 —apz)
where ag = ¢(0), a1 = ¢'(0), and ¢ = f(0).

Conversely, let ay be in D, and let ¢ and ay be real numbers. If (z) = ag +
a1z/(1 — @agz) maps the unit disk into itself and f(z) = ¢/(1 — agz), then the
weighted composition operator Wy , = TyC, is Hermitian.

Proof. Suppose TtC,, is a weighted composition operator on H 2. For « in the
open unit disk D, let K, be the evaluation kernel for H?, that is,

Then

(TFC,K,) (2) = (T;C,) (1_12> _ Tf< 1 > _ fﬁz)
On the other hand,

(TyCo)* (Ka) () = (CETY) (Ka) (2) = Fl@)C} (Ka) (2)

= TO‘)K@(Q)(Z) =TT

Thus, TyC, is Hermitian if and only if

f(z Q@
) T o)
1—ap(z) 1-¢p(a)z
for all @ and z in the unit disk.
In particular, letting & = 0 in Equation (3), we get

0
flay = O
1—p(0)z
for all z in the disk. Setting z = 0, we get f(0) = f(0), so that f(0) is real.
Defining ¢ and ag by ¢ = f(0) and ag = ¢(0), we can write f as

(4) fz) = —

1—agz

Combining Equations (3) and (4) we get
1 —ap(z) _ (1—ap(z))( - a02)

& c

and

1—pla)z _ (1—=p(a)z)(1 —aa)

(@) ¢
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which means TyC,, is Hermitian if and only if

(1 —ap(2))(1 —agz) = (1 — p(a)z)(1 — @ap)
for all & and z in the unit disk.

Notice that the expression on the right is a polynomial of degree one in the
variable z. This means that the expression on the left

(5) (1 - @p(2))(1 — To2) = 1 — @p(2) — Tz + aap=0(2)
must also be a polynomial of degree one in z.
Suppose

o(z) =ap+ a1z + asz® + azz® + ag2t + -
is the Taylor expansion for ¢. Then replacing ¢(z) with this series in Equation (5),
we see that
—aajzj +a7aozaj_1zjfl =0
for each integer j for which j > 2. In other words, a; = @pa;_1 for j > 2. In
particular, as = Ggai, which means a3 = agas = @p2ai, and continuing, we get
a; = ao’ ~tay for j > 2.
Substituting into the Taylor series, we see that
alz

(6) o(z) =ap + a1z +aga12® + ag’a1 2 + agcarzt + - = ag + T
—ag

Using the expressions for f and ¢ from Equations (4) and (6) in Equation (3),
we get

C C
1—apz _ l—apa
= a1z 1 (0 aja
1 —a(ap + l_a—oz) 1—(ap+ 1_aoa)z
or
(8] C
1—apz _ l—apa
= _ aaiz  =— _ _a1az
1 —aag Tz 1 —apz T—ags

Clearing the fractions on both sides of this expression, we see that this implies
(1 —apz)(1 —apa) — ayaz = (1 —apz)(1l — apar) — a1 az

for all @ and 2 in the disk. In particular, this means a; = a7, so that a; = ¢'(0)
is real.
Conversely, if aq, a real number, and ag, in the unit disk, are such that
alz
o(z) =ap + (1= a52)

maps the disk into itself and f(z) = ¢/(1 — agz) for ¢ a real number, then a
straightforward computation shows Equation (3) holds for all & and z in the disk,
which means that TyC, is Hermitian. ([l

Theorem 5 assumes that the function ¢ maps the disk into itself. Of course,
not all combinations of the parameters ag and a1 yield a mapping of the disk into
itself. We next consider which combinations of these parameters give a mapping
of the disk into the disk. Corollary 2 shows that, without loss of generality, we
may assume ag = ©(0) is real and non-negative. The following easy calculation
gives the conditions on real numbers ag and a; that produce maps of the disk into
itself.
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Lemma 6. Let ag be real and non-negative and and let ay be real. Then p(z) =
ap + a1z/(1 — agz) maps the open unit disk into itself if and only if

(7) 0<ap<1 and —1+ad<a;<(1-ag)?

Proof. Suppose ag and a; are real with ag > 0 and ¢(2) = ag + a12/(1 — apz).
Since ¢ is a linear fractional map with real coefficients, Theorem 10 of [8] says
that ¢ maps the open unit disk into itself if and only if ¢ maps the open interval
(—1,1) into itself. In particular, if ¢ maps the open disk into itself, then ap = ¢(0)
must lie in the open unit disk, that is, 0 < ap < 1. For such ag, the map ¢ is
continuous on the closed interval [—1, 1] and

1N ai
@(Z)—m?éo

S0 ¢ is either increasing on (—1, 1) or decreasing on (—1, 1) depending on the sign
of a;. Thus, for 0 < ap < 1, ¢ maps (—1,1) into itself, hence the unit disk into
itself, if and only if —1 < p(—1) <1l and —1 < (1) < 1.

Since

al ag + a2 — al
o(—=1) =ao — = 0

1+ ag 1+ ag
—1 < p(-1) < 1if and only if

—1—a0§a0+a3—a1§1+a0

or
—1—a0—a0—a(2) < —a1 < 1+ag—a0—a%
That is, —1 < p(—1) < 1 if and only if
—1+4a2 <a; <(1+ap)?

Since )
a ap —ag + ap

1 = =
e(1) a0+1—a0 1 a

—1 < (1) <1 if and only if
~1+ag<ap—aj+a <1—ag
or
—1+a0—ao—|—a%§a1§1—ao—ao+a3
That is, —1 < (1) < 1 if and only if
—14+ad <a; <(1—ag)?

Since 0 < ag < 1, we have (1 — ag)? < (1 + ag)?, and we conclude ¢ maps the
unit disk into itself if and only if —1+ a3 < a1 < (1 — ag)?. O

Corollary 7. Let ay be real. Then p(z) = ap+ a1z/(1 —agz) maps the open unit
disk into itself if and only if

(8) lag] <1 and —1+|ag]® < a1 < (1 —|ag|)?

Proof. The function ¢ maps the open disk into itself if and only if the function ¢
given by 3(2) = €?p(e~*2) maps the open unit disk into itself. Choosing @ so
that ¢ satisfies the hypotheses of Lemma 6 gives ¢(2) = |ag| + a12/(1 — |ao|2).
The corollary now follows immediately from Lemma 6. (|
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In the next three sections, we explore the three cases a; = —1+]|ag|?, —1+|ag|? <
a1 < (1 —|ap|)?, and a1 = (1 — |ag|)? which are quite different from each other.
When 0 < aqg < 1, the first case, a1 = -1+ a%, gives

ay 1 —ag

(—1) = ao 1+ ao ap + 1+ aq ao + ag
and )
_1+a0

(p() a0+1_a0 ag + 1~ a ago ap

In this case, ¢ is an automorphism of the disk. We will see (Theorem 8 and the
comment following) that in this case, Wy, is a multiple of a Hermitian isometric
weighted composition operator.

When 0 < ag < 1, the second case, —1 + a% < a; < (1—ap)?, gives

(1 —ap)? ap 1—a
— " <ap— <
@0 14+ ag @0 1+ag a0+1—|—a0
SO ) )
ap +ag — 1+ 2a¢ — aj
<p(—1) < 1—
1+ ag p(=1) <ao+ @0
or A
ao
1< -1+ <p(-1)<1
B 14 ag 90( )
That is, —1 < ¢(—1) < 1. Moreover,
—1+ a2 a 1—ap)?
a0+70<a0+ ! <CL0+u
1—ag 1—ag 1—ag
SO

—1<ay—14ar<p(l)<ag+1—ay=1
That is, —1 < ¢(1) < 1. Since ¢ is a linear fractional map with real coefficients
and maps the unit disk into itself, conformality at +1 means that ¢ maps the
closed unit disk onto a closed disk whose diameter is the closed interval with end
points ¢(—1) and ¢(1). Thus, in this case, ¢ maps the closed unit disk into the
open unit disk and C, and (therefore) Wy, are compact. The analysis is based
on identifying the eigenvectors and eigenvalues of the operator as in the first case
(Theorem 9).
When 0 < ag < 1, the third case, a; = (1 — ag)?, gives

a1 (1—aop)> ap+ad—1+2ap—ad dag
p(=1) = a0 1+ ag @0 1+ ag 1+ ap +1+a0
so —1 < ¢(—1) < 1. Moreover,
a 1—ap)?
gO(].):(Lo—l- ! :aoﬁ—i( 0) =ap+1—ap=1
1—a0 1—(10

In this case, ¢ is not an automorphism of the disk, but ¢(1) = 1. (The case
ap =0 and a; = (1 —ag)? = 1is ¢(z) = z and the resulting weighted composition
operators T¢C,, are constant multiples of the identity, an uninteresting case.) We
will see (Section 5) that in this case, each Wy, is a member of a continuous
semigroup of Hermitian operators so the theory of semigroups can help us study
the structure of these operators.
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Because Corollary 2 shows that every Hermitian weighted composition operator
is unitarily equivalent to one with 0 < ag < 1 and Proposition 1 gives the explicit
unitary equivalence, we see that the three cases above persist. The first case,
a1 = —1 + |ag|?, corresponds to ¢ being an automorphism of the unit disk and
Wy, is a multiple of a Hermitian isometric weighted composition operator. In
the second case, —1 + |ag|? < a1 < (1 — |ag|)?, the map ¢ takes the closed unit
disk into the open disk and Wy, is compact. In the third case, a1 = (1 — |ag|)?
where 0 < |ag| < 1, the map ¢, not an automorphism of the disk, has fixed point
b = |ag|/ag = ao/|ap| on the unit circle and ¢'(b) = 1. For this case, we will
see that each Wy, is a member of a continuous semigroup that will allow us to
analyze the operators.

3. HERMITIAN ISOMETRIC WEIGHTED COMPOSITION OPERATORS
We consider first the case |ag| < 1 and a; = —1 + |ao|? for which

B (=1 + |ag|?)= _z—ap
¢(z) = ao + | —ac:  @mr_1

is an automorphism of the disk onto itself. By Theorem 5, TyC, will be a Her-
mitian weighted composition operator if and only if f(z) = ¢/(1 — agz) for some
real number c.

We begin doing some computations with ¢ = 1. Thus, we consider TyC, with
f(z) = (1 —aoz)~" and ¢(2) = (2 — ao)/(@z — 1).

Motivated by the observation that the map ¢ satisfies p(¢(z)) = z,

p(p(2) = mel — 90 _ 2—ao—laoPztag (1 |aoP)e
Qo= — 1 a0z — lag|?> —agz + 1 1 — |ap|?

we compute (T¢Cy,)?. For h in H?, we have
(TyCoTyCoh) = (T§Cp)(f(ho@)) = f(fop)(hopoyp) = f(fop)h
The multiplier here is

F(2)f(p(2) = — ! ! !

T 1—aoz +apz —Jao 1 |aol?

1—agz1— %%;iol

In other words, (TCy)? = (1 — |ag|*) 1.

From this calculation, we see that it would be better to take |c| = /1 — |ag|?
so that f(z) = ++/1 —|ag|?/(1 — @pz) and the Hermitian weighted composition
operator TyC,, satisfies (TyC,)?> = I, that is, it is also an isometry. Forelli’s
paper [9] on the isometries of HP, of course, includes this example.

When ag = 0, we get the trivial cases TyC, = I and TyC, = —1I, but for |ag| >
0, the operators are not so trivial. Self-adjoint isometries have the eigenvalues 1
and —1; we seek the eigenspaces corresponding to these eigenvalues.

For b in the open unit disk and for j =0,1,2,---, let

ej(z) = m<z_b>j

1 —bz

bz —1
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Because the second factor in the expression for e; is a finite Blaschke product and
the first factor is a multiple of the kernel function for evaluation of H? functions
at b, it is not hard to show that the set {e; : 7 = 0,1,2,---} is an orthonormal
set. Further, it is not difficult to see that a function h that is orthogonal to every
e; must vanish with all its derivatives at b. Therefore, the only function in H?
orthogonal to all the e; is the zero function and the set {e;} is an orthonormal
basis for H2.

It will be convenient to take b to be a fixed point of ¢ that is in the open unit
disk. Lemma 4 says that if ag # 0 then the fixed points are

b o— 2a0
1+ laol? — a1 F /(1 + |aol* — a1)? — 4Jao|?
_ 2a¢ _ ag
2F V4 —4ao)> 1F+/1—|agl?
where the second equality comes from our assumption that a; = —1 + |ag|?. It is

not difficult to see that the fixed point in the open unit disk is

B 1—\/1—]a0|2

1—Ja]? ao

Notice that, for this b, in the notation of Lemma, 4,

e = Y LP yy

T 1—bz
Lemma 4 says that 1(¢(z)) = atp(z) where

_ay — |ag|? + bag
1—5a0

Since we have assumed 0 < |ag| < 1 and a3 = —1 + |ap|? so that a3 < (1 — |ag])?,
it follows from Lemma 4 that

—1+|ao|* — |ag|* + bag  —1+bag

1—5@0 1—5a0

“14bag _
1—bag
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Calculating, we find

@Cep () = — VPP oy = — VLB iy

1—67021—5% " 1—agz+ bz — bag

R A | e L L e}

(1 —bag) + (b—ap)z 1*(7051_(3—(10)2

agb—1
OB ey = oy

1 —p(b) 1—bz

= (1) f(b)e;(=)

In other words, e; is an eigenvector for T;C,, with eigenvalue (—1)7 f(b). Since
the set {e;} is an orthonormal basis for H?, we have determined the spectral
measure for the operator TyC, in this case.

For f(z) = /1 — |ag|?/(1 — @gz), we find

1 — |ag|? 1 — Jaol?
1(b) = ;= =
—1-y/1—ao| 1—14+/1—ag]

1—(10 @0

Similarly, if we take f(z) = —y/1 — |ag|?/(1 — @gz), then f(b) = —1. For these
choices of the weight function f, the eigenvalues of T;C, are £1.
The following result formalizes the work of this section.

Theorem 8. Let ag be a point of the open unit disk, ag # 0. For f(z) =
V1—=lao|?/(1 —agz) and ¢(2) = (z — ag)/(agz — 1), the weighted composition
operator TyCy, is a Hermitian isometry on H? with spectrum {—1,1}.

Moreover, if b is the fived point of ¢ in the open unit disk, and

i(2) = V1—[bP <z—b>j

1—bz bz —1

then the set {e; : j = 0,1,2,---} is an orthonormal basis for H? consisting of
eigenvectors for TyCy,. The eigenspace corresponding to the eigenvalue 1 for TyC,
is Me, the closed span of {ej : j =0,2,4,---}, and the eigenspace corresponding
to the eigenvalue —1 for TyCy is M,, the closed span of {e; : j =1,3,5,---}.

For other choices of weight function for the case a; = —1 + |ag|?, that is, real
multiples of the function f of Theorem 8, the corresponding weighted composition
operator is a multiple of the above operator. Therefore, the eigenspaces are the
same and the spectrum is {—r,r} for the appropriate real number 7.

4. COMPACT HERMITIAN WEIGHTED COMPOSITION OPERATORS

Next, we consider the case |ag| < 1 and —1 + |ag|? < a1 < (1 — |ag|)? for which
ayz

o(z) = ap + [ acs
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By Theorem 5, Wy , = TyC,, will be a Hermitian weighted composition operator
if and only if f(z) = ¢/(1 — @pz) for some real number c. The comments at the
end of Section 2 explain why, in this case, the operators C;, and W , are compact
on H?. The compactness of C, implies that ¢ has a fixed point in the open unit
disk (see, for example, [7, p. 265]).

If b is the fixed point of ¢ in the open unit disk, for j =0,1,2,---, let

s(2) = V1= b2 <z—b>j

1—bz bz —1
be the orthonormal basis in Theorem 8. Then
TiCpeo = CiTfeo = f(b)V/1—[bPCEK,
= f(0)\V/1—[bPK 0y = f(b)y/1— |bPPK,
= meo
Now, let’s compute the general case using Proposition 3, Lemma 4, the assumption

that a; < (1 — |ag|)?, and the fact that, in the notation of Lemma 4, e; = egt)’.
For j=1,2,---

TyCpej = TrCyeoth’! = TyCyple0)Cipt)?

(f(b)eo) (¥ o p)! = f(b)a! (egy’)

fb)ale; = f(0)¢' (b)e;

That is, for j = 0,1,2,-- -, the vectors e; are eigenvectors for Wy , with eigenvalues

f(b)¢'(b)7. Since Wy, = TyC,, is compact and the vectors e; form an orthonormal
basis for H?, the spectrum of Wy is

o (Wyp) = {0} U{f(0), F(B)'(b), -, F(B)(&'(B)), -}

To understand these eigenvalues better, we will calculate f(b). If b is the fixed
point of ¢ that is in the open unit disk, then Lemma 4 and the assumptions on
a1 imply

_ L+laol’ — a1 — (1 + [aol? — a1)? — 4o

b
2ap

— C C

P21 (14 Jaof? — ar = /(T + JaoP = a)? = 4agP?) /2

2c
1+ a1 — |ao? + /(1 + [ao|?> — a1)? — 4]ao?

In particular, f(b) is a real number which is consistent with the fact that Wy,
is Hermitian.
The following result formalizes the work of this section.
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Theorem 9. Let ag be a point of the open unit disk, ag # 0. If —1 + |ag|® <
a1 < (1 — |ag|)?, then the weighted composition operator T¢C, is compact on
H?. Moreover, if b is the fived point of ¢ in the open unit disk, then the set

{e;:7=0,1,2,---} is an orthonormal basis for H? consisting of eigenvectors for
Wy, =TrCy,, where
NESE (z—b)j
ei(z) = = = :
i(2) 1-0z bz —1

The spectrum of Wy, is
a(Wre) = {0y U{f(0), f(0)#'(B), -, FO)(P (D)), }.

5. ABSOLUTELY CONTINUOUS HERMITIAN WEIGHTED COMPOSITION
OPERATORS

To study the remaining cases of Hermitian weighted composition operators,
when a1 = (1 — |ag|)? for 0 < |ag| < 1, we first show that the operators Wy,
belong to a continuous semigroup of Hermitian operators. Recall that an indexed
collection {A; : t > 0} of bounded operators is called a continuous semigroup of
operators if Az, = Az A, for all non-negative real numbers s and ¢, Ag = I, and the
map ¢ — Ay is strongly continuous. Similarly, for 0 < 6 < 7, an indexed collection
{A; : |argt| < 0} of bounded operators is called a holomorphic semigroup of
operators if Agy; = AgA; for |args| < 6 and |argt| < 0 and the map ¢t — A; is
holomorphic.

Notice that if Wy, and W, are weighted composition operators, then

Wi oWouw(h) = TrC,TyCy(h) =TrCpTy(hotp) =TiCu(g - (hov))
= T((gop) - (ho(Poy))) =[ (go¢) (ho(doy))
= (Tf‘(goso)cwocp) (h) = Wf~(goso),¢0so(h>

so that
Wi oWow = Wi(gop) o

Now suppose that {T%,C,,} is a semigroup of weighted composition operators.
Then the semigroup law is

(Tfs C«Ps) (TftOSOt) = Tfs+t0

Ps+t
or from the above calculation,
Ty, (frops)Corops = Tt i Copupe
Evaluating this equality at the function 1 in H?, we get
T, (frop:)Cprops (1) = fs - (frows) - (Lo (pr09,)) = fs - (frops)

and

Tfs+tC‘Ps+t(]‘) = fs+t : (1 © st-i-t) = fs+t
which means

9) fs - (frops) = fsrt
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for all s and ¢. Similarly, evaluating at the identity function y(z) = z in H?, we
get

Ty, (frop5) Coorops (X) = fs - (feops) - (X0 (@r09,)) = fs - (frows) - (010 95)
and
Tt Coyry (X) = fsre - (x0 <Ps+t) = fottPott
which means

fs - (frops) - (props) = fsttPsie
from which it follows that

(10) D1 O Ps = Pyyy

In other words, the composition operator factors in a semigroup of weighted
composition operators form a semigroup of composition operators and the Toeplitz
operator factors form a ‘cocycle’ of Toeplitz operators.

For Ret > 0, let A; = T},C,, where

1
&) =17
and
_t+(1-1)z
@t(z)_ 1+t_tz

Note that the relationship between ag and ¢ can be expressed as ag = ¢(0) =
t/(1+1) for |ag — 3| < 3. However, a1 = ¢/(0) = (1 +¢)~2 is not real unless ¢t is
real, so A; is not Hermitian for ¢ not real.

Theorem 10. The Ay, for Ret > 0, form a holomorphic semigroup of weighted
composition operators.

Proof. To show A;As = Aiys, it suffices to show that the cocycle relationship
(Equation (9)) and the semigroup relationship (Equation (10)) hold. For the f:
and ¢, given above, the required equalities are

1 1 1
fs(z) ' ft(ws(z)) = 14+5s— sz 1 +t—tsi:g:22 = 1+ (S—l—t) _ (s+t)z = fS-‘rt(Z)
and
I sfﬁiﬁf R CER RNy CH) ER
1+5_51S:?zz I+ (s+t)—(s+t)z

Thus, the set {A4; : Ret > 0} is a semigroup of weighted composition operators.

Since operator valued functions are analytic in the norm topology if and only if
they are analytic in the weak-operator topology (Theorem 3.10.1 of [11, p. 93]),
it is sufficient to check that the map ¢ — (A;h, K,) is holomorphic for each ¢ in
the right half plane. This is easy to see because h is holomorphic and

(Ath, K.) = fi(2)h(py(2)) = Htl_ ol (?ﬁ - ?ZZ>

which is clearly holomorphic in ¢ for fixed z. O
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To consider the Hermitian case, by normalizing using Corollary 2, we may
assume 0 < ag < 1. That is, Corollary 2 says that each instance of this case,
a1 = (1 — |ao|)? for 0 < |ag| < 1, the operator Wy, is unitarily equivalent to
exactly one Wy, for which (0) > 0, namely the one for which 1(0) = |ag| > 0
and ¢'(0) = a3 = (1 — |ag|)? = (1 — (0))%. Writing t = ap/(1 — ag), each such
Wt = TyC, Hermitian weighted composition operator in the normalized third
case, that is, 0 < ag < 1 and a1 = (1 — ag)?, is a multiple of A; = Ty,Cyp, where f;
and ¢, are as above. For 0 < ap < 1, it is easy to see that 0 < ¢ < co. We show
that the A; for 0 < ¢t < oo form a semigroup of Hemitian weighted composition
operators.

In his thesis [15, p. 28], H. Sadraoui showed that [|A:|| = 1 for each ¢ with
0 <t < oo and this also follows from Theorem 13 or Corollary 14, whose proofs
do not depend on the result.

Corollary 11. The Ay, for 0 <t < 0o, are a continuous semigroup of Hermitian
weighted composition operators.

Proof. We see that A9 = 1C, = I. For 0 <t < oo, the symbols f; and ¢, satisfy
the conditions of Theorem 5, so each of the operators A; is Hermitian. Since
Theorem 10 shows that {A4; : Ret > 0} is a semigroup, the semi-group property
is true for ¢t > 0.

Furthermore, for any a in D,

. _ *
tLH(% AiKa = t£%1+ C‘ptTf t
= i Fi{@) K (0)
. 1
= lim — —
t—0+ —at + (1 +t) — [(1 —t)a+ t]z

= K,
Since the kernel functions have dense span in H? and ||A¢| = 1 for each t > 0, it
follows that for each f in H?, we also have lim; .o, A;f = f. Thus, A; is strongly
continuous and the proof is complete. ([

The following result provides a foundation for one version of the Spectral The-
orem for the Hermitian weighted composition operators A;.

Theorem 12. For 0 <t < oo, each A; is a (star) cyclic Hermitian operator. In
particular, the vector 1 in H? is a (star-)cyclic vector for Ay.

Proof. We note that because A; is Hermitian, a vector is a star-cyclic vector exactly
when it is a cyclic vector.
For 0 < t < 0o and « in the unit disk,

AKo = CLTH Ko = fi(@)Ky,0) = [e(@) Ky, (a)
Since the vector 1 in H? is Ky, we have At( ) ft(0) K, 0)- Now,
Ar (f1(0) K, 0)) = At(Ai(1)) = Az (1) = for (0 ) £2:(0)
and in general, clearly, A?(1) = fn:(0) K, (0)-

To check cyclicity, we need to investigate the span of these vectors. Since the
factor fn¢(0) is just a non-zero number, 1 is a cyclic vector for A; if and only if
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span{K%t(O)} is dense in H2. This span is dense if and only if the only vector
orthogonal to all the vectors K, ) is 0. Since (h, K, o)) = h(pnt(0)), this
means that the span is dense if and only if the only function h in H? such that
h(nt(0)) =0 for n =1,2,3,--- is the zero function.

That is, the span fails to be dense if the sequence {¢,:(0)} is a Blaschke sequence
and is dense if the sequence {©,:(0)} is not a Blaschke sequence. Now, consider
the sum

S0 lenO) =3 (1= 1) = 1 =

n=1 n=1 n=1

Since this sum is infinite, the sequence is not a Blaschke sequence and therefore
the vectors { K, ,(0)} have dense span and 1 is a cyclic vector for A;. O

This means that each of these operators is unitarily equivalent to an ordinary
multiplication operator (see, for example, [1, p. 269]). The following result gives
this explicitly.

In the theorem below, the equation (Mp,f) (z) = h(z)f(z) for f in L?([0,1], dx)
defines M, on L2.

Theorem 13. For 0 < t < oo, the Hermitian weighted composition operator Az
is unitarily equivalent to My on L?([0,1],dx). In fact, the operator U : H? — L?
given by

U(fs(0) Ky, () = °
is unitary and UA; = M U.

Proof. Let t be a positive real number. In the proof of Theorem 12, we saw that
1 = fo(0) K, (o) is a cyclic vector for Ay, that

Af (fo(0) Ko 0)) = fin(0) Ky, 0)

and that the latter set, for n = 0,1,2,---, has dense span in H2. Since the
operator M,: is a bounded Hermitian operator on L2([0,1],dx), we see easily
that M1 = 2!, and the Stone-Weierstrass Approximation Theorem shows that
{x™},—012,.., has dense span in L?([0,1],dx). Thus, if we define U as above, we
see that for each non-negative integer n,

UAt(fn(O)Kgon(O)) = MxtU(fn(O)Kapn(O))
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We will show that U is isometric on the span of {fs(0)K,,o)}o<s<oo. For
0<rs<oo,on H?

1 1 1 1
OK 5 OK — )

<f7"( ) SOr(O) fS( ) @5(0)) <1+7"1—$Z 1+81—ﬁ2>
B 1 ( 1 1 >
 1+s 1—1—7“—7"2’1—1%52
B 1 1 B 1
N 1+51+7‘—r%+87(1+s)(1+r)—rs
_ 1

1+r+s

Similarly, for 0 < 7,5 < oo, on L2([0, 1], dz),

1 1 1 1 .
(", 2%) 2 :/ " x® dx :/ Sy = — = pltrds) &

Now, the vectors {fs(0)K,, o) }o<s<1 are linearly independent in H? and have
dense span. Similarly, the vectors {z°}o<s<1 are linearly independent and have
dense span in L2([0,1],dz). It follows that U is well defined as a linear trans-
formation from span{fs(0)K,, (o) o<s<1 in H? to span{z*}o<s<1 in L*([0,1], dx).
The inner product calculations above show that U is isometric on these spans
and therefore has a unique extension to an isometric operator from the closure of
span{ f(0) Ky, (0) fo<s<1 onto the closure of span{az*}o<s<1 in L*([0,1], dx), that is,
U is an isometric operator of H? onto L2([0, 1], dz), that is, it is a unitary operator
between these spaces. ([l

Corollary 14. For 0 <t < oo, each A; is unitarily equivalent to multiplication
by y in L*([0,1], 1) for the Borel measure

1 1_
uldy) = <yt Ldy

Proof. Theorem 13 shows that A; is unitarily equivalent to multiplication by
on L?([0,1],dz), so it is enough prove the unitary equivalence of multiplication by
x! on L?(]0, 1], dz) with multiplication by y on L2([0, 1], u).

The unitary operator is just the change of variables map defined by

Ve L2([0,1], 1) = L*([0,1], dw) defined by (Vf)(z) = f(a")
for f in L2([0,1], 1) where p is the measure in the statement of the Corollary. [J

In the remainder of this section, we study the properties of the semigroup so
that we can identify the spectral measures of the A; in a more concrete way than
the unitary operators of the above results.

Recall that the infinitesimal generator A of {A; : ¢ > 0} is the operator defined
by

o 1 T2
Af—tl_lglJr%(At—I)f for fin H
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Theorem 15. The infinitesimal generator of the semigroup {As} is

A(f)(2) = (z = D((z = Df(2))".

Proof. Let f be a function in H? and suppose z is a point of the disk. Then we
have

(AN(z) = lim = (A= 1)f) (z) = lim fi(2) f(ei(2)) = f(2)

t—0+ t—0t t

L BEE) — AR + ) ~ ()
t—0t+ t

_ flei(2) = f(2) pulz) —2 | filz) — 1

= tl_l)%l+ fi(2) () — 2 ; + : f(2)

= 1-f(2)- (1-2)* =1 =2)f(2) = (= = 1) (= Df'(2) + f(2))
= (=D(z-1f(2)

O
Lemma 16. If A(f)(z) = Af(2), then
flz) = T—et
for some constant k.
Proof. Since A(f)(z) = (z—1)((z — 1) f(2))’, we get
(z = D((z = D f(2)) = Af(2).
Then
(2 = D{f(2) + (2 = 1) f'(2)} = Af (2).
Hence
(z = 1*f'(2) = —(z = 1 = N) f(2).
Thus
PE_
fiz)  z—1 (z2—1)%
Integrating both sides, we get
Inf(z) =—In(z—-1) —)\Zfll +c
for some constant c¢. Hence, for k = e, we get
/(z) = 1 i zeﬁec 1 ﬁ ze%z
O

K .S
el-= is i HP.

Lemma 17. For 1 < p < oo, there is no X\ for which f)(z) = ]
-z
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Proof. Notice that

so the radial limits of |eT-= Z\ are equal to e; for every radius except the radius
along the positive real axis.
Since fy in HP implies its radial limit function is in LP(9D) and

A
; Kez2
lim re'?
1 ’f)\( )| ‘1 6Z0’
is not in LP for p > 1, we see that f) is not in H? for p > 1 . [l

Corollary 18. Fort > 0, the operator A; has no eigenvalues.
Proof. Because {A;}+>0 is a strongly continuous semigroup,
op(Ar) C etor@®) U {0}

(See, for example, [14, p. 46].) Because A, = T},C,, and both the Toeplitz oper-
ator and the composition operator are one-to-one, 0 is not in the point spectrum
of A;. Also we know that A is in 0,(A) if and only if

A=) =1
By Lemma 17, 0;,(A) = 0, which completes the proof. O

I A
ez € H?
—z

Thus, we have the situation that the vectors we would expect to be the eigen-
vectors of the operators in the semigroup are not in H2and the operators, in fact,
have no eigenvectors. The following result is a motivated by the calculations above
and is a substitute for the failure of the operators to have eigenvectors.

A
Theorem 19. Let gs(2) = (s — z)"teT—= for A <0 and s > 1. Then
gS . et)\ gS H —
s=1 7 |gs|| 19|
tA

and for A < 0, this means e

Proof.

is in the approzimate point spectrum, oqp(Az).

Atgs(z) = Tftccpth(Z)
= T5,95(ft(2))

T 1 1 )\( )
= — el-wt(z
s —az)
1 A1+t—tz]

— ft(z)ie 11—z

s —p(2)

1

= et)‘eﬁ

s(l+t—tz)—(t+ (1 —1)z)
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Fix s > 1. Then
| Args(2) — €gs(2)]

1 1 N A
e — 1—=z
’{s(l—i-t—tz)—(t—i—(l—t)z) s—z}e °
t A
< (s—1 tet=2
A e ey py s L H
t
< -1
s (s )"—z(ts—t+1)+(ts—t+s)‘
_ s—1 1
- _ ts—t41
ts —t+s| |1 - Bt
—1
— 87 Ktsft+1
|ts —t + s| ts—tts
_1
_sol [ st
 ts—t+ s ts—t+s
_ (s — 1)t
V(s = 1D[s+1+2t(s —1)]
On the other hand, since e_}J—rz is a singular inner function,
1 A 1 A
2 e 1—=z 1—=z
lgs(2)IP = (——eF, ——et)
I aaxzy 10 2 oz
= < e2e2'\1—= s e2¢e2 lfz>
s—2z s—z
_2 A
= Mo (E) T ()T
s—2z s—2z
1 1
_ A
- <s—z’s—z>
o
= —(K., K
2 (K1, K1)
A
e 1
= K.i(=
52 %(s)
1
_ A
T e
Hence
A
e2
||gs||:27'
Vs e —1
Therefore,
. Js tA Js
lim || A¢ —e I
s=1 0 |gs| 195
2.1
< lim(s—l)te% i =

51 V(s =1D[s+1+2t(s —1)]




HERMITIAN WEIGHTED COMPOSITION OPERATORS 21

Thus for A < 0, the number e is in o4, (A;). O

Corollary 20. For each t > 0, the spectrum of Ay is given by o(A;) = [0,1].

Proof. For 0 < t < oo, from the semigroup property, we have A; = A?/Q. It follows
that each A; is a positive operator and o(A;) C [0, 00).
By Theorem 19, we get
{e™ XN <0} Coup(Ar) Co(Ay)
Since {e* : A < 0} = (0,1) and o(A4;) is compact,
[O, 1] C O'(At).
Finally, the fact that ||A|| = 1 shows that o(A4:) = [0, 1]. O

Note: a different computation of the spectra can be given using fact that these
operators are part of a holomorphic semigroup and applying the Gelfand theory as
in [4, p. 102] or [7, p. 302]. Furthermore, the unitary equivalences of Theorem 13
and Corollary 14

Recall the following property of isometries on Hilbert spaces.

Lemma 21. If S is an isometry, that is, S is a bounded operator such that S*S =
I, then SS* is the orthogonal projection onto range of S.

The idea underlying the computation of the spectral measure for our operators

is that the eigenvectors of our operators should be

A
1 A e2 A l4z
el—z — 62 11—z
1-=2 1—2

If these were eigenvectors for Aq, say, then the spectral measure associated with
[0,7] for 0 < r < 1 would be the projection onto the subspace spanned by eigen-
vectors whose eigenvalues are in [0,7]. This will be the case for A; if and only if
X is a number so that 0 < e* < r. So suppose r is given and A\g = Inr so that
e = r. Looking at the “eigenvectors”, it looks like the subspace containing the

eigenvectors for the eigenvalues with 0 < e* < 7 ought, if they were actually in
>\0 142

H?, to span the subspace e2 1-= H?.
We want to prove that this is the correct set of projections. For A < 0, the
Toeplitz operator

T A l4z
e2T1—=z

1+Z . . .

1-zis an inner function. For 0 < r < 1, by Lemma 21,

[N

is an isometry because e

%
Pr,» = T Inr 1+zT Inr 142
e 2 1I—=z e 2 TI—z

is the orthogonal projection onto the range of the inner function Toeplitz operator
Inr 142
which is just e 2 1=z H?. Thus, we want to prove that the family of projections in

the spectral measure of our operators is

{P.:0<r<1}

We begin by showing that these projections have the properties appropriate for
creating a spectral measure.
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Proposition 22. For 0 < r < s < 1, P.P; = P,P. = P,. In particular, the
projections P, and Py commute. Furthermore, Py = I and No<r<iran P, = (0).
Proof. Since In1 = 0, the Toeplitz operator T’ yllt: = To=Ty=1,s0 Pp=1.
e -z
Suppose f is in Np<r<iran P and f = ug is its inner — outer factorization. For
a point « in the open disk, we have |f(a)| = [u(a)||g(a)|. Since f is in ran Py .,

IS ET _1llta
we know that the inner function e” 21—+ divides u and |u(«)| < |e” 27-o| < 1. In
the same way, we see, since f is in the range of P,—», that

1
u(a)| < |e” 3174 ]

for every positive integer n. It follows that u(a) = 0 but since this is true for each «
in the disk, u = 0 and therefore f = ug = 0 also. This shows Ng<,<iran P, = (0).
We claim that for » < s, we have ran P, C ran P;. If f is in ran P,, then there

Inr1+z
is a function ¢ in H? such that f =e 2 1-zg. Now
Inr 1+z Ins 1+2 Inr_ Insyl+tz
(]_1) f:eQ 1—zg:eQ 11—z (6(2 2)1—zg>

1 1 1
e D=

Since Inr < Ins, we have Inr — Ins < 0 which means e 1-z is an inner

function and the latter factor above,

ln'r‘_lns)1+z
2 2

e( 17zg

Ins 142

is in H2. Therefore, Equation (11) says that f is a product of ¢ 2 === and a
function in H?, which means it is in the range of P;. Because f was an arbitrary
function in the range of P,, we have ran P, C ran Ps.

Since P, and P; are orthogonal projections and ran P. C ran P, we have both
P.P;, = P, and P;P, = P,, as we wished to prove. [l

The following lemma will facilitate our calculations involving the projections of
interest and the semi-group operators.

Lemma 23. If u is an inner function, P = T, T." is the projection onto uH?, and
« is a point of the unit disk, then

Proof.

O

In particular, this calculation allows us to show that the projections commute
the semi-group operators.

Proposition 24. For 0 < r <1, each of the projections P, commutes with A;.

Inr 142

Proof. Let u be the inner function u(z) = e 2 1= so that P, is the projection onto
uH?. We keep in mind that A; is Hermitian, so that 4; = Ty Cyp, = C’;ftTfi.
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For any « in D, using Lemma 23,

(PrAKa) (2) = (PCLTEKG) (2) = fila) (PrKpy (@) (2)
= fla)u(pr(a))u(2) Ky, (a)(2)

On the other hand, using Lemma 23 and Proposition 3,
(AP Ko) (2) = wla) (AuKa) (2) = u(@)u(ei(z)) (AcKa) (2)

= u(a)u(p(2)) (C5,Tf Ka) (2) = ula)u(en(2)) fo(@) Kg, (o) (2)

Comparing the two expressions, we see that we must consider u(a)u(yp:(2)) and

u(pe(a))u(z). Note that because the Taylor coefficients of the various functions

involved are real, this is the same as comparing u(@)u(p:(z)) and u(p(@))u(z).
A tedious calculation shows that

u@u(pi(z)) = uler(@)u(z) = e u(z)u(@)

and we conclude that P.A;K, = A:P.K, for every « in the disk. Since the span
of the K, is dense in H? and the operators are bounded, we see that P, A; = AP,
as desired. 0

Theorem 25. Let t be a positive real number. Letting Py = 0, the projections
{P,}o<r<1 form a resolution of the identity for the operator A;. Related to Ay, the
projection P, corresponds to the interval [0,7'] as a subset of the spectrum of Ay.

This means we have
1
A = / rtdP.
0
Inr 142

Proof. For 0 < r < 1, let u, be the inner function u,(z) = e 2 1-: so that P, is
the projection onto u, H2. Lemma 23 says that, for a a point of the unit disk,

(PrKa)(2) :mur(z)Ka(z)
FO=rg<ri<ryg<---<rp_1 <r,=1,then, for 1 <j <mn,
(P, = Py, )Ka) (2) = (Pr,Ka) (2) = (P, Ka )( )
=m<> a(2) = tr,_, (@), (2)Ka(2)
_ ( L(fEapa) | RSl (ME4 >) Ka(2)

(When j = 1, easy adjustments in the formulas must be made because Py = 0.)
Combining these into a single sum, we have

Z:etlnrJ rj - Prj,l)Ka) (Z)

1 . _ 1 . —
_ (Zeum <<+> s 1<1+z+1+z>>) Ka(2)

Inr; (1+E+1+z) Inr;_4 (1+E+1+z)
— €

e 2
= (Do — (rj =rj-1) | Ka(2)
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Hence Y e'™"i ((P,; — P,_,)Kq) (2) converges to the following integral.

1 1 1+a@ 1+ 2 1 l(2t+ﬁ+l+z)71
= = 2 1-a ' 1-2 d
21— a- <1—a+1—z>/0 " "
_ 1 1+a+1+z 1
o l-az\l-a 1-z)2t4 1434 13z
_ 1 1
- _ —(1—t)z+t
1+t—tz1_¢@ =t
= T7,C, K,
= AtKa

Since the span of the kernel functions is dense in H?, and the integral represents
a bounded operator, the equality holds for all vectors in H? and the theorem is
proved. ([l

6. APPLICATIONS OF THE SEMIGROUPS IN THE CONTINUOUS CASE

In this section, we will extend the results on semigroups discussed in the previ-
ous section and use these and some of the results of the previous section to find
the polar decomposition, the absolute value, and the Aluthge transform of some
composition operators on H2. Recall that a bounded linear operator 7' on Hilbert
space has a unique polar decomposition 7' = U|T|, where |T'| = (T*T)'/? and U is
the appropriate partial isometry. Associated with T, there is a very useful related
operator T = |T|Y/2U|T|*/2, called the Aluthge transform of T (see [12] for more
details).

First, we use ideas about coboundaries to give an extended version of Corol-
lary 11 and this provides a different proof of the continuity of the semigroup
which is part of that result. We follow the terminology and definitions from
Siskakis [16, 17] and Konig [13]. A coboundary for {¢; : t > 0} is a cocycle that
can be written in the form

w(en(2))
= 2t >0
{ft(z) ’U)(Z) = }
for all z in D and a suitable analytic function w.

Theorem 26. For (0 <t < oo, the cocycle f; in the definition of the operator A; is
a coboundary with w(z) = z—1. Therefore, Ay is a strongly continuous semigroup
of Hermitian weighted composition operators.
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Proof. We have seen in the previous section that A; is a semigroup of Hermitian
weighted composition operators.
For w(z) =z — 1,

t+(1-t)z

wiep(2)) _ -3y  1+t—te—t-(1-1)z _ -z
w(z) N -2  (I+t—t2)(1—2)  (1+t—t2)(1-2)
1
= Tri—e B
We observe that for 0 <t < oo,
w O
=2 = e =1
w o]

This means that

. w o
lim sup Hi% H =1
t—0 w 0o

and this implies [17, p. 245] that A; is strongly continuous on H2. O
These ideas about the semigroups above can be used to find the polar de-
composition, the absolute value, and the Aluthge transform of some composition
operators on H?2.
To compute an example, we let o5(z) = e 2+ 1 —e % for s > 0 and z in the

unit disk. This is a continuous semigroup of maps of the unit disk into itself, and
it is known that for each positive number s, the operator C;"S on H? is a subnormal

operator whose spectrum is the disk {\ : [\ < e*/2}.
Theorem 27. For any positive numbers p and s
e Ay = (C7,Co, )"
where t = e® — 1.
Proof. First, we note [7, p. 322] or [5, Thm. 2], that C = T,CyT," where

1 e %z
g9(z) = B h(z) =0z+1, and ¢(z) = B e v

Since T}* = I, it follows that
C Co, = TyCyCs, = TyCo oy

Calculating o501 and rewriting with the goal of connecting this to the notation
of the previous section, we have

e %z e —(1-e®)22+1—e*
= - 1 — e % =
o509 ¢ —(1—e2)z+1 + c —(1—e2)z+1
(14221 -0 (e +2)z+e -1
N —(1—e9%)z+1  —(es—1)z+es
1-2t)z+4+1¢
_ U-fedi wi(2)

—tz+t+1
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for t = e® — 1. Similarly, we have
1 e’ e’ s
9(2) = —(1—e)z+1 —(es—1)z+e —tz+1+t =k

Thus, we have

Cr Co, = TyCoqooyp = €°T,Cyp, = €% 4y
The semigroup property for A; shows (A;)P = Ap, so the result follows. O

Corollary 28. For any positive number s, the absolute value of Cy, is given by
|CUS| = eS/QAt/Q
where t = e® — 1.

Proof. This is the case p = 1/2 in Theorem 27. g

We want to use the calculation of the absolute value to get the polar decom-
position, that is, we want to find a unitary operator U so that C,, = U|C,,|. If
|C,.| were invertible, then U = C,,|Cy,|~!. In this case, of course, |C,,| is not
invertible, but we will proceed, formally, anyway. Corollary 28 says |C,,| = T'C
where T is some analytic Toeplitz operator and C' is some composition operator.
If it made sense, this would mean that U = C, (TC)~! = C,,C~'T~1. Of course,
formally at least, C~! is another composition operator and 7! is another analytic
Toeplitz operator. These considerations motivate the statement of the following
result, which is easy to prove once the correct statement has been discovered.

Theorem 29. For any positive number s, the polar decomposition of Cy, is
Cy, = Us|Cy,| where |Cy, | = 65/2At/2 and the unitary operator is Uy = C¢ T}, for

1—eSz+e’+1 e+1)z+es—1
ks(2) = : ) and  Go(z) = Ees—1;z+es+1

2¢5/2
fort=1¢e%—1.

Proof. 1t is clear that T}, is a bounded analytic Toeplitz operator. The function
(s is an automorphism of the disk

e’—1

(e+1)z+e’ -1 2+ a5

(es—1)z+es+1 N szriz—kl

(12) (s(2) =

because —1 < zzj& < 1 for s positive. This means that C¢, is bounded on H? and

U is bounded operator.
From Corollary 28 and the equality t = e® — 1, for any function f in H? and
any z in the disk, we have

(ICo.1N ) = (ePAnf) (2) = e fia(2) (Co, ) (2)

e5/2 2¢5/2
= 1 (Cand) O = gy (Cand) @

Because the multiplier in the above expression for (|Cy,|f) (2) is just the reciprocal
of ks, we see easily that

Us|Co, | = CCSC%/Q = C@t/QOCS
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The symbol for the latter composition operator is

§H(-5G() _ t+(2—1)G(2)
T+L—1¢(z)  24+t—16(2)

‘Pt/2<CS(z)) =

S41)z4eS—1
¢ 11 (B-e)(z) € —1+B-e) e

)
)
Fe (@060 " Tre (@ nEe

(€25 —2e5 + 1)z + €% — 1+ (3+2¢e* — €2%)z + 4e’ — 3 — %
(€2 —1)z+e?54+2e5+1—(e25—1)z —e?s +2e5 — 1

4z + 4e® — 4 _ _
=~ ¢ ‘z4+1—e°=04(z2)

That is, for this choice of Uy, we have Us|Cy, | = Cy,.
Finally, we can rewrite Us = C¢ T}, to understand it better. Letting

e’ —1 z—a
a= e and £(z) =

az —1
we see from Equation (12) above that

z+a —z—a (—z)—a

G(2) = az+1 —az—1 a(—z) —1 = &(=2)

so that C¢, = C_,C,. Furthermore, we see that, for h in H 2,

(CeTh,h) (2) = (Ceksh) () = ks(§(2))h(&(2)) = (TyCeh) (x)

where
eS—1
=)ol f et 1 (1 gy el
f(z) = k (5(2)) _ ( )eeriz—l _ (1 e )(6371)z7(65+1) +e’+1
° 2es/2 2e5/2

(1= (e + Dz — (e = 1) + (e + (e — 1z — (¢ +1))
2e5/2((e5 — 1)z — (e + 1))

(1—e¥+e25s—1)z+e —2e5+1—e2—2e5—1
2e5/2((es — 1)z — (es + 1))

2¢5/2
—4e® oo T V1—a?

2e5/2((e5 — 1)z — (es+1)) 11— Zzﬁz - l-az

In other words, Us = C_, (TyC¢) and, from the description in Section 3, both C_,
and T;C, are Hermitian isometric weighted composition operators. That is, U is
the product of two unitary operators and is therefore unitary also.

We conclude that C,, = Us|Cl.| is the polar decomposition of C,,, as we were
to prove. [l
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Corollary 30. For any positive number s, the Aluthge transform of C,, is given
by
a\o/s = |Cas|1/2Us\Ccrs\l/2 = (68/4At/4> Us <€s/4At/4>

where Us = C¢ T, and t = e® — 1.
Proof. Corollary 28 and the semigroup properties of the A; imply
’003’1/2 = €S/4At/4
O

If it is desired, since each of the factors in the Aluthge transform of C,, is the

product of an analytic Toeplitz operator and a composition operator, to write Cy,
as a product of an analytic Toeplitz operator and a composition operator as well.
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