













































































































































To derive the LES for good pairs ACX we'll first
need to understand the relative homology groups

Hal X Al
Det For any spaces Ac X C IX A is the chain

lplxcnlx.AT
CnA

4 bby map induced by
the universal prop f

Cn A
2
Cn Athe quitrent map

CnX GXknA d s f
CnX Cn ix
d t

red
CnA Cn i A

Note 211 0 bk Iii Ext tCnA dre CH t Cn A

122 1 t Cn A O

MOI If k Jd D LD is an inclusion

of chain cpl xs i c i is achain map Dn is l t th then

Dink is a chain gtx w differential induced by 2
as above
Note The quotient maps Dnb Dnkn define a chainmap
















































































































































theorem If CisDts Dlc is a SES of chain gelxes
i.e is an inclusion q is thequotient map then 7 a LES
in homology of the form

4 HmHdbHnc HnD Is HnDlc Is Hm c Is
Moreover A chain map D

f D ul f dec induces a comm diag ofLES's

Note Sometimes Hn Dlc is written HID c

PIGketch Each X c Hn Dk is rep'd by a class S cDn w

d S cCny We define 2 x d I c Hm C There are many

things to check
Notethat IS d s represents a cycle in DK so dSteHn C
If x S for someother SED then S S is a bdry inDK
i e S S D 8 t C ul 8 cDna CECn Now

d s s IS dc dc a bdry in C
so Id8 IdS l in Hn C
f is a homom b c if LS y IS then Xty StS

2 ty d S S't dS t dS'tfed5ftIds
Exactness of theseq see Hatched

Commutativity of the Had HnDlc 5 Hm C

HEEthis fi iiiE
is immediate except for the square involving
2 but there we have If f C Cfs

f A f Ld Hdd IdIf 2 IfxDq
f is achainmap



Excision

The Say 2CACX and EcintTH Then X Z A H IXAt
induces isom's H IX Z A Z H XA for all nzo

Equivalent If X Au B where intl A u inHB X then

Hal B An B HalX At
fortzo.CSA B XZ.RO versions

Application Brouwer 1910

The If U ER V E Rm are homeomorphic then n m

PI Study the local homtrgggps H U U 1 3 forpts X c U
and similarly for pts y cV

We can apply excision to the pair Rn Rn lxD
w 2 U note that Rn U c R EX We find

HIRTHD Hulu u d
Now the LES for Rn Rn x gives

HI HIRnRn x 3 Hh RH the IR o

So 2 is an Isom

HulkR HEHIR Hh 5 I k
10

Rn x 3 unitsphere around x



Now a homeom fU U would induce a homeon

U x V ful

and hence unison HalU U x E HIV V x

From our computation of thesegps we see

that n m since n is the only non jar dim n where

Hh U U x f 0 and m is the only non jar dim n where
thel V V x to D

TheLESofagoodpair For computations themost importantapplication

of excision is yaaEvxExE9uTA
Prop2.22e.For good pairs IX Al the quotientmap X At MA AIA
induces isom's q HnCX A Es HalXIAAIA In XIA for all mo9

AIA point sothisfollowsfromthe
LESof the pair

Lemmy the 5 lemma

Say A B c D E is commutative and both rows are exact
x tr tr ti te Then if a p f e are isom's so is 8TA B C D E

In fact to j is onto so longas p f are onto E is l l

And g is l l so long as p s are H and x is onto

PI By a diagramchase See Wikipedia
Exe If XA YB is amapof pairs X Y A B are hipy

equiv s then Hnk Al Hn14B is an isom Hn Indeed we have
a Comm diagram HnA HnX Hulk At Hn iA Ha X

HEI HEI they HEE HEE 5 Lemmapplies



By5IlemniaappliedtothemapofLES's

PIKE Analyze Hn XAt H XN Hak A V An g
IE Iq exgision q

HnKIAAtt HnlHAHA Hnl A HA HA AH9
VIA'sAIA
so 5 lemmaapplies
again

Proofof Excision

Def Cn ATB Cn X is the subgp gen'd by CnlA HD
Note that C ATB is a sub chain cpk of Glx b c
2 maps C AI C B into themselves

Similarly we can define Cn ATB A GHANA
This gives a sub chain cpk of Cnl X A In fact

A Cnt B An B Cn Atb At
b c both are free abelian w basis o D B ImhofA
The proof of excision isbased on the following lemma

Lemmy If X AUB as above then

Cn ATBA CnIX At
induces an isom on homology
Excision follows bk Ctd Hn BAnd I Hn At B A

Note that is a drainmap since it's inducedby the inclusion CNB CDA B

Prop2.1 in Hatcher is a more general version ofthe Lemmenwith X AuB replaced by X i where Intlhit X



The basic idea behind the Lemma is that any chain

Xi o in Cnlx can be cut up or subdivided into pieces

that tie entirely in A or B

Each red simplex

iii entireS p i

A

in ix Finite b p
e why is the resulting cycle

in the same homology class

A
cornpone e its subdivision

orientation rule all
7 edger point away from

X X X X barycenter b

cone off e j
o is the map t5IbXeEIrTY.ssae.x

To create a v Xo where B D isthemap
triangle ble O X X Xi vonKvothe

we IIIYoNow To XoX b X t bXD weextendlinearly

So ei lxo.x.IE Lb X lb xD mod B lXD
Subdividing each edge of our loop gives a cycle in C ATB
that is homologous to e test Estey Lie represents the same diss inHix



Pfofle mma We'll start by defining a chain map

5 GX C X sending 0 to its subdivision and we'll

construct a chain htpy T CH X with

T2 t2T Id S

ko T is a htpybtw S Id

S is defined inductively using the tone opera tors

Cb CkDn Ck t D
o Ak bi Cb o

where b t D is any pt and cb o D D is defined

by KH KH

Stol Exec to b t h ol lei
O htt

where I i

Nf ieiekH O El and II I so lei cDk

and moreover we see that slob I of lei cDn
ble to TI

Picture as
0 Cdo



Det S's CkDh qDh is defined inductively
For k O S's o o

For k o

S's o Cho Sb 2b where biol onftii.int

Exe m Io
s
E m

am.mxSdoCb I

D
skol Cds

Note The formulas inductively keep track of the signs
on the 6 simplices making up s ca along with the
exact parametrizations of these simplices as maps b Dh

Deth For anyspace X we set S Cox Cnx to
be S o of Sb Idan

nin Cn D
Here of is the chainmap Cn Dn Glx induced

by o D X

Claim S is a chain map 25 52
Nele can see this in pictures above for din's 081
The pf requires several steps
Sub claiml 2Cbt Cp Id

Subclaim2 S's is a chain map



Pfof Picture b'd I go
y I Ciscontl sides

Formally 2g lol 1 igloos cblol.SE d it bologit
E Eti

Now blot080 0 b c is

blob Sotto tn cblol 9to jtn 0 bto e

of to itn

Wedaim Eottlicbolositt glad
Indeed n

b dot Cb Ethioosi ofHiCb rosiO

so it's enough to check that cbloos Cbcologit

we have cblo.si to tn to b t Oo si tile the
to b t 0 tilt O try9ith slot

and Cylons to itn Cdot to y tn
slot i shot it 1L

tobtoff O tn E
in each case I t t t Ln D

Pf C2 By induction on n dim lol SDCoD CoD is
the identity map so there is nothing to check when n o

SCI 2C I 4 T Cy124
y

y

2 0 2 Cbus 5424 Jo Cb o 25424
HyIpnotti

Jo D 54224 0



Finally we prove the claim 25 52
0 is a chain map

25 o 2 Idan to 2 Idan

o 542 Idan o STEEN's'll

of Ili o Isil
he other hand

521 lot S 2ot S.E.otnio.si of his Coosi

Eet Ili Coosi Sb IdanD

Eet Hi 0 44 Sb IdanD

So it suffices to check that
Git SKI da SD si

East T Sky I SD Tom for an y D
he

D

and all liner maps t D D that is T l Eti e it
Exit

To prove this we need a similar observation
about the cone operator Cb
Exercise I Cb V Cy b T V so long as

here v e C An
is linear



PFof Fact For dimly1 0 this is immediate fromthedefhs

We proceed by induction Assuming the statement
in dimn n l if dim y n we have

T SHH T Cbm 54271 F Ceiba CT AND

SD T antiwarmaps by the Exercise
I n

C
44g Eth T S's Mosi

Induction i o

Hypothesisy
cabin otitis's tonsil

By linearity of E
T btyt TC.INTNeill onT

conceit b Tog

So the above is just

been
S's 21TMD as desired D

This completes the proof that S is a chain map

Next we need
Claim There is a chain htpy T CnX Cn X

satisfying 2TtT2 Id S

Hatcher constructs Tom Dh first by induction
A

and then extends via T lol o T Idan just like the
construction of S The inductive formula for this TEA GA

A x1 c x
1 Yo Cb o o Cb 20 g.ITp

The details in the proof of this claim are similar to what
we did to understand IS and are basicallyformal Details below



Pictures T g constant l simplex w same image

0 simplex

Note JT o t T2 O Sl

got
flat triangle

T Cheol Tl d
This picturedescribes

0 amapB'XI D IX
v v CiscoC v It Cbo

K 971plf.dxIinto3

u ov bo3IaiiitYEEbo

So 2T o g t I t fu HI Hi 15
r
o

so 1 tho bot o

and That _Tlv Vol itu IT v v

See 2To T do o so v

that so

Iff'The ftp.numndReaell mH 2c Ic.Y2TlotDo HI and a to

can
ftp.askrepeated

Ef so



Proofof2TtT2 Id First we check that ITA t TD2 Id S

and then the general result follows formally
To prove LTD t T's2 Id SD onCNN we proceed by induction on E

When n O we have 2TBoo 1The200 2 CImyo to O

constantl simplex
and Id oo Sb oo O 00 0 as well

Now assume the result for n H simplicesand computeHbo foronecab
2TDo I go lol 2Cbo Tho z E Cbo

24 Tsao GoldTD2o
2Cb d bySubclaim1

We want to show this equals o SE Todo so it suffices to show

A Cbo Lo Cbo 21024 5do

So we compute 2TD 20 n d simplex

LTD 24 2TD EC nio.si E
ili2fTaCoosilByintztionqfyi oogi gDfoogi T 26084

2 o S's ar Tdd dot
smash in

2 o 2 Sdo
So A becomes

Jol CboYo 2 o o

and this is the defierof o

For oECnX wehave 2 To tTIo z.IO
T IdgnltTC2o

0 2 Tb Idan TT doe
o Idan S'sIdan Tb 2Idan TT doe
o so 0142Idan TT doe



To complete theproof we need to show that
1 Jo of TAC2 Idg

We have
Tyof ni T Coosi Ef Di sit Tb Idan

o this Tb Idand

and o TB 2Idant o Tb Eti si si

o Ef Di T's si
So it suffices to show that if f Dm De islinear WeChat then

f TAW TD fo w set F Si w Idgaf

We prove this by induction on k using the above exercise

For k 0 bothsides are the constant l simplex at the imageof fu
Now assume the result for K l

f TD w f Cebu w CbW Tb Dwi
BytheExercise

Cfcbuffw Cfcbw f Td 2w

TB fou Cbcfu
fu Cbf Tb dfw

since f is linear f bw b fu So it remains only to show

f TA Jw Tb Hw
Wehavet f The Iw If 1 if Td w.si ECHiTdffouogi

TD 2 fowl D



Now we can complete the proof of excision
We need to show that Cn At B A Cn X A

induces an isom on homology First we prove surjectivity

Lemme Hatcher p 120 Given z EXioiECn X w 2 ZE GHH
Sm the CnlAtB for some m m O Ehisetheoekb af.fmoiffp

PI Sketch Foreach i o Al oi B ED and hence F c o s t each ball

ofrail E Cin D maps into either A or B under all of Now onecheeks inductively
that thediameter of simplices in thenthsubdivision of An is EChrthmwhichis C Efor m o

D

Now it suffices to show that 2 smfh CCn A
so that smfh is a cycle in ATBAand that z 5th
lies in Bn X t Cn A so that z Isn z givethe same

homology class in H X A EZEGXI2zecr.tt
BnXtCnA

We have 2 SMH SM Jz bio 25 52

and 27 ECn A From the def n of S we see that

SCC A E C A so 25171 cG A as desired

Next Z smut is a bdry in CABA bk
can write

Z Smz Z Sz Sz 5z t 5 z 5h

FEI siCZ SH

and Z S2 2 Tz Taz c BnXtCnA b k 2 2 cCnith

and Si maps BnX to BnX since S is a chain map
and maps CNA to CNA



Finally we show Cn ATB A Cn X A is injective
on homology Say 2 c CnlAtBAl and 2 represents
O c HnlXAt Then 2 2 E CnA and

Z E B nxt CNA so we

can write 2 3 w ta with w cCmfXl LEGIA We
want to show that 2 C Bn At B t Cn A and it suffices

to show that 2W z x c Bn ATB Again consider the

telescoping sum

w Smw W Sw Su Sto t Sm w t Smw

where M is taken large enough that Sm W E n ATB

Now
2W 2 Smw 2 si w s w 2 smut sick Snl

in BnfAtB

so it will suffice to show that 2 w Sw CBn AtB
We have

J W Sw 2 2T w Td w 2T 2 w 2T z a

Since 2 c CnCAtB 2 CCNA Z 2 C n ATB and hence

1 Z d c CnATB as well So

2 w Sw 2 Ttt a C Bn IAB
as desired This completes the proof of excision D



TheMager Vietorissequence

To derive the M V seq for X AUB cul intfAluinHB D
we consider Ang A IA

gift.is iIitCnfAnBYiAttjfCnCA1 CnBf Cn At B

The 2ndmap is onto bydef'n of Cn AtB and the first is clearly
injective In fact the seq is exact b c

i A ti B in o is o i o i 0 0

Now the LES in H has the form

HnlAnB Halal HnB Hn AtB 5th fAnB
Claim The inclusion AtB Its C X induces isom's

Hn AtB HnlXl
for all NZ O
PI We have a comm diagram of SES

A C B CdAtB Al
ti

II dial c Ctx Al

and the right most vertical map induces an isom
On H by Pnp2.21 The claim now follows by applying
the 5 lemma to the associated diagram of LES's
in homology D



In fact the MV seq can also be formulated for reduced

homology just use the augmented chain cplxs

Cn Z
for 2 AnB A B the homology ofthis

I augmented cpk is A Z and note that
Enix COZ

ye CoAtBGX So we can augment C ATBt K in the same mannerEn

Note that we still have a SES of augmented cplxs if the maps
in deg I are 7L 72107L 2

Its 1 1 ab atb


